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Comment on ‘‘Solution of the Schrödinger equation for the time-dependent linear potential’’
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It is shown that the wave function recently found by Guedes@Phys. Rev. A63, 034102~2001!# is a special
case of the well-known Volkov solution to the time-dependent Schro¨dinger equation describing a nonrelativ-
istic charged particle moving in an electromagnetic field.

DOI: 10.1103/PhysRevA.65.036101 PACS number~s!: 03.65.Fd, 03.65.Ge
n
m

th
wn

v
i-
e

a

nl
is

d
ld
o
le
o
s

-

s
a
-

e

the

r-
etic

iva-

l-

e

l
to
ith

tial

d--
In a recent paper@1#, Guedes solved the time-depende
Schrödinger equation for the linear potential of the for
V(x,t)5q«0x1q« x cosvt. The author of Ref.@1# used the
so-called Lewis and Riesenfeld~LR! invariant method@2# to
obtain analytically the wave function@Eq. ~18! of Ref. @1##.
The main purpose of the present Comment is to explain
this wave function is simply a special case of the well-kno
Volkov solution. The latter one can be parametrized by
wave vectork. We show that the Guedes’ result is the Volko
solution withk50. Moreover, it is shown that the LR invar
ant method may be easily extended to get the more gen
Volkov solution with any realk.

One of the quantum-mechanical problems, whose ex
analytical solution to the time-dependent Schro¨dinger equa-
tion exists, is a problem of charged particle interacting o
with a plane-wave electromagnetic field. This solution
known as the Volkov or Gordon-Volkov wave function@3,4#.
In applications it is assumed that the field can be treate
the so-called dipole approximation, i.e., the electric-fie
strength is only a function of time, but does not depend
coordinates. This is the case where the wavelength of e
tromagnetic radiation is much larger than the spatial size
interest~for example, in the process of ionization of atom
by a laser beam!. For a nonrelativistic particle, the Schro¨-
dinger equation and its solution~in a one-dimensional ver
sion! can be written as follows:
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For convenience, we use the same units and notation a
Ref. @1#. Ck

V(x,t) is just the Volkov solution. It depends on
real parameter–the wave vectork ~or the canonical momen
tum \k! of the particle, which has an electric charge2q,
and a massm. p̂52 i\]/]x is the momentum operator,c is
the speed of light, andN is the normalization constant. Th
vector potential of the electromagnetic fieldA(t) is given
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236 Łódź, Poland.
1050-2947/2002/65~3!/036101~2!/$20.00 65 0361
t

at

a

ral

ct

y

in

n
c-
f

in

here in the Coulomb gauge. One can easily verify, that
wave function~1b! is a solution of Eq.~1a! for any time
dependence ofA(t). The vector potential describes the inte
action between the charged particle and the electromagn
field in the so-called velocity form~or velocity gauge!. But
within the dipole approximation one can use another equ
lent description, which is called the length form~or length
gauge!. In this case, Eqs.~1! have the following counter-
parts:
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where the electric-field strength vector isF(t)
521/c]A/]t. One can obtain Eqs.~2! from Eqs.~1! by the
Zienau-Power transformation@5,6#. This is a unitary gauge
transformationÛ of the wave function and operators~C8

5ÛC, andÔ85ÛÔÛ21!, where

Û5expF iq

\c
A~ t !xG . ~3!

Then the operators in Eq.~1a! become transformed as fo
lows:
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In the Ref.@1# the author says, ‘‘... it seems that no on
had reported the solution of the Schro¨dinger equation for a
particle in a general time-dependent linear potential,V(x,t)
5 f (t)x. ’’ However, we think that this solution is very wel
known to the community of atomic physicists, particularly
those who investigate interactions of intense laser fields w
atoms. The solution for this time-dependent linear poten
is given here in Eq.~2b!. A general solution of Eq.~2a! is a
linear combination of the Volkov wave functions correspon
ing to different wave vectorsk.
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SubstitutingA(t)52c(«0t1«/v sinvt) in Eq. ~2b! for
the vector potential of electromagnetic field, we obtain
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This substitution just corresponds to the interaction poten
~in the length form! from Ref. @1#, namelyqF(t)x5q«0x
1q« x cosvt. Whenk50, the Volkov wave function given
in Eq. ~5! exactly reduces to Eq.~18! of Ref. @1#. @By the
way, we note two tiny misprints in the powers of«0 in this
equation, and a similar one in Eq.~17b!.# Perhaps, due to the
nonvanishing constant component of the electric-fi
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strength«0 , it is more difficult than usual, to recognize th
Volkov solution in Eq.~5!.

But the LR invariant method@1,2# is also able to repro-
duce the Volkov wave function with any wave vectork. The
function of time h(t) from Eq. ~16! of Ref. @1# @which is
given there explicitly in Eq.~17a!# satisfies the additiona
conditionh(0)50. This condition seems to have no justifi
cation. If one releases this constraint assumingh(0)5 ik,
and recalculates the wave function, the final result is just
Volkov solution given in Eq.~5! of this Comment. Of course
there is no reason to assume thatk is a real number, excep
the fact that it has a clear physical interpretation of the wa
vector.

In conclusion, we have proved that the wave functi
from Eq. ~5! can be derived in two different ways. Bot
methods and their relationship deserve further investigatio
The LR invariant method has been already used in a
problems~see the references in@1#!, and probably will find
some other applications. Also, the method of unitary tra
formations of the time-dependent Schro¨dinger equation has
been useful in finding an approximate Coulomb-correc
Volkov-type solution in a certain specific case@7#.

Note added in proof.Recently M. Feng@8# showed a yet
more general analytical solution to the Schro¨dinger equation
with the time-dependent linear potential. In fact, our Eq.~5!
is a special case of his Eq.~7!. However, the Volkov solution
was not mentioned by M. Feng in this context.
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