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Athermal field, which frequently appears in problems of decoherence, provides us with minimal information
about the field. We study the interaction of the thermal field and a quantum system composed of two qubits and
find that such a chaotic field with minimal information can nevertheless entangle qubits that are prepared
initially in a separable state. This simple model of a quantum register interacting with a noisy environment
allows us to understand how memory of the environment affects the state of a quantum register.
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A thermal field is emitted by a source in thermal equilib- special case in which there is only one nonzero term in the
rium at temperaturel. The thermal field is a field about operator sum2). If there are two or more terms, the pure
which we have minimal information, as we know only the initial state becomes mixed. For the mixed thermal environ-
mean value of the energfl]. Recently, Boseetal. [2] = ment, not only entanglement but also classical correlation of
showed that entanglement can always arise in the interactiahe system and environment can make the system evolve
of a single qubit in a pure state with an arbitrarily large from the initial pure state into a mixed one. The mutual
system in any mixed state and illustrated this using a modehformation between the system and the environment is non-
of the interaction of a two-level atom with a thermal field. zero if the information for the total system is not the same as
Using this model, they studied the possibility of entangling athe total sum of information for each subsystem. A nonzero
qubit with a large system defined in an infinite dimensionalmutual information is due to classical correlation and/or en-
Hilbert space. The entanglement between the system and th@nglemen{4]. Thus there being nonzero mutual information
thermal field reduces the system to a mixed state when thieetween the system and environment is a sufficient condition
field variables are traced over. In this paper we address thier the initial pure system to have evolved into a mixed state.
question, “Is it possible for a thermal field, which is a highly The action ofK,, projects the system into a pure state of
chaotic field, to induce entanglement between qubits? _Th M;RL when the initial state is pure.
2Eta;rglk?l:nin;rgr;at?]:?r:?aﬁr;?eritgﬁtdo?t\?v)gk?to?ntg;ﬂgitglﬁer- In the context ot cavtty guantum electrodynamics, the
by their mutual interaction with a chaotic field study of the_ interaction with atoms has been used to look for

id tum reister com ose.d of two two—the generation of entanglement between two atoms when the
.~ 'when the two atoms interact consecutively with the cavity
whoee annihilation and creation operators are denoted by [6]. In these studies, the cavity is normally prepared in the
anda'. We will investigate the entanglement between thevacuum and by the superposition of processes involving de-
two atoms, which are initially separable. This simple inter-positing and not depositing one photon into the cavity, the
action model of a quantum register with its environment al-two atoms can evolve into their entangled state. However, we
lows us to understand how the memory of the environmenére interested in the possibility of entanglement via a chaotic
affects the state of a quantum register. thermal field about which we have only minimum informa-
When a quantum system of two qubits preparedpin tion.

interacts with an environment represented by the density op- For simplicity, we consider identical two-level atoms 1
erator pe, the system and environment evolve for a finite and 2 which are coupled to a single-mode thermal field with

. . . . ~ the same coupling constamt The ground and excited states
time, governed by the unitary time evolution operdtit). piing " g

. . . _for the atomi (i=1,2) are, respectively, denoted lg); and
The density operator for the system and environment at t|m13e>i " The cav(ity mozje is ass[L)Jmed tg be resong;r?tl with the

tis A . o atomic transition frequency. Under the rotating wave ap-
p(1)=U(t)(pe®ps)UT(1). (1) proximation, the Hamiltonian in the interaction picture is

After performing a partial trace over environment variables, - ~n Apn
P 9ap Ai=hy > (a0 +a'o7) &)

we find the final density matriis(t) of the quantum system i=12
in the following Kraus representatidi3]:

~ » ~oA where the atomic transition operators arg =|g):(e| and
ps()=Trep(t) =2 K,pK?, 2) p E=19)i(el
Y23

~ +

o =le)(gl.

R The density operator for the combined atom-field system
where the Kraus operatorsK, satisfy the property follows a unitary time evolution generated by the evolution
3, K1K,,=15. Unitary evolution of the quantum system is a operatorJ (t) = exp(~iHt/#). For the interaction of two two-
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level atoms with a single-mode field, using Hamiltoni&h and Taylor expansions of sine and cosine functions, we find that
the analytical form of the evolution operator is given in the atomic bgsie),|eqg),|ge),|gg)} by

2y2a(C-0)at+1  —iyaS —iyaS 2y2a(C-0)a
- 1 . 1 . -
—iySa' 5(cosOt+1) >(cosOt—1) —iySa
0= . . (4
—iySaf 5(cost—1) 5 (cost+1) —iySa
2y%al(C-0)at  —iya's —iya'S  2y%f(C-0)a+1
[
where 02=0"1=242(2a'a+1) and the time-dependent Ki=U3""?|gg)(ed, (8)

operators ands are defined by with H.c. denoting the Hermitian conjugate aj&j=(|eg)

+ |ge))/\/§. Note thaﬂzg determines a process that does not
C=0cosQt and S=0Q"lsinOt. (5  change the mean energy of the field wHilg andK} deter-
mine, respectively, one- and two-photon absorption pro-
The thermal radiation field with its mean photon n“mbercessesK3 andK", respectively, describe atomic transitions
nisa weighted mixture of Fock states and its density operathrough one- and two-photon emission processes.
tor is represented by)E SnPaln¥{(n| where the weight Each Kraus operator projects the atomic state into a pure
function P, is state if the atomic state is initially pure. If the atoms are
initially in their excited states the only operation that projects

the system into an entangled statefﬁ%. For a two-qubit

. 6) system described by the density operagtora measure of

(1+n)"*t entanglement can be defined in terms of the negative eigen-
values of the partial transpositigd]:

We are interested in the evolution of the quantum system;

hence the time-dependent density operé@t) is obtained

by tracing over the field variables as in E): p(t) E==22 ui 9)
=3 Po(m|O 1)) p(0)(n|0T(t)|m). We denote thejth |

element of the matri>(m|0|n) by Uinjm_ Using the orthogo- Where u;- are the negative eigenvalues of the partial trans-
nality of the Fock statep(t) is obtained in the Kraus rep- Position of p. When&=0 the two qubits are separakjl€]

resentation: and £=1 indicates maximum entanglement between them.
By substituting the initial condition of the atoms, i.¢x
5 =ps(0)=|ee)(ed, into Eq.(7), we find
ps<t>—2 E P(N)K}ps(0)KS (7)

ps(t)=Aclee)(ed+2A/s)(s|+Ajlgg)(ggl,  (10)

where A.=3,P,(UID? A=3P,|U"Y? and A4

=3 Pn(U“”*Z)Z. The eigenvalues of its partial transposition
are then wo=As and 2u.=(Ac+Ay=[(Act+Ay)?
—4AAy+4AZ]Y2 It is obvious thatu, and e, are always
posmve The eigenvalug _ becomes negative if and only if
As>VAA. In order to analyze this case, let us first consider

where the operators are

=diagU77,U3;,U33,Us2) +Us3(leg)(gel+H.c),

1 1
K3=2U13"*ee)(s|+ V2U3; " *Is)(gdl. the possibility of entangling two atoms when the field is in a
Fock statel/), i.e., P,=8, ,. Using the values obj;" in
Eq. (4), it is straightforward to prove tha U Fe1p2
\/_Unn+l|s><ed+\/—Unn+l|gg><s|, qg. () g p l‘

<|U5{ U3/ "2 regardless of and the interaction time. It is
interesting to note that, when two atoms are initially in their
um- ) excited states, they cannot be entangled by simultaneous in-
lee)(gd|, teraction with a Fock state whose energy is definite. In fact,
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FIG. 1. Single atom-field entanglement against the interaction FIG. 2. Atom-atom entanglement induced by interaction with a

time when the pair of atoms is initially prepared in the ste® for  thermal field when the atoms are initially prepared|ém) for n
n=0.1 (solid), 1.0 (dotted, and 10.0(dashegl =0.1 (solid), 1.0 (dotted, and 10.0(dashedl

in its excited state and the other in the ground state. If the

the atoms are not entangled even via the vacunmd) in jnjtial state is|eg), the atomic system is represented by the
this case. For their interaction with a thermal field eAg  density operator

has a lower bound,P,|U7TU%" which, extending the
analysis for the Fock state, is found to be larger tiAgn
This proves that when Fock states cannot entangle two atom
by simultaneous interaction, neither can their classical mix-
ture, for example a thermal state. +|U3 Y% ee)(ed +|ULS Y ?gg)(ggl}- (11

It has been shown that a single two-level atom and a . » ) .
thermal field can be entangled due to their linear interaction©n€ Of the partial tranfrﬂt)ls;tlorr]]qgiglezr]valLrj]ﬁs ma%nlge nr:egatwe
regardless of the temperature of the fig2dl If there are two ~ When & mPnPm(— U3 7V |2+ U33U530 55U
atoms interacting with the thermal field, can we still see the>0. Substituting U™ in Eq. (4), the left hand
entanglement between the field and any single atom? As diside of the inequality is found to be given by
cussed earlier, by interacting with the thermal field, a pure(1/4)= nmPyPm sin? Qutsin? Q[ (2n+1)(2m+1)], which is
guantum system becomes mixed, so we know that the mutu&lways positive. It is surprising that a thermal state, which is
information between the system and thermal field should bea highly chaotic state in an infinite-dimensional Hilbert
come nonzero. However, this does not mean that thergpace, can entangle two qubits depending on their atomic
should be atom-field entanglement because the mutual infofnitial preparation.
mation may include classical correlation as well. In order to Let us now consider the situation when the atoms are
consider the entanglement between a single atom and theitially both in their ground states. In this cask} in
field, we first find the single atom-field density operatorEq. (8) is the only operator that projects the atoms into an
pa_i(t) by tracing the total density operatp(t) over the entangled state. The density operator for the atoms has
variables of the other atom. The atom is described as a twdhe same form as Eq(10) but with different param-
dimensional system while the field is in infinite-dimensionaleters: A.=3,P,(U1"%)?, A=3P,|U5"Y? and Aq
space; the density operatpg_(t) is thus defined in a 2 =2=nPn(U43)?. The measure of entangleme(® is calcu-
X o dimensional space. An analytical form of entanglementated and plotted in Fig. 3, which clearly shows entanglement
is not available for the system inx2~ space, so that Bose between the two atoms for some interaction times. As we did
et al. project the atom-field state onto a2 subspace and for the initial state|ee), we again first consider the case of
then compute the entanglement of formation for each of thé&ock-state interaction, in order to provide insights for the
outcomes. As this projection can be done by local actions, i&halysis of the more complicated case of thermal-field inter-
does not increase the entanglement and the result givesagtion. For the interaction of atoms with the Fock statg,
lower bound on the entanglement of the entire atom-fieltbne of the eigenvalues for the partial transpositiopf) is

system. We have calculated the average of entanglements fegative wherE;=|U%; ~*/2—|U3; U7, ~?>0. Substitut-

this way for projected states, and this is plotted in Fig. 1 foring the valuesUi”jm in Eq. (4) into the definition ofE/ , we
various values of the mean photon numbeY¥Ve see that the find
atom and field are always entangled fior 0 despite the
presence of the other atom. After a little algebra we can
analytically prove this as a lower bound of entanglement
occurs in the subspace (#,1),|e,0),|g,1), and|g,0) when
P3IU2(U99)2>0. The atom-field entanglement is a key to wherec=cos(),,_;t andd=(2/—1)/\/(/—1). The atoms
the decoherence process. are not entangled by the vacuum interactionEé;O for
More interestingly, we find in Fig. 2 that atoms are en-/=0. We find that the two atomare entangled wherc
tangled by a thermal field when one of the atoms is prepared-c,=—1+1/(/+d) for any Fock state {=1). This
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So far we have considered the case when the atoms are in
their pure states. Boset al. [2] comment that the purity of
the qubit is an important ingredient to see entanglement be-
tween the qubit and a massive system, but did not show the
dynamics of the entanglement when the qubit is initially pre-
pared in its mixed state. It is not possible to analyze the
atom-field entanglement when the atoms are in a mixed state
because of the lack of tools to analyze such a mixed-2
. system. However, we can analyze how the initial mixedness
4 5 of the atoms affects the entanglement between the atoms. We
yt{m assume that each atom is initially prepared in a thermal mix-
ture so that their initial density operators are

£)

(
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=3
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atom-atom enta nglement
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FIG. 3. Atom-atom entanglement induced by interaction with a
thermal field ofn=1 when the atoms are initially in a pure state
ground statesolid), i.e., A=0 in Eq.(13), and in a mixed state of
\=0.05 (dotted. In the case oh =0.065, entanglement is shown
by a dashed line at the spot indicated by a triangle.

ps=ITi_1 AN|e)i(el+(1-N)[g)i(gl] (13)

where A depends on the temperature of the atoms. Using
the Kraus representatidid) for the initial condition Eq(13),

means that it is possible to entangle two atoms by IineaFhe evolution of the density operator for the two atoms is

interaction with any Fock state of the cavity field if the atomsfound in the formpy(t)=Ac|ee)(ed+Adls)(s|+Aa)(al

are initially prepared in their ground states, in sharp contrast Agl99)(9g| where|a)=(|eg)— 9€))/V2 andAc . g are

to the case of the initial preparation of atoms in the excitedime-dependent coefficients. The atoms are then entangled

states. In particular, for the Fock state|@f, the atoms are When (As—A,) —2JA.A,>0. The measure of entanglement

always entangled except when &s_;t=1. The critical IS plotted for the interaction of atoms with a low temperature

parameterc, takes the minimum value-1 at /=1 and field withn=1. It is remarkable to see that, with even a very

maximizes to around-0.76 at/=2, and then gradually small amount of mixture witth =0.065, atomic entangle-

decreases a$ gets larger. The maximum value Eg is1//  mentis nearly washed out.

atc=—1+1// so that entanglement is smaller whérgets In conclusion, we have demonstrated the very interesting

larger. result that two atoms can become entangled through their
We now consider the two atoms interacting with a thermalinteraction with a highly chaotic system depending on the

field. When the atoms are initially ifeg), entanglement is initial preparation of the atoms. This study provides a degree

induced by a thermal field regardless of its mean photo®f analytical understanding of the decoherence mechanism

number. Is it still true for the atoms initially ilgg)? We find ~ for @ quantum system composed of a few qubits when the

that the answer is no. The thermal state is a weighted mixturéeservoir with which they interact retains some mem@}y

of Fock states with the weigh®, given by Eq.(6). The In our case, the memory is due to the fact that the Rabi

weight factorP, is a decreasing function of. Whenn is  fréduency, which determines the dynamics of one atom, is

very small, because of the vacuum dominance the atoms a}gcreased or decreased by deexcitation or excitation of the

— other atom.

not very much entangled. As gets moderately largeR;

becomes more pronounced. Becaydg(1| gives strong This work was supported by the U.K. Engineering and
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case. However, a>1, the weight function becomes flat istry of Science and Technology through the Creative Re-

and cancellation between the component Fock states washssarch Initiatives Program under Contract No. 00-C-CT-01-

out the entanglement feature. C-35.
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