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Localization and dispersivelike decoherence in vibronic states of a trapped ion

A. A. Budini, R. L. de Matos Filho, and N. Zagury
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In this paper we investigate the decoherence dynamics of nonclassical vibronic states of a trapped ion. We
assume that the origin of decoherence is the coupling of the vibrational modes with classical stochastic electric
fields and the finite lifetime of the electronic levels. We show that these interactions lead to a dispersivelike
decoherence dynamics. The theoretical results agree with the measurements reported by Meekhofet al. @Phys.
Rev. Lett.76, 1796~1996!#.
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In the last few years, the possibility of controlled gene
tion and manipulation of quantum states has given new
pulse to areas of research like quantum computing, quan
cryptography, and quantum information. One of the ma
problems to overcome in these areas is decoherence, w
limits the fidelity of quantum manipulations. This phenom
enon originates in the unavoidable interactions of the sys
of interest with the environment, which uncontrollably pe
turbs the system.

Cold trapped ions are considered one of the most prom
ing systems to implement controlled manipulation of qua
tum states. In this case the experimental conditions are
most ideal. For this reason, decoherence as large a
observed in the vibronic Rabi oscillations of a trapp
9Be1 ion @1,2# was not expected. The observed effect, in
fluorescence signal, presents an increasing damping of
oscillations as the motional excitation increases. The exp
mental results may be fitted by a sum where each Fock c
ponent is damped, while oscillating with its proper Rabi fr
quency. For this reason it was believed that the decohere
source could not give rise to transitions between differ
energy quantum numbers and models using dispersive in
actions, such as laser amplitude noise@3# and other effects
@2,4,5#, have been presented in the literature. An import
step in elucidating the sources of decoherence was give
Ref. @6#, which showed that the spontaneous decay of
intermediate electronic state, in the Raman excitation, is
sponsible for part of the observed decoherence. Neverthe
this effect is not large enough to explain either the magnit
of the vibronic damping or its motional dependence.

It is interesting to note that, up to now, the electrical no
environment was not considered to play an important role
this decoherence process. This attitude is very reasona
the interaction of stochastic fields with the vibrational mod
produces a motional heating that is linear in time@7–9#, with
a slow rate compared with the time scale of the Rabi os
lations. Furthermore, this type of interaction, at first vie
would induce a decay of Rabi oscillations with many fr
quencies involved@4#. This would be in contradiction with
the observed dispersivelike decoherence behavior. Con
to this belief, we will show that the observed decoheren
mainly originates in this interaction. In addition to this dec
herence source, we will also take into account effects du
the finite lifetime of the intermediate electronic level@6#.
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Let us consider a three-level ion of chargee and massM,
confined to move in one direction of a Paul trap and os
lating with frequencyn. The ion is illuminated by two lase
beams which drive a two-photon optical Raman transit
between two ionic hyperfine levelsu↓& andu↑&, with splitting
energy\v0, via an intermediate leveluI &, which has a natu-
ral radiative decay rateg tot . The Rabi frequencies associate
with the optical transitions are denoted byVL1 andVL2 . The
frequenciesv1 and v2 of the laser beams are chosen su
that the first blue sideband is excited,v12v25v01n, and
the detuning to the intermediated level isD @1#. This scheme
gives rise to the effective interaction Hamiltonian@10#

H ion52 ih\V@s†a†f ~a†a;h!2H.c.#, ~1!

whereV5VL1VL2* /D is the vacuum Rabi frequency assoc
ated with the effective Raman transition~we took VL1
5VL2) and h is the Lamb-Dicke parameter. The operat
s5u↓&^↑u is the electronic flip operator,a(a†) is the anni-
hilation ~creation! operator associated with the oscillato
motion of frequencyn, and

f ~a†a;h!5 (
n50

`

~n11!21e2h2/2Ln
(1)~h2!un&^nu, ~2!

with Ln
(1)(x) being Laguerre polynomials.

The influence of the classical stochastic electrical fi
E(t) will be modeled by the introduction of a stochast
Hamiltonian H̃(t)5 i\@u(t) a†2u* (t) a#, with u(t)
5 ieE(t)exp(int)/A2M\n @8#. We will assume thatE(t) is a
stationary Gaussian analytic signal, with correlati
^^E* (t)E(t8)&&5^uEu2&exp(2ut2t8u/T). Working up to sec-
ond order in the stochastic interaction strength, the evolu
of the average density matrix reads@9#

dr~ t !

dt
5

2 i

\
@H ion ,r~ t !#

1
1

2t1
$@a,r~ t !a†#1@ar~ t !,a†#%

1
1

2t1
$@a†,r~ t !a#1@a†r~ t !,a#%1Ksp@r#, ~3!

where the Rabi frequencies were assumed to be m
smaller thann ~resolved sideband limit! and a Markovian
©2002 The American Physical Society02-1
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approximation was possible asT is much shorter than the
characteristic heating timet1 @8#. Ksp@r# accounts for the
effects of the finite lifetime of the intermediate electron
level @6# and its leading terms are given by

Ksp@r#5
G

2
„$@s,r~ t !s†#1@sr~ t !,s†#%1$@s†,r~ t !s#

1@s†r~ t !,s#%1@szr~ t !sz2r~ t !#…. ~4!

The effective spontaneous decay rateG @11# andt1 are

1

t1
5

e2^uEu2&
M\n

T

11n2T2
, G5

g totV

2D
. ~5!

Note that the heating term in Eq.~3! is the same that would
be obtained for a harmonic oscillator coupled to a stocha
field @9#. Thust1 gives the motional heating rate when th
lasers are not present@7#.

In the following, we will show that the evolution given b
Eq. ~3! may lead to a behavior that mimics a dispersive
coherence. It will be convenient to work in the dressed ba
$u↑,0&,un,6&5(1/A2)(u↓,n&7u↑,n11&),n50,1,2, . . . %. In
the n subspace spanned by the vectorsun,6& the matrix el-
ements corresponding to the density operator are written

^n,sur~ t !un,s8&5S Pn
(1)~ t ! Cn~ t !

Cn* ~ t ! Pn
(2)~ t !

D , ~6!

where (s,s8)5(6). The population of the state that de
couples from the Raman dynamics is denoted by

P̃↑~ t !5^↑,0ur~ t !u↑,0&. ~7!

The evolution of the dressed coherences and populat
can be obtained from Eq.~3!. For the dressed coherences w
have

dCn~ t !

dt
52 i2VnCn~ t !1

1

t1
$Ldiff@Cn#1Lpop@Cn#%

1GLsp@Cn#, ~8!

where the Rabi frequencies are given by@10#

Vn5hV ~n11!21/2Ln
(1)~h2!e2h2/2, ~9!

while for the dressed populations we obtain

dP̃↑~ t !

dt
5

1

t1*
$p0

(1)~ t !2 P̃↑~ t !%, ~10!

dp0
(1)~ t !

dt
5

1

2t1*
$p1

(1)~ t !1 P̃↑~ t !22p0
(1)~ t !%

1
1

t1
$p1

(1)~ t !2p0
(1)~ t !%, ~11!

dpn
(1)~ t !

dt
5

1

t1*
Ldiff@pn

(1)#1
1

t1
Lpop@pn

(1)#. ~12!
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Here we have definedpn
(6)(t)5@Pn

(1)(t)6Pn
(2)(t)#/2 and

t1* 5t1 /(11t1G). For the initial conditions we will con-
sider, we havepn

(2)(t)50 for all n. In the above equations
we have introduced the operatorsLdiff , Lpop, andLsp, which
act on a set of functions$ f n(t)%n50

` as

Ldiff@ f n#5
1

2
@ f n111 f n2122 f n#, ~13!

Lpop@ f n#5~n11! f n111n fn212~2n11! f n , ~14!

Lsp@ f n#52
1

4
$ f n111 f n2116 f n%. ~15!

The operatorLdiff corresponds to a diffusive process in
discrete space. The operatorLpop is the generator for the time
evolution of the populations of a harmonic oscillator subje
to the action of a classical stochastic field@9#. Disregarding
terms of orderGh2, the operatorLsp accounts for the spon
taneous emission and generates a diffusivelike process in
space of dressed coherences.

In deriving the rate equations for the coherences a
populations we have assumedVn@1/t1 ,G, discarding the
rapid oscillatory coupling terms between the coherences
the populations. Furthermore, the function@An
1A(n11)#2/4, for n>1, was replaced by (n11/2). We
have checked that these approximations are indeed
good and the numerical results obtained from Eqs.~8!–~12!
are indistinguishable from those obtained using the full m
ter equation@Eq. ~3!#.

Now we will analyze the solution of the previous set
equations for the experimental conditions of Ref.@1#. The
observable measured in this experiment is the fluoresce
signalP↓(t)5(n50

` ^↓,nur(t)u↓,n&, which may be written in

terms of the dressed coherences and the populationP̃↑(t) as

P↓~ t !5
1

2 S 12 P̃↑~ t !1 (
n50

`

@Cn~ t !1Cn* ~ t !# D . ~16!

Let us consider first the experimental situation in which t
ion starts in a Fock state withn0 excitations:u↓,n0&. As a
numerical example we considern055. Figure 1~a! shows
the behavior of the real part of the coherenceCn0

(t). It de-
cays exponentially while oscillating with its own free fre
quencyVn0

. This behavior may be very well fitted by

Cn0
~ t !.~1/2!e2 i2Vn0

te2[3/2G12(n011)/t1] t. ~17!

In this case, and for any initial smalln0 (n0,10), we have
found the same general behavior. These fits can be read
Eq. ~8! considering that the total contribution of the fir
neighborsCn061(t) is small. In the following we will see
how this effect arises.

Figure 1~b! shows the behavior of the real parts of th
coherencesCn061(t). They start atCn061(0)50, and are

initially being fed byCn0
(t). Therefore, they approximatel

oscillate in phase with the initial condition. As their amp
tudes grow, they are affected by the contribution of th
2-2
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proper frequenciesVn061. In consequence, in a symmetric
way, their phases are continuously advancing and retar
with respect to the phase ofCn0

(t), so that in an intermediate
regime they oscillate in opposition of phase. In this mann
their contribution to the time evolution ofCn0

(t) almost van-
ishes. Higher coherencesCn06r have a similar behavior, bu
are less populated.

Figure 1~c! shows the experimentally observableP↓(t).
The more striking result is that this function oscillates e
actly at the frequencyVn0

. This follows from the symmetri-

cal behaviors of theCn06r with respect toCn0
(t). In this

manner, the proper irreversible dynamics mimics adisper-
sivelikedecoherence.

The spreading of the initial condition over the dress
coherence space is reflected in a nonexponential deca
P↓(t). In fact, at short times, the contribution of the neig
bors adds in phase withCn0

(t). Later on, these contribution

are practically null, andP↓(t) depends mostly onCn0
(t). As

this spreading is governed by both the reversible and
dissipative dynamics, it does not resemble a classical cas
fact, due to the interference between the oscillations at
proper Rabi frequenciesVn061 and the oscillations at fre

quencyVn0
of Cn0

(t), the maximum occupation ofCn061(t)

is approximately of orderu(n011)/t12G/4u/uVn0612Vn0
u.

Therefore, for smalln0, the combined action of the revers
ible and dissipative dynamics produces alocalizationlike
phenomenon. This means thatuCn061(t)u!uCn0

(t)u, which

implies thatP↓(t) will have appreciable contributions onl

FIG. 1. Coherences andP↓(t) for an initial Fock staten055. ~a!
2Re@Cn0

#; ~b! full line, 2Re@Cn021#; dotted line, 2Re@Cn011#; ~c!

full line, P↓(t); dotted line,$112Re@Cn0
(t)#%/2. The parameters

are the same as in the experiment of Ref.@1#: h50.202,V/2p
5475 kHz,D/2p512 GHz,g tot/2p519.4 MHz. Using Eq.~18!,
we derived 1/t154.14 quanta/ms.
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from Cn0
(t). In consequence, the decay ofP↓(t) becomes

exponential for small values ofn0 ~cf. Eq. ~17!!.
An intriguing result found in the experiment of Ref.@1# is

that the fluorescence signal, for initial Fock states, may
approximately modeled byP↓(t)'@11cos(2Vn0

t)e2gn0
t#/2

@1#. The phenomenological decay constants were fitted
gn0

'g0(n011)a, with a'0.7. This exponential decay an

the values ofg0 anda can be inferred from the analysis w
have presented.

For the case in which the ion starts in the ground state,
localization mechanism is extremely effectiv
@2uRe@C1(t)#u,0.03#. This allows us to deduce, from Eq
~17!, the following relation between the experimental dec
constantg0, the heating rate 1/t1, and the decay rateG:

g05
3

2
G1

2

t1
. ~18!

This relation gives us the key to controlling decoherence
this kind of experiment as the origin of the decoherence r
is now clear. From the experimental valuesg0'11.9 kHz,
g tot/2p519.4 Mhz, V/2p5475 kHz, and D/2p
512 GHz @1#, we estimate a vibrational heating rate 1/t1
'4.14 quanta/ms. This value is consistent with those fou
in the experiments on heating of the motional state@7#.

For higher initial Fock states, the localization pheno
enon becomes less effective but it does persist@see Fig. 1~c!#.
In this situation the best exponential fit toP↓(t) is obtained
by discarding the contribution of neighbor coherences. T
elucidates the ‘‘mysterious’’ valuea'0.7, which arises from
choosing the best value such thatg0(n11)a'(3/2)G12(n
11)/t1. For n between 0 and 16 we obtain the best fittin
with a'0.85. Note that the specific value ofa is not uni-
versal and depends strongly on the values ofG andt1 @12#.

It is important to remark that for initial Fock states wit
n0*7 the dispersivelike behavior persists, whereas the lo
ization phenomenon becomes very weak. This breakdow
the localization gives rise to a highly nonexponential dec
of P↓(t). However, the exponential fitting found in the e
periments is recovered if one assumes that, for large F
states, small impurities are present in the initial condition

Until now, we have not analyzed the behavior of t
asymmetrical factorP̃↑(t) @6#. From its evolution, Eq.~10!,
we realize that this term can induce an appreciable asym
try in the oscillatory behavior ofP↓(t) only if, at the begin-
ning, the lower motional populations are occupied. Figur

FIG. 2. P̃↑(t) for different initial Fock states. From top to bot
tom n50,1,2,3. The parameters are the same as in Fig. 1.
2-3
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FIG. 3. P↓(t) for an initial vi-

brational thermal state withn̄
51.3 ~a! and an initial coherent

state withn̄53.1 ~b!. The param-
eters are the same as in Fig 1. Fu
line: numerical result. Dotted line
experimental fit @Eq. ~19!# with
gn'g0(n11)0.7. Circles: experi-
mental data from Ref.@1#.
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shows the behavior ofP̃↑(t) for different initial Fock states.
The maximum occupation occurs when the ion starts in
ground state u↓,0&. In particular, for this case, int

5100 ms we foundP̃↑50.16, which agrees with the exper
mental data@1,6#.

The localization phenomenon and the dispersivelike
havior also occur for other kinds of initial conditions. In Fi
3 we show our results for the evolution of the fluorescen
signal for an initial thermal state and an initial coherent sta
with an average vibrational numbern̄51.3 andn̄53.1, re-
spectively. In these two cases, at the initial time, all t
dressed coherences have approximately the same occup
as their first neighbors. For these situations one can s
that each coherence evolves independently with a beha
given by Eq.~17!. This result implies that, indeed, for thes
initial conditions, the fluorescence signal can be very w
fitted by the function

P↓~ t !5
1

2 S 11 (
n50

`

Pncos~2Vnt !e2gntD , ~19!
.
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where Pn are the initial occupations in the Fock basis.
fact, this expression is identical to the modeling of the e
perimental data made in Ref.@1#, where the phenomenologi
cal decay rategn.g0(n11)0.7 was used. In these two case
our results and the experimental fits are indistinguishable
a scale lower than the experimental errors.

In conclusion, we have shown that the interplay of t
coherent Jaynes-Cummings dynamics with noise sources
feed energy into the system may give rise to a dispersive
decay of quantum coherences. This dispersivelike behavi
independent of the origin of the irreversible dynamics, a
will also be present in thermal reservoirs. This effect,
gether with the localization phenomenon, was used to
plain the experimental results concerning decoherence o
vibronic states of trapped ions@1#. The model described
agrees very well with the experimental measurements.

We are indebted to D. Wineland, C. Monroe, and D. L
bfried for useful information and for sending us experimen
data. This work was partially supported by the Brazili
agencies CNPq, FAPERJ, and PRONEX.
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