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Modulational instability in atomic vapors
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We report an experimental, numerical, and analytical study of the near resonant propagation of a laser pulse
through an atomic vapor. In the nonlinear regime probed, the light pulse develops frequency sidebands whose
positions are, in first approximation, solely dependent on the maximum Rabi frequency of the system, in a
fashion very similar to that observed in optical fibers. This modulational instability dictates the temporal
reshaping of the laser field and finally results in pulse splitting.
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I. INTRODUCTION

It is well known that the amplitude and phase modulatio
of a propagating wave may grow in a dielectric medium a
result of an interplay between nonlinear self-phase mod
tion ~SPM! and group-velocity dispersion~GVD!. This fun-
damental process is usually referred to as~temporal! modu-
lational instability~MI !. In the frequency domain, MI can b
interpreted in terms of a four-wave-mixing~FWM! process:
two photons from the pump wave at the frequencyvL are
converted into two different photons, one at the anti-Sto
frequencyvS5vL1V and the other at the Stokes frequen
vA5vL2V, with 2vL5vS1vA . The first experimenta
observation of MI in single-mode fibers was reported
years ago@1# and since, MI has been recognized as a too
the field of optical communication to generate solitonli
optical pulses with terahertz repetition rates both in the
gimes of normal@2# and anomalous@3# dispersion. In par-
tially stripped plasmas, MI~then referred to as atomic modu
lational instability, AMI! was also shown to alter th
propagation and stability of intense laser pulses@4,5#. AMI
requires both bound and free electrons, i.e., the free elect
provide anomalous GVD and bound electrons are resp
sible for SPM.

In this paper, we report an experimental exhibition of t
MI in an atomic vapor, consisting of a collection of two-lev
atoms. We observed that, due to the nonlinear response o
atoms to the near resonant driving field, the light pulse
velops frequency sidebands in the vicinity ofvMI5vL

6Vm /A2 ~whereVm is the maximum Rabi frequency of th
system! in a fashion very similar to that observed in optic
fibers@1,6#. For large propagation distances, this process
tates the temporal reshaping of the laser field and fin
results in pulse splitting. Our experimental results~presented
in Sec. II! will be shown to be in close agreement with tw
dimensional~2D! axisymmetric Maxwell-Bloch~MB! simu-
lations of optical pulse propagation~Sec. III! and will be
supported by a perturbative analysis~Sec. IV!.

II. EXPERIMENTAL SETUP AND RESULTS

In our experiment, a single-mode stabilized ring dye la
~Coherent 699! pumped by a cw Ar1 laser was injected into
a pulsed dye amplifier composed of three Bethune dye c
1050-2947/2002/65~3!/033834~5!/$20.00 65 0338
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@7# pumped transversely by the second harmonic of a sin
mode yttrium aluminum garnet:Nd31 laser. The laser was
nearly Fourier transform with a full width at half maximum
~FWHM! of the power spectral density of the order of 8
MHz. The central wavelength was determined from a m
surement of the ring laser wavelength with a Burleigh W
1500 wavemeter with accuracy better than 100 MHz. T
beam was spatially filtered between each cell in order
obtain a smooth axisymmetric quasigaussian transverse
file of FWHM r p52 mm, but also to maintain amplified
spontaneous emission~ASE! at a low level (;1%). Mea-
surements of the energy distribution and of the spatial ph
showed that the beam was nearly TEM00 ~spatial phase was
inferred from three intensity measurements at three differ
propagation distances according to a method detailed
Refs.@8# and @9#!. The temporal profile was nearly gaussia
with a FWHM of aboutt56 ns.

The atomic medium was generated heating solid
ropium in a temperature controlled heat pipe oven of 80
effective length. A buffer gas~argon! was used to ensure
window protection. Argon was held at a low pressur
(,1 Torr) in order to maximize the dephasing collisio
time Tcol ~we measured that 1 Torr of argon led toTcol
'170 ns). At typical working temperatures (T'650 °C),
the Eu atomic density given by the well-known vapor pre
sure law@10# was N'1.51014 atoms/cm3 and the Doppler
broadening was of the order of 1 GHz.

Natural europium consists in a balanced mixture of t
stable isotopes,151Eu and 153Eu. The laser frequency wa
tuned in our experiment on the red side of the153Eu J
57/2→J57/2 transition at 576.5 nm. The correspondi
mean~quadratic! electric dipole moment ism50.47D @11#.
The J57/2→J57/2 transition of151Eu and153Eu are sepa-
rated by 3.5 GHz. The hyperfine structure width does
exceed 300 MHz.

Characterization of the emerging pulse was performed
the imaged output plane of the active medium using an Im
con 500 streak camera. This camera was equipped with
intensifier whose image was made with a charge-coup
camera. The imaging system was synchronized with
pulsed light source in order to work in a single shot mod

Figure 1 compares the spatiotemporal profiles of the li
pulse at the entrance of the medium~top! and after a 80 cm
propagation in the atomic medium~bottom!. The laser was
©2002 The American Physical Society34-1
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detuned from the153Eu J57/2→J57/2 transition by an
amount D5vL2v12525.2 GHz, wherev12 is the fre-
quency of the atomic transition. The initial maximum Ra
frequency was equal to 2.8 GHz. In Fig. 1~bottom! the pulse
has propagated into the medium and has undergone st
temporal reshaping, reaching a stage just prior to comp

FIG. 1. Streak views of the input~top! and final pulses~bottom!.
The optical density of the atomic medium wasN3L
.1.2 1016 atoms/cm2. The slight curvature of the successive tem
poral slits is due to a small intensity-dependent correction to
pulse velocity@see last term on the right-hand side of Eq.~6!#.

FIG. 2. On-axis temporal profile for the final pulse~top!
and corresponding Fourier transform~bottom! (N3L
.1.2 1016 atoms/cm2).
03383
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splitting ~See below Fig. 3 forL5120 cm). Figure 2 shows
the on-axis temporal profile and its Fourier transform for t
final pulse. The growth of frequency-shifted modes loca
at v'vL62 GHz is exhibited.

III. MAXWELL-BLOCH SIMULATIONS

Two-dimensional axisymmetric Maxwell-Bloch~MB!
simulations were run for the interaction conditions met in t
experiments. The hyperfine structure of Eu was neglecte
our calculations since the corresponding width
(,300 MHz) is much lower than the 1 GHz Doppler broa
ening. The presence of151Eu was also not taken into accou
in the simulations. Plane-wave MB simulations not repor
here indeed indicated that the off-resonant interaction w
isotope 151Eu led only to minor corrections to the tempor
reshaping of the input pulse. A white-noise component w
added in the input pulse, the amplitude of which wase
51% of the input field amplitude. This noise compone
accounts for the small amount of ASE in our experiment

Figure 3 shows the evolution of the on-axis temporal p
file of the laser pulse for increasing propagation distanceL.
Strong temporal reshaping is observed and finally leads
pulse splitting for large propagation distancesL
.100 cm). Figure 4 shows the Fourier transform of the o
axis intensity profile forL580 cm. Pulse splitting appear
to be a direct consequence of sideband amplification av
'vL62 GHz in agreement with the experimental data d
played in Fig. 2.

IV. PERTURBATIVE ANALYSIS

To get a qualitative understanding of the physical p
cesses involved in these results, we start with the MB eq
tions describing the propagation of a slowly varying fie
envelopeE through a collection of two-level atoms. Definin
a dimensionless timet5t/tp , field e5mEtp /\, laser

e

FIG. 3. Calculated evolution of the on-axis temporal profile
the laser pulse as a function of the propagation distance. A wh
noise component was added in the input pulse, the amplitud
which was 1% of the input field amplitude. For more details ab
the interaction conditions, see the main text.
4-2
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detuning d52p3D3tp , length h5z/L0, and gain g
5vLNm2tpL0 /(2«0c\) ~wheretp andL0 are, respectively,
a characteristic pulse time and a characteristic length! the
paraxial MB equations are

]he1 iFD'e52 igp, ~1!

and

]tp52 idp1 ieW, ~2!

]tW5Re~ep̄!. ~3!

p and W are, respectively, the atomic coherence~related
to the slowly varying atomic polarizationP through P
52Nmp) and population inversion. The parameterF is the
inverse of the Fresnel number,F5lL/4pr p

2 , wherer p is the
beam radius andl the laser wavelength.

The atomic coherencep can be formally separated int
linear and nonlinear parts,p5pL1pNL . The linear contribu-
tion to p can be inferred forcingW521 in Eq. ~2!. Taking
the Fourier transform of the resulting equation, the line
susceptibility x(v) can be expanded into a Taylor seri
about vL @x(v) is defined from the envelopespL and e
through the relationpL(v2vL)5«0x(v)e(v2vL)#. Ter-
mination of the series after the second term and back tr
formation into the time domain yield for the linear polariz
tion pL ,

pL52
e

d
2

i

d2
]te1

1

d3
]t

2e. ~4!

The nonlinear contribution top can be estimated using th
second-order quasiadiabatic approximation given in R
@12# in the limit of moderate applied fields~i.e., ueu2/d2!1!:

pNL5
1

2d3
ueu2e1

3i

2d4
ueu2]te. ~5!

Finally, Eq. ~1! reduces to

FIG. 4. Fourier transform of the calculated on-axis intens
profile for L580 cm~see Fig. 4 for the corresponding profile in th
time domain!.
03383
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]he1 iFD'e5
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d
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g

d2
]te2

ig

d3
]t

2e, ~6!

2
ig

2d3
ueu2e1

3g

2d4
ueu2]te.

The last term on the right-hand side of Eq.~6! is respon-
sible for an intensity-dependent correction to the pulse
locity in our experimental conditions and will not be consi
ered further.

Setting

e5s expS ig

d
zD , ~7!

Eq. ~6! becomes

FIG. 5. Calculated spatiotemporal profile forL50 ~top! andL
570 cm ~bottom!. For L570 cm ~region of initial growth of the
modulational instability! the spatial profile is almost left unchange
4-3
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]hs1 iFD's52
ig

d3
]t8

2 s2
ig

2d3
usu2s, ~8!

wheret8 is the retarded time,t85t2g/d2h. Finally, Eq.~8!
is the well-known nonlinear Schro¨dinger equation and de
scribes ford,0 beam defocusing in a cubic medium~the
nonlinear index of refraction of which isn25Nm4/4\«0d3

,0) in the regime of normal GVD (k95d2k/dv25
2k0Nm2/\«0d3.0). Neglecting transverse effects~see the
concluding remark at the end of this section!, it has been
shown@13# that the cw solutions0 of Eq. ~8! is unstable for
a small perturbation~or modulation! s1, whereus1u!us0u and
s1}exp(iVt), as a result of the interplay between GV
(} i ]t8

2 s) and SPM (} i usu2s). Maximum amplitude growth
occurs atVmax5vL6Vm /A2. In our experiment, the maxi
mum Rabi frequencyVm was almost constant before th
splitting stage, i.e.,Vm /A2.cst.2 GHz. Thus, this simple
analysis predicts that MI sidebands are expected to
roughly located atvMI5vL62 GHz, in close agreemen
with our experimental and numerical results~see Figs. 2 and
4!.

The analytical treatment mentioned above is only valid
the linear growth region of perturbations, where the am
tude of modulations1 is much smaller than the amplitude o
the electric fields0. From Fig. 3, this is roughly verified fo
L<70 cm. In these early stages of propagation, the tra
verse profile of the pulse does not significantly evolve~see
Fig. 5! and diffraction can be ignored when determining t
preferentially amplified frequencies.

V. DISCUSSION

The growth of the MI requires initial spectral feed at t
amplified frequencies. In our experiment, MI more like
started from a weak noise component in the input pulse t
from SPM-induced spectral broadening~settinge50 in our
simulations inhibits MI!. This can be readily understood di
regarding diffraction and dispersion in Eq.~8!. Thus

]hs52
ig

2d3
usu2s ~9!

and

s~h,t!5s~0,t!exp@2 iw~h,t!# ~10!

where
03383
e

i-

s-

n

w~h,t!5
g

2d3
us~0,t!u2h. ~11!

As seen from Eqs.~10! and ~11!, SPM spectral
broadening—given by the maximum value of]tw(h,t)—is
linearly proportional to the propagation distance. For the i
tial pulse gaussian in times(0,t) corresponding to our ex
periment, one finds that SPM spectral broadening is only
MHz for L580 cm.

Sideband generation in the course of laser propagation
been extensively discussed in the context of conical emis
~CE!, a topic that has attracted considerable attention
more than two decades@14–16#. In related experiments
propagational FWM of Rabi sidebands—i.e., generated
the vicinity of the time-varying generalized Rabi frequenc
V85vL6(V21D2)1/2—has often been exhibited@17–21#.
Other works, including the present one, report experime
observation@22# or numerical exhibition@23# of sideband
generation at a distinctly different frequency fromV8 @24#.
We now briefly discuss that point.

As already pointed out in Refs.@25# and @26#, in most of
the experiments where sideband generation in the vicinity
V8 was reported, the incident laser beam has broken up
many self-trapped filaments, resulting in ratios (V/D)2

greater than two. Conversely, in the present paper, but
Ref. @23#, the input field strength is such that (V/D)2

.0.25. Sideband generation appears to originate from
tinct processes in these two regimes. Under strong app
field conditions, any broadband background radiation can
amplified by a FWM process. This leads to an intense rad
tion located in the vicinity of the maximum of the time
varying generalized Rabi frequency@27#. For moderate ap-
plied fields~regime probed here but also in Ref.@23#!, V8 is
not significantly detuned from the atomic transition fr
quency @i.e.,(V21D2)1/2.D#. As a consequence, resona
absorption strongly competes with FWM atV8 and MI is
likely to become the leading process of sideband generat

VI. CONCLUSIONS

To summarize, we have observed MI in the regime
normal dispersion in a slightly defocusing atomic mediu
The absolute value of the measured modulation period i
close agreement with numerical and analytical predictio
This fundamental FWM process causes complete pulse s
ting. For moderate applied laser fields (V2/D2!1), MI may
represent the dominant mechanism of sideband generatio
the course of near resonant propagation in atomic vapor
t
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