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Symmetric photon-photon coupling by atoms with Zeeman-split sublevels
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~Received 11 May 2001; published 1 March 2002!

We propose a simple scheme for highly efficient nonlinear interaction between two weak optical fields. The
scheme is based on the attainment of electromagnetically induced transparencysimultaneously for both fields
via transitions between magnetically splitF51 atomic sublevels, in the presence of two driving fields.
Thereby, equal slow group velocities and symmetric cross coupling of the weak fields over long distances are
achieved. By simply tuning the fields, this scheme can either yield giant cross-phase modulation or ultrasen-
sitive two-photon switching.
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The weakness of optical nonlinearities in conventio
media precludes the effective interaction of extremely fee
fields containing few photons only@1#. This weakness sets
limit on the performance of ultrasensitive photonic eleme
~switches and couplers!, as well as on nonclassical~‘‘squeez-
ing’’ ! effects. It is also the main impediment towards co
structing quantum logic gates, quantum teleportation,
cryptography schemes operating at the few-photon level@2#.
The weakness of optical nonlinearities can be compens
by photon confinement in a high-Q cavity @3#. A promising
avenue has been opened by studies of enhanced nonl
coupling via electromagnetically induced transparency~EIT!
in atomic vapors in the presence of classical driving fiel
which induce coherence between atomic levels@4,5#. These
studies have predicted the ability to achieve an appreci
nonlinear phase shift of extremely weak optical fields@6# or
a two-photon switch@7,8#, using the drivenN-configuration
of atomic levels. The main hindrance of such schemes is
mismatchbetween the group velocities of the field that
subject to EIT and its nearly free propagating partner, wh
severely limits their effective interaction length@9#.

In the present paper we propose a scheme that can rem
this bottleneck, by basically modifying the nonlinear intera
tion of weak optical fields: in contrast to all currently know
schemes, it affects both fields in a completelysymmetric
fashion, rendering their group velocities equal. It thereby
lows their cross coupling over very long distances and bri
it to its ultimate limit of efficiency. This scheme relies sole
on anintra-atomic processthat causes simultaneous EIT fo
both fields interacting with magnetically~Zeeman-! split sub-
levels in the presence of two driving fields. Remarkably,
simply tuning the fields, this scheme can either yield gi
cross-phase modulation or ultrasensitive two-photon swi
ing in vapor@10#. It may, therefore, substantially advance t
optical processing and communication of quantum inform
tion in conventional media, without resorting to photon
crystals@11# or resonators@12#.

We first outline the proposed setup. Two weak opti
fields Ea and Eb , having s polarization along they axis,
propagate in the atomic medium along thez axis. Two
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p-(x-)polarized continuous wave~cw! driving fields Ed1,2

and a staticx-oriented magnetic fieldB are applied~Fig. 1,
left inset!. In the absence of these fields, the lower~L! and
upper~U! atomic levels, having equal total angular momen
FL5FU51 ~e.g,, theD1 line in 23Na or 87Rb), are sepa-

FIG. 1. Left inset: copropagating weaks-polarized optical
fieldsEa,b , and strongp-polarized driving fieldsEd1,2

pass through
the atomic vapor cell that is placed in a transverse magnetic fielB.
The beam splitter~BS! splits theEb field into two components, one
of which passes through the cell and interacts with theEa field. The
Ea andEb fields at the output are then entangled. Right inset: p
pendicular arrangement of the weak and driving fields suitable f
cold atomic gas.~a! Two degenerate atomic levels with angul
momentaFL5FU51 are separated by the unperturbed energy
ference\v0. ~b! Magnetic fieldB splits each level into three Zee
man components with relative shiftsDL andDU . Two L systems,
La[ u2&↔ u4&↔ u1& and Lb[ u2&↔ u6&↔ u3&, sharing ground
state u2&, are formed in the presence ofEd1,2

(vd1,2
) and give rise

to EIT for theEa(va) andEb(vb) fields, respectively. Transitions
u1&→ u5& and u3&→ u5& serve to cross coupleLa andLb with the
vb andva photons, respectively.
©2002 The American Physical Society33-1
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rated by the frequencyv0 @Fig. 1~a!#. The magnetic fieldB
splits the lower and upper triplets of the atom into thre
components each, labeledu1&, u2&, u3&, and u4&, u5&, u6&,
respectively@Fig. 1~b!#. By appropriately tuning the fields, as
detailed below, two symmetrically cross-coupledL configu-
rations, La[ u2&↔ u4&↔ u1& and Lb[ u2&↔ u6&↔ u3&,
are realized and give rise to EIT for the two weak field
simultaneously.

Let us specify the transitions and the fields involved. T
Zeeman shift of the sublevels in the lower and upper leve
given by DL,U5(mB /\)ML,UgL,UB, wheremB is the Bohr
magneton,gL,U is the gyromagnetic factor of the correspond
ing atomic level, andML,U is the magnetic quantum numbe
of the corresponding state. Thes-polarizedEa andEb fields
act only on the transitions withDM561, while the
p-polarizedEd1,2

fields couple the states withDM50 (M

50). The frequencies of the cw driving fieldsEd1,2
are reso-

nant with the atomic transitionsu1&→ u4& and u3&→ u6&,
respectively,vd1,2

5v06DD , whereDD5DL2DU . TheEd1

andEd2
fields, having the same Rabi frequencyVd , act also

on the transitionsu3&→ u6& and u1&→ u4&, with the detun-
ings 72DD , respectively. If DD@uVdu, this off-resonant
coupling merely induces the ac Stark shifts7uVdu2/2DD of
the statesu1& and u3&, which can be incorporated into the
energy of the atomic state. This reasoning is valid, provid
the detuningDD is larger than the Doppler width of the
atomic resonancekv̄, wherek5v0 /c and v̄5A3kBT/m is
the mean thermal velocity of the atoms. The frequencies
the weak fieldsEa,b are chosen to be at Raman resonan
with the corresponding two-photon transitionsu2&→ u1& and
u2&→ u3&: va,b5v07DU1da,b , where da,b denotes a
small detuning from the corresponding two-photon tran
tion.

The cross coupling of the weak fields is achieved via t
Eb-induced transitionu1&→ u5& and theEa-induced transi-
tion u3&→ u5&. The fields are detuned from the correspon
ing transitions by the amounts6DD . The realization of the
dispersive cross couplingrequires thatDD@uVa,bu, where
Va,b is the Rabi frequency of the corresponding field. Th
undesirable atom-field couplings via the transitionsu1&
→ u5& and u2&→ u6& for Ea and via the transitionsu3&
→ u5& and u2&→ u4& for Eb , can then be neglected, due t
the large detunings6(DL1DU) and62DU , respectively.

In an alternative setup, one can get rid of these couplin
using the~circularly! s1 polarizedEa ands2 polarizedEb
fields propagating along the magnetic field lines~Fig. 1, right
inset!. Then theEa field will act only on the transitions with
DM511, that is, u2&→ u4& and u3&→ u5&, while the Eb
field will act on DM521 transitions, that isu2&→ u6& and
u1&→ u5&. However, in order to cancel the Doppler broad
ening of the EIT resonances in this setup, one would have
work with cold atoms (T<0.5 mK). By contrast, in the col-
linear Doppler-free geometry of Fig. 1, left inset, the EI
resonances can be very sharp at considerably higher temp
tures.

Under optimal conditions for cross coupling in both se
ups discussed above~Fig. 1, left and right insets!, we obtain
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the following set of coupled equations for the slowly varyin
probability amplitudesAj of the six atomic states:

] tA15 idaA12 iVd* A41 iVb* e2 iDDtA5 , ~1a!

] tA252 iVa* A41 iVb* A6 , ~1b!

] tA35 idbA32 iVa* eiDDtA51 iVd* A6 , ~1c!

] tA452@g2 i ~da2kv !#A42 iVdA12 iVaA2 , ~1d!

] tA552@g2 i ~db1da2kv !#A51 iVbeiDDtA1

2 iVae2 iDDtA3 , ~1e!

] tA652@g2 i ~db2kv !#A61 iVbA21 iVdA3 , ~1f!

whereg is the relaxation rate of statesu4&, u5&, and u6&,
which we include herephenomenologically@7,9#. In deriving
these equations, we have replaced the wave numberskj ( j
5a,b,d1 ,d2) by k and, consistently with the discussio
above, have assumed that the ac Stark shifts of the statesu1&
and u2& due to the off-resonance interaction with theEd2

and

Ed1
fields are incorporated inDD . Obviously, in the cold-

atom setup~Fig. 1, right inset! the velocity of atomsv is
zero. In Eqs.~1!, the sign of each term containing a Ra
frequency is determined by the Clebsch-Gordan coeffic
for the corresponding atomic transition.

We neglect the depletion of the cw driving fields, for re
sons explained below. In the perturbative solution of E
~1!, we shall assume that the relaxation time of the exci
atomic states is short compared to the durationt of the
pulsesEa,b , t@g21. Therefore, the slowly varying enve
lope approximation is well justified, since the pulse amp
tudes change very little during an optical cycle. Then t
evolution of the two weak fieldsEj ( j 5a,b) is governed by
the following propagation equations:

@]z1vg
21] t#Ej5 ia jEj , ~2!

yielding Ej (z,t)5Ej (0,t2z/vg)exp(i*0
zajdz). Here, the mac-

roscopic complex polarizabilitiesa j given by

aa5
a0g

Va
^A2* A41A3* A5eiDDt&T , ~3a!

ab5
a0g

Vb
^A2* A61A1* A5e2 iDDt&T , ~3b!

are proportional to the linear resonant absorption coeffic
a05umu2v0N/(2e0c\g)[s0N, where s0 is the resonant
absorption cross section andN is the density of atoms. In
Eqs.~3!, the averaginĝ•••&T is performed over the atomic
thermal motion, which obeys the Maxwellian distributio
W(v)5(uAp)21exp(2v2/u2).

The crucial point about Eq.~2! is that, due to thesymme-
try of the system with respect to the two fieldsEa andEb ,
their group velocitiesvg5@1/c1] Re(a j )/]d j #

21 areequal,
as can be verified from Eqs.~3! and ~1!.
3-2
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SYMMETRIC PHOTON-PHOTON COUPLING BY ATOMS . . . PHYSICAL REVIEW A 65 033833
We assume that initially the driving fields optically pum
all the atoms into the energy stateu2&. In the weak-field limit
~much less than one photon per atom!, the Rabi frequencies
of the two interacting fields satisfy the conditionuVa,bu
!g,uVdu. Then, during propagation, nearly all of the atom
population remains inu2& (A2.1). This justifies the ne-
glect of the driving-field depletion~assumed above! after the
optical pumping is completed. Under these conditions, E
~1! can be solved using fourth-order perturbation theo
Then, at the Raman resonance for both fields,da5db50, the
polarizabilities are given by

aa,b5
2ia0guVb,au2

~g6 iDD!uVdu2
, ~4!

and the common group velocity ofEa and Eb becomesvg

.uVdu2/(a0g)!c. Since the Doppler widthkv̄ is assumed
to be smaller than the detuningDD , the averaging over the
atomic thermal motion has practically no bearing on Eq.~4!.

The real part of the complex polarizabilitya j is respon-
sible for the phase shiftf j of the corresponding field
f j (z).Re(a j )z, while the probability of the absorptionpj
of the field depends on the imaginary part ofa j , pj (z).1
2exp@22 Im(a j )z#. From Eq.~4! we see that if one of the
fields propagates alone in the medium, its absorption
phase shift are zero@13#. By contrast, if both fields are
present, each of them induces an absorption and a phase
on the other. One can verify from Eqs.~4! that
Re(a)/Im(a)56DD /g, i.e., for DD@g, the phase shift is
the dominant processand absorption can safely be neglecte
This can be realized taking advantage of the comm
anomalous Zeeman effect, which corresponds togL5” gU and
thusDD5” 0, as, e.g., in23Na or 87Rb atoms. Then we obtain

Re~aa,b!.6
2a0guVb,au2

DDuVdu2
, ~5a!

Im~aa,b!.
2a0g2uVb,au2

DD
2 uVdu2

. ~5b!

In the discussion pertaining to the collinear Doppler-fr
setup~Fig. 1, left inset!, we have neglected the interaction
the Ea and Eb fields with the atom via the transitionsu1&
→ u5& and u3&→ u5&, respectively, due to the large detu
ings 6(DL1DU). This simplification leads to the neglect o
the self-phase modulation of the weak optical fields, giv
by

Re~aa,b!.6
a0guVa,bu2

~DL1DU!uVdu2
, ~6!

which is a weaker effect than the cross-phase modulatio
Eq. ~5a!. Furthermore, this self-phase modulation does
depend on the presence of the other field, which allows u
separate it from the cross-phase modulation. For some a
cations, however, such as generation of optical solitons
phase conjugation@1#, this self-phase modulation may b
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important and interesting in its own right. We stress that
self-phase modulation is absent in the setup of Fig. 1, ri
inset.

As a concrete example of cross-phase modulation, c
sider the vapor of87Rb atoms, where the pertinent lower an
upper levels are 5S1/2,FL51, and 5P1/2,FU51, with gyro-
magnetic factorsgL52 1

2 andgU52 1
6 , respectively, and the

transition frequency isv0.2p33.77531014 rad/s. Let us
chooseN51014 cm23, uVdu553106 rad/s, andDD570g,
corresponding toB.430 G, DL.2p333108 rad/s, and
DU.2p3108 rad/s, which are smaller than the hyperfin
splittings of the lower and upper atomic levels, 6.83109 s21

and 8.13108 s21, respectively. Yet the Doppler widthkv̄ of
the atomic transitions should be at least few times sma
thanDD . For the chosen magnetic fieldB, this sets the uppe
limit on the temperature of the atomic gas, which for t
parameters listed above isT<10 K. Stronger magnetic
fields would allow for higher temperatures, at the expense
longer propagation distance or higher density. For the pre
values, two focusedsingle-photon beams Ea and Eb ~beam
cross sectionsa,b.1028 cm2) of a microsecond duration
can induce a mutual phase shift of the order ofp over a
distance of;3.8 cm, while their absorption probability re
mains close to zero,pj,0.1. In the setup with cold atomic
gas~Fig. 1, right inset! we obtain the same phase shiftp and
absorption over a distance of propagation of;1 cm @14#,
corresponding to the interaction of the fields with;106 at-
oms.

Next we consider the cross-absorption scheme. T
atomic level configuration is the same as in Fig. 1~b!, but the
frequencies of all the fields are lowered byDD , i.e., vd1

5v0 , vd2
5v022DD , va5v02DL1da , and vb5v0

2DL12DU1db . Here again we have Raman resonances
the two-photon transitionsu2&→ u1& and u2&→ u3&. The
character of the cross coupling is, however, different, sin
the Ea field is now resonant with the atomic transitionu3&
→ u5&, while the Eb field is detuned from theu1&→ u5&
resonance by the amount 2DD . The Stark shifts of the state
u1& and u3& due to the off-resonant interaction with th
fields Ed2

and Ed1
are given by uVdu2/3DD and

2uVdu2/DD , respectively, which can be incorporated in t
detuningsda,b . Only the perpendicular arrangement of th
s6 polarized weak fields andp polarized driving fields in a
cold atomic gas~Fig. 1, right inset! is suitable for the cross
absorption scheme, since the frequency of theEb field ex-
actly matches the frequency of the atomic transitionu2&
→ u4& which, in the case of collinear geometry, will induce
strong, resonant, unconditional absorption of that fie
Equations ~1!–~3! still apply upon making the indicated
changes.

In the cross-absorption case, similar to the case of cro
phase modulation, we solve Eqs.~1! perturbatively in the
weak-field limit (A2.1). At the Raman resonance for bo
fields, da5db50, we then obtain for the imaginary part o
the polarizabilities

Im~aa,b!.
a0uVb,au2

uVdu2
. ~7!
3-3
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In deriving Eq. ~7!, we have assumed thatg/DD
.uVa,bu2/uVdu2, which is well satisfied for the paramete
listed above. Thus, if only one of the fields propagates in
medium, its absorption is vanishingly small. By contrast
both fields are present, each of them induces astrong absorp-
tion of the other. With the experimental parameters giv
above, the induced absorption depth of a single-photon p
is ;4.331023 cm, i.e., the fields’ intensities are reduced
a factor ofe after they have interacted with only 4300 atom

The treatment outlined here has focused on the esse
aspects of our scheme, yet certain experimentally relev
issues have to be addressed briefly.

(a) Diffraction. Tightly focused Gaussian beamsEa,b
would normally diffract over the distancesa,bv0/2pc.1.3
31024 cm, which is much smaller than the propagati
lengths necessary for achieving the desired phase shift
absorption. One can, however, take advantage of the lo
distance diffraction-free propagation of weak Bessel bea
Alternatively, one can use the focusing properties of EIT.

(b) Adiabaticity. The adiabatic solution~4! of the ampli-
tude equations~1! is justified by the fact that we have con
sidered weak~much less that one photon per atom!, slowly
varying (t@g21) fields Ea,b . In the case of intense and/o
short-duration pulses, however, only the time-depend
treatment of the coupled set of Maxwell and density-ma
equations will rigorously solve the problem.

(c) Spectral broadening. Since the phase shift of eac
pulsed field is proportional to the intensity of the other,
,

h

,

E
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will be maximal at the pulse peak and vanish at the ta
This will produce frequency chirping of the pulses an
therefore, their spectral broadening. One has to take care
the resulting spectral width does not exceed the transpare
window of the EIT resonance;uVdu2/g.

(d) Entanglement. The two cross-coupled beams can b
come entangled, by splitting one of them into two comp
nents, one of which passes through the cell and interacts
the other~Fig. 1, left inset!. It has been shown for the case
cross-phase modulation that a phase shift ofp with negli-
gible absorption should render two coherent or single-pho
beams entangled@10#. In the case of cross absorption, o
scheme~Fig. 1, right inset! can serve as a very sensitiv
conditional photon switch@7,11#, whose sensitivity is limited
by the free-space shot noise and the detector efficiency.

To sum up, we have shown that a simple scheme, c
prised of a transverse static magnetic field and two opt
driving fields, can create a new regime ofsymmetric, ex-
tremely efficient nonlinear interaction of two weak pulses
atomic vapor, owing to EIT via Zeeman-split levels. Th
resulting giantly enhanced cross-absorption and cross-p
modulation may open the road to the development of no
Kerr shutters and phase conjugators, as well as to quan
information applications@2# based on absorptive or dispe
sive two-field entanglement@7–11#.
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