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Realization of generalized quantum searching using nuclear magnetic resonance
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According to the theoretical results, the quantum searching algorithm can be generalized by replacing the
Walsh-Hadamard transform by almost any quantum-mechanical operation. We have implemented the general-
ized algorithm using nuclear magnetic resonance techniques with a solution of chloroform molecules. Experi-
mental results show a good agreement between the theory and experiment.
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The quantum-searching algorithm was first proposed by H= —277V1|§—277y2|§+ 27TJI§I§, (D)

Grover[1]. It can speed up some search applications over

unsorted data and has become a hot topic in quantum infofgherel (k= 1,2) are the matrices for tiecomponent of the
mation[2-5]. The surprising result of the algorithm is that angular momentum of the spifig]. In the rotating frame of
searching a particular item in an unsorted list\oélements  spink, the evolution caused by a radio-frequer(cfy pulse

only requiresO(y/N) attempts[2]. The algorithm needs the along thex or § axes is denoted aX(¢,)=€"x or Y,
properties of the Walsh-Hadam&-H) transform and has gyl
(— @) =e "%y, wherep,=Bytp. By, ¥, andt, repre-

?eeci?“'Tjﬂgg]egtg\j/:rslnegnglr;:i:; Ezgglegiizﬁéoi:a::]ﬁ) in sent the strength of the magnetic field, gyromagnetic ratio of
q ' 9 9 Y: spink, and the width of the rf pulse, respectively. The pulse

\;Vlm(;gttgiyvﬁZE;E;dc%iTa?{gmﬁranSform can be replaced bMsed above is denoted [aqa]'; or[— 90]5. The coupled-spin

The generalized algorithm can be posed as follows. If aevolutlon Is denoted as
unitary operatorU is applied to a quantum system in an
initial basis state|y), the system lies in a superposition
Ziay|i), wherea;=(i|U|y)=U;,. The amplitude of reach-
ing the target statgr) is U.,, and the probability of getting
the system in statpr) is |U,,|? if a measurement is made.
Therefore, it will take at leasb(1/U ,,|?) repetitions ofU
and the measurement to get state for one time. On the |y =]1)1]1)2=
contrary, according to the generalized searching algorithm, in
O(1/U,,|) applications, operatoQ transforms|y) into
U~ 7). After U is applied, the system lies in stdte). Q is
defined aQ=—1,U"!1,U, wherel;=I—2i)(i|, andl de- is prepared by using spatial averagifig], where| ) de-
notes unit matrix. ; is applied to a superposition of states, hotes the state of spik. For convenience, the notion
it only inverts the amplitude in staté), and leaves the other |1)1/1)2 is merged intd11) and the subscripts 1 and 2 are
states unaltered. It has been shown in theory that the numb@mitted. ~ The  Dbasis  states are arrayed as
of repetitions ofQ required to transformy) into |7y is  |11) [T1), [LT), [L]). In matrix notion,l; is a diag-
mAU,| if |U,|<1. onal ma_trlx 'Wlth all diagonal ter'rr']s equal to 1 except the

It can be proved that for a two-qubit system, the numbef€™M Which is—1. For example, ifi)=|| 1), I; is expressed
of repetitions ofQ is alsoO(1/]U ,,|) without the condition
that|U | <1. Particularly, iffU.,|=1/2, the number of rep-

; 12
t:eﬂZﬂ-JIZIZ’ (2)

wheret is the evolution time. The pseudopure initial state

)

o O O -

etitions is 1, and the probability of getting the target state is 1000
1. In this paper, we will implement the generalized quantum l— 010 0 4
algorithm in this case on a two-qubit NMR quantum com- 10 0 1
puter[8]. 00 0 -1
Our experiments use a sample of carbon-13 labeled chlo-
roform (Cambridge Isotopeddissolved in d6-acetone. Data | is chosen as three forms
are taken at a controlled temperature (22 °C) with a Bruker
DRX 500 MHz spectromete(Beijing Normal University. -1 -1 -1 -1
The resonance frequencies are=125.76 MHz for’*C and 101 -1 1
v,=500.13 MHz for H. The coupling constant is mea- U,=1/2 , (5)
sured to be 215 Hz. If the magnetic field is along thexis, -1 -1 1 1
and one letgi =1, the Hamitonian of this system is -1 1 1 -1
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FIG. 1. NMR spectra of'3C (main figure$
and *H (smaller insets when the two-spin sys-
tem lies in various pseudopure states via readout
pulses selective fot®C (main figure$ and *H
(smaller insets The amplitude has arbitrary
units. When the system lies in a pseudopure state,
only one NMR peak appears in the spectrum of
spink if a readout puls¢— 77/2]'; is applied.(a)—
(d) are spectra corresponding to pseudopure
states 11), [T1), [L1), and|] ), respectively.

where U is the W-H transform used in Ref6] (up to a
phase factor It is easily proved that) Q can transform state

|y) into state|7). The irrelevant overall phase factors are

The evolution of the system can be represented by its
deviation density matriy, [11]. For the heteronuclear sys-
tem, the following rf and gradient pulse sequer{cze]f(
—[grad), — [w/4]x— 14 — [w]x — [w]; — 1/4) — [ — /4]
—[grad], transforms the system from the equilibrium state

Preq=Yili+ ¥al? (8)

to the initial state required in experiments
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FIG. 2. Spectra of3C (main figure$ and *H
(smaller insets after completion of the general-
ized searching algorithm and readout pulses se-
lective for °C (main figure$ and *H (smaller
insets. U is chosen atl;, and the target state’)
is[T1), [T1), [11), or|l]). The corresponding
searching results are shown —(d). By com-
paring (a—(d) with Figs. 1a)—(d), respectively,
we confirm that the system is truly in the target
state.
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60 60
b
8 40 - g1+ FIG. 3. Spectra of3C (main figure$ and *H
2 2 (smaller insets after completion of the general-
= = ized searching algorithm and readout pulses se-
g S0+ lective for 3C (main figure$ and *H (smaller
inset3 on condition thafr)=|1]), andU=U,
04 0 shown by(a) or U=U, shown by(b).
% 79 e 81 82 78 79 80 81 82
Frequency (ppm} Frequency({ppm]}
3 0 U =X (m)Xo(m)Y (= 72)Y o (— 7/2),
-1 0
=—(132+122+1}12)=—1/4
pao=— (122413724 1312) / o -1 0/ U,=Y(m/2)Y(7/2),
0O O 0 -1

9

where a=arccosfy,/2y,), and [grad], denotes gradient

In our experiments, each NMR spectrum of skiis ob-

~ . . . k
pulse alongz axis. The pulses are applied from left to right. tined by a spin-selective readout pulsew/2], . The rela-
The symbol 1/4 denotes the evolution caused by the Hami-tiVé phases of signals are meaningful because all experiments
tonian H for 1/4J without pulses. The initial state can be &€ acquired in an identical fashib3]. At first, we prepare

used as the pseudopure sthté) in NMR quantum compu-
tation[12]. By applying pulsd 712, [ 7]} or [w]i[ ]2, the
pseudopure states corresponding to stetés, || 7) or|]|)
can be obtained. They are written as

par=—(1312—1212—1}12), (10)
paz=—(—132+1212—1112), (12)
paz=—(—122—12/2+121%). (12)

We also represent the above four pseudopure statgs| as
[T1), [11), and|]|), respectively. According to Reff6], we
find that

X (—m/2)[1/2]],

X (— w/2)[1/27],

X (— w/2)[1/23],

La=Y 4 (712)Y o 12) X1 (712) X 7I2)Y 1 (— 7I2)Y o — 77/2)
x[1/23].

the four pseudopure states described in Egg-(12). For

the system in a pseudopure state, only one NMR peak ap-
pears in a spectrum if a selective readout pulse is applied.
Figure 1 shows the experimental MNR spectra when the sys-
tem lies in various pseudopure states. Figur@s-1d) are
spectra when the system lies in pseudopure stHtés,
[T1), 1L7), and|| ]}, respectively. In each figure, the main
spectrum represents the spectrum®@€ and the®H spec-
trum is shown in a smaller inset. For each experiment, the
initial state|y) is pseudopure statg ). U is selected as
U;, U,, or Uz The searching stat¢r) can be any
pseudopure statdJQ transforms statéy) into state|r).
Therefore, the number of application@fis 1. The searching
results on condition thdt =Ug and|7)=|11), [T]), |1 1),
or||]) are shown in Fig. 2. Comparing Figgap-2(d) with
Figs. X@-1(d), respectively, we confirm that the system
truly lies in the target state. In order to illustrate that the
searching results fod; are the same ag, or U,, Fig. 3
shows the searching results on condition fhat=|1 ), and
U=U, [shown by Fig. 83)] or U, [shown by Fig. 80)]. It

can be found from various spectra that the experimental er-
rors are not larger than 5% barring the ttd spectra. The
errors mainly result from the imperfection of pulses, inho-
mogeneity of magnetic field, and effect of decoherence. We
find that if each[vr/Z]‘; (¢p=x ory) in I; is replaced by
[—m/2]5, and each —m/2]% is replaced by /2], the
results remain the same. This fact can be used to simplify
pulse sequences and reduce experimental errors.

In conclusion, we demonstrate the generalized quantum-
searching algorithm by replacing W-H transform by different
transformations. Because the number of repetition of opera-
tor Q is determined by the elemefi | and these thre®
transformations have the sani¢,,|, it is not surprising that

The time order is from right to left. It is easy to prove that the numbers of repetitions d are all 1. Compared with
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temporal labeling, the spatial averaging used to prepare ini- This work was partly supported by the National Nature
tial state shortens the experiment time. It only takes about Science Foundation of China. We are also grateful to Profes-
min to finish one experiment. The searching results can beor Shouyong Pei of Beijing Normal University for his help-
directly read out from spectra, so that the steps of recordinful discussions on the principle of the quantum algorithm and
areas of peaks are avoided. These facts simplify the procesdso to Dr. Jiangfeng Du of the University of Science and
of experiments and make the searching results easy to ofiechnology of China for his helpful discussions on the ex-

serve. periment.
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