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Effects of higher exciton manifolds and exciton-exciton annihilation on optical bistable response
of an ultrathin glassy film comprised of oriented linear Frenkel chains
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We theoretically analyze the optical response from an ultrathin film built up of oriented molecular aggre-
gates, the operating states of which are represented by Frenkel exciton states. A four-level model, involving
transitions between the ground, one-exciton and two-exciton states, exciton-exciton annihilation from the
two-exciton state as well as relaxation from the annihilation level back to the one-exciton and ground states, is
used for describing the film optical response. It is proved that the exciton-exciton annihilation may act not as
a destructive but, on the contrary, as a constructive factor tending towards the occurrence of bistability. In
particular, the effect of inhomogeneous broadening of the exciton optical transition, preventing the bistable
behavior, may be suppressed considerably due to a fast exciton-exciton annihilation.
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I. INTRODUCTION

In the middle of the 1930s Jelley@1# and Scheibe@2#
discovered the effect of aggregation of polymethine dye m
ecules in solutions into long linear chains and, as a res
drastic changes of their optical spectra: considerable narr
ing and a red shift. Since that time, these objects rece
much attention. In the beginning of the 1990s if was fou
that the spontaneous emission time ofJ-aggregated system
could be dropped by cooling to several tens to hundred
picoseconds@3–5#. Similar effects were found to appear
conjugated polymers@6#. In addition, it was recognized tha
J-aggregated systems show extremely high magnitude
nonlinear susceptibilities@7,8# ~see for a comprehensive re
view Refs.@9# and @10#!. In recent years, cooperative emi
sion in p-conjugated polymer thin films@11–13# and super-
radiant lasing fromJ-aggregated cyanine dye molecul
adsorbed onto colloidal silica@46# and silver@14,15# were
reported. All these findings make these objects to be v
promising species from the viewpoint of laser and optoel
tronic applications~see a recent review in Ref.@16#!.

Another intriguing option that would be highly desirab
is observation of a bistable optical response from assemb
of molecular aggregates. The theoretical aspect of this p
lem was intensively discussed@17–25#. The conditions for
such a behavior to occur for a dimer@17,20,22#, for a single
aggregate built up of many molecules@18,19,21# as well as
for a collection of aggregates@23–25# were analyzed. How-
ever, there has been no experimental report of this effec
concerned aggregated~organic! molecular system. Only an
observation of optical bistability in cooperative lumine
cence of the Yb31-ions pairs in inorganic crystalline
Cs3Y2Br9 : Yb31 was reported in Refs.@26,27#. The authors
attributed the observed effect to a dimerlike bistability@28#.

It is worth mentioning that optical bistability discussed
all of these papers is intrinsic in nature: it does not require
optical resonator. On the contrary, in the initial theoreti
prediction@29# and experimental demonstration@30# of opti-
cal bistability, namely, the resonator configuration was us
1050-2947/2002/65~3!/033821~10!/$20.00 65 0338
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The latter served for creating a feedback that, combined w
the nonlinearity of the material, led to bistability of the o
tical response~for an extensive review of this type of optica
bistability, see Refs.@31# and@32#!. The fact that a collection
of identical two-level atoms placed into a volume of line
size less that an emission wavelength may manifest the
tical bistable behavior without external feedback, e.g.,mir-
rorlessoptical bistability, was first pointed out in Ref.@33#. A
mirrorless configuration is much favored in many cases
compared to that using an optical resonator@34#.

It is now well established that the unusual properties
J-aggregated systems outlined above are due to the fact
the states coupled to the light are Frenkel exciton states
our recent papers@23# we argued that the blueshift of th
one-to-two exciton optical transition with respect to the ze
to-one exciton optical transition inJ-aggregates@35# gives
the opportunity to consider aJ-aggregated sample as an e
semble of inhomogeneously broadened two-level syste
Based on this model, we found that an ultrathin film made
of orientedJ-aggregates may behave in a bistable mann
displaying an abrupt switching of both reflectivity and tran
mittivity.

The two-level model seems to be applicable until the s
tem follows the lower branch of the bistable output-inp
characteristics where the corresponding Rabi frequency
the operating field is smaller than the blueshift. Under suc
condition, populating the two-exciton state as well as
accompanying process of exciton-exciton annihilation can
neglected. However, after passing the critical point of
bistable curve, where the reflection of the film drops abrup
~the transmission, on the contrary, rises up!, the field ampli-
tude inside the film increases in favor of population of t
two-exciton state and initiation of the exciton-exciton an
hilation process. In our previous short communication@25#,
we showed that a fast exciton-exciton annihilation may ev
act towards improving the conditions for bistability to occu
The goal of the present paper is to analyze in detail
influence of the one-to-two exciton optical transitions, t
exciton-exciton annihilation from the two-exciton state a
relaxation from the annihilation level back to the one-excit
©2002 The American Physical Society21-1
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and ground states on bistability of the optical response fr
an ultrathin film built up of orientedJ-aggregates. The re
minder of the paper is organized as follows. In Sec. II,
describe the four-level model of the system and derive a
of truncated equations for the density-matrix elements.
Sec. III, the comprehensive steady-state analysis of this s
performed in order to find the possible branches of
output-input characteristic of the film. The estimations
driving parameters and the discussions of the experime
data are presented in Section IV. We conclude in Sec. V.

II. FOUR-LEVEL MODEL

In spite of the fact that the number of molecules in a r
molecular aggregate,N, may achieve thousands@36,37#, it is
a widely adopted concept now that only a subsystem
rather short aggregate segments~constituted of the so-called
coherently bound molecules! contributes to the optical re
sponse of the aggregate. The origin of this peculiarity lies
localization of the exciton states resulted from disorder. B
cause of the disorder, the exciton wave functions, being
tended over the whole aggregate in an ideal chain, red
their extension to a~localization! segment of sizeN!N @38#.
This quantity is fluctuating and characterized by a rat
broad distribution@43#. The typical magnitude ofN, denoted
hereafter asN* , depends on the degree of disorder and u
ally does not exceed 100@3–5,7,8,39,40#.

An important finding is that the exciton, localized within
particular segment, has the low-energy structure that is s
lar to the structure of an ideal linear chain of lengthN @41–
43#. Hence, for our purposes, we will model aJ-aggregated
sample by an ensemble of noninteracting short~with length
smaller than the emission wavelength! ideal linear chains
consisting ofN ~assumed to be much larger than unity! three-
level molecules, with N being distributed stochasticall
within some interval. The lowest levels of molecules for
the ground state of a chain~when all molecules occupy thos
levels!. The intermediate molecular level is assumed to fo
the Frenkel multiexciton bands due to a strong reson
inter-molecular dipole-dipole coupling. The highest level
an electronic-vibrational molecular term through which t
exciton-exciton annihilation occurs@44–48#: we suppose
that the two-exciton optical state is resonantly coupled by
interaction V to one of the electronic-vibrational leve
which, in turn, undergoes an efficient phonon-assisted re
ation with the rateG to the ground vibronic state, Fig. 1. Th
latter can further relax either to the lowest state of the m
ecule or to the intermediate state. The annihilation proc
itself consists of transferring the energy from the two-exci
state to the high-lying molecular term. The possible chan
of annihilation employing two excitons created within tw
different chains will be neglected as much less probable
der the conditions we will be dealing with@47,48#.

Within the nearest-neighbor approximation we will ado
hereafter, one-dimensional Frenkel excitons appear to
noninteracting fermions@49–52#. Therefore, any state with
fixed number of excitonsnex can be constructed as a Slat
determinant ofnex one-exciton states represented by
03382
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uk&5S 2

N11D 1/2

(
n51

N

sin
pkn

N11
u1n&, k51,2, . . . ,N,

~1!

whereu1n& is the ket vector of the excited state~1! of thenth
molecule. The energies of the one-dimensional exciton
may take the valuesW5(k51

N nkEk , wherenk50,1 is the
occupation number of thekth one-exciton state andEk is the
corresponding energy given by

Ek5\v022U cos
pk

N11
. ~2!

Here,v0 is the frequency of the transition between the lo
est and intermediate states in an isolated molecule;U ~cho-
sen to be positive as it is in the case ofJ-aggregates! is the
magnitude of the nearest-neighbor dipole-dipole coupling

In our present paper, we will restrict ourselves to the c
when not more than two excitons per chain are created by
pump. This means that only the ground, one-exciton, a
two-exciton states should be involved into the scheme.
call further that the optical transition from the ground state
the chain to the bottom state of the one-exciton banduk
51& has the dominating oscillator strength (81% of the e
tire one; see, for instance, Ref.@4#!. Nearly the same state
ment is true relative to the transitions between the bottom
the one-exciton and two-exciton bands,uk51&→uk51,k8
52&, carrying 70% of the entire oscillator strength@51,53#.
Therefore, in what follows, we take into account only the
two strongest optical transitions, neglecting the others. I
important to note that the transitions of interest are not re
nant to each other. Indeed, the energies of the one-exc
and two-exciton band bottom states equalE1 and E11E2,
respectively. Thus, the one-to-two exciton transition is blu
shifted with respect to the zero-to-one exciton transition
the energy

FIG. 1. Schematic representation of all transitions contribut
to the optical response of the film. The input field populates
one-exciton~1! and two-exciton~2! states. The population of the
latter is transferred~annihilates! with a rate w to a high-lying
electronic-vibrational molecular term~3!. The next step employs the
fast vibrational relaxation within high-lying electronic-vibration
sublevels towards the ground vibrational state. Further, this le
undergoes a multiphonon relaxation to the one-exciton and gro
states with the ratesg31 andg30, respectively.
1-2
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E22E152US cos
2p

N11
2cos

p

N11D'
3p2U

N2 , N@1.

~3!

We will consider an ensemble of linear chains oriented
the same direction and forming an ultrathin film with thic
ness less that the emission wavelength. The latter gives
great advantage in the mathematical description of the m
taking away the propagation effects along the film norm
The dipole moments of all transitions are considered to
parallel to each other as well as to the film plane. Such c
ditions are achievable for thin films prepared by the sp
coating method@54#. Regarding the incoming field« i the
quasi-resonance and normal incidence conditions are cho
In addition, we assume that the field polarization is direc
along the transition dipole moment. Then, all the observab
can be considered as scalars.

Under the above limitations, the time evolution of the fil
can be described in terms of the 434 density matrix
rab ,a,b50 ~ground state!, 1 ~one-exciton state!, 2 ~two-
exciton state!, and 3~high-lying molecular state!, which de-
termines the state of a single chain of sizeN, together with
the Maxwell equation for the total fieldE, including the sec-
ondary field produced by the film. They read

ṙ005 i
d10E

\
~r102r01!1g10r111g30r33, ~4a!

ṙ1152g10r111 i
d21E

\
~r212r12!2 i

d10E
\

~r102r01!

1g21r221g31r33, ~4b!

ṙ2252~g211w!r222 i
d21E

\
~r212r12!, ~4c!

ṙ3352g3r331wr22, ~4d!

ṙ1052~ iv101G10!r101 i
d10E

\
~r002r11!1 i

d21E
\

r20,

~4e!

ṙ2152S iv211G211
1

2
wD r211 i

d21E
\

~r112r22!

2 i
d10E

\
r20, ~4f!

ṙ2052S iv201G201
1

2
wD r201 i

d21E
\

r102 i
d10E

\
r21,

~4g!

where the dots denote time derivatives;d10 and d21 are the
transition dipole moments~assumed to be real! of the zero-
to-one exciton and one-to-two exciton optical transitions,
spectively; v10, v21, and v20 stand for the frequencie
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while G10, G21, andG20 for the dephasing rates of the co
responding transitions;g10, g21, g35g301g31 are the popu-
lation relaxation constants of the one-exciton, two-excit
and high-lying states, respectively. The excitonic nature
the states 1 and 2 imposes a certainN scaling of the transi-
tion dipole moments,d10,d21;AN, as well as the radiative
relaxation constants,g1050.81g0N,g2151.27g0N @51,53#,
whereg0 is the radiative rate of a monomer. The excito
exciton annihilation is described by the ratew given by@47#

w5j
w0

N3 , ~5!

wherew054pV2/\G is the annihilation rate for a chain con
sisting of only two molecules andj55p6/18'270.

The field inside the film consists of the incident fieldEi
plus the field produced by the molecular dipoles,ED , which
in the case of an ultrathin film does not depend
spatial coordinates. It is calculated as~see, for instance, Refs
@55–57#!

ED52
2pL

c
Ṗ, ~6!

whereL andc stand for the slab thickness and the speed
light, respectively;P5n(N p(N)(d10r101d21r211c.c.) rep-
resents the electric polarization withn being the number con
centration of chains andp(N) being the distribution of
chains over sizes. Thus, the Maxwell equation for the fi
inside the film reads

E5Ei2
2pL

c
Ṗ. ~7!

The incident field is assumed to be of the formEi
5Ei(t)cosvit, wherev i is the frequency andEi(t) is the
amplitude, slowly varying in scale of the optical perio
2p/v i . We look for a solution to the set of Eqs.~4! and~7!
by passing to the rotating frame:r105(2 i /2)R10exp
(2ivit), r215(2 i /2)R21exp(2ivit), r205(2 i /2)R20exp
(2i2vit), E5(1/2)E exp(2ivit)1c.c., whereR10, R21, R20,
and E are the complex slowly varying~in scale of 2p/v i!
amplitude of the off-diagonal density-matrix elements a
the field, respectively. Substitution of these expressions
Eqs. ~4! and ~7! and neglecting the counter-rotating term
gives us the following set of truncated equations:

ṙ005
1

4
m10@VR10* 1V* R10#1g10r111g30r33, ~8a!

ṙ1152g10r112
1

4
m10@VR10* 1V* R10#

1
1

4
m21@VR21* 1V* R21#1g21r221g31r33, ~8b!

ṙ2252~g211w!r222
1

4
m21@VR21* 1V* R21#, ~8c!
1-3
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ṙ3352g3r331wr22, ~8d!

Ṙ1052~ iD101G10!R102m10V~r002r11!1
i

2
m21V* R20,

~8e!

Ṙ2152S iD211G211
1

2
wDR212m21V~r112r22!

2
i

2
m10V* R20, ~8f!

Ṙ2052S iD101 iD211G201
1

2
wDR202

i

2
m10VR21

1
i

2
m21VR10, ~8g!

V5V i1gR(
N

p~N!~m10R101m21R21!, ~8h!

where the notations introduced are:V5dE/\, V i5dEi /\
with d5A(d10

2 1d21
2 )/2; m105d10/d, m215d21/d; D10

5v102v i , D215v212v i ; and gR52pd2nkiL/\ with ki
5v i /c.

Recall thatgR describes the collective radiative~super-
radiant! damping of an ensemble of two-level molecules@58#
~see for more details the monograph@57#! and determines
also the characteristic amplitude of the super-radiance fi
emitted by the molecules. Being expressed through the m
spontaneous emission constant of an isolated chain, de
as g54d2k3/3\5(g101g21)/2 with k5v10/c'v21/c
'ki , it readsgR5(3/8p)gnl2L, wherel52p/k. The ratio
gR /G10 represents the crucial parameter in the case of
two-level problem driving bistable behavior. In particular,
gR /G10,8, no bistability is manifested by the film built u
of two-level molecules@23,59,60#.

The set of Eqs.~8! forms a basis for our analysis of th
effects of one-to-two exciton transitions, exciton-exciton a
nihilation from the two-exciton state and relaxation of t
annihilation level back to the one-exciton and ground sta
on the optical bistable response from an ultrathin film bu
up of orientedJ-aggregates.

III. STEADY-STATE ANALYSIS

In order to find the stationary states of the system,
have to analyze the steady-state solutions to Eqs.~8!, setting,
respectively, the time derivatives equal to zero. In our ana
sis, we will use the fact that the bistability effect resu
from the saturation of the exciton transition by the fie
inside the film, i.e., whenuVu;(g10G10)

1/2. Let us esti-
mate this magnitude using the known experimental data
particular, for J-aggregates of pseudoisocyanineg10
'(1/70 ps) or 0.5 cm21 in wave numbers@3,4#. Taking
G10;g10, the saturation amplitude of the field is estimat
asuVu;0.5 cm21. On the other hand, the offsetD21 is of the
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order of 30 cm21 ~see, for instance, Ref.@9#!, i.e., 60 times
as large. Even after the system is saturated and the
inside the film increases by an order of magnitude,uVu will
not exceed the offsetD21. This relationship allows us to
derive a rather simple equation for the ‘‘intensity’’ of th
field inside the film, uVu2, and to study the tendency o
changes caused by the population of the two-exciton s
and by the exciton-exciton annihilation.

From Eq. ~8g! it follows that uR20u;uV/( iD211G20
1w/2)u!1 under the restrictions adopted. Respectively,
terms proportional toR20 can be neglected in Eqs.~8e! and
~8f! as they are much smaller as compared to the oth
Taking this into account, one arrives at the following equ
tion for uVu2:

uVu2H F11gR(
N

p~N!S m10
2 G10

G10
2 1D10

2 ~r002r11!

1m21
2 G211w/2

~G211w/2!21D21
2 ~r112r22!D G 2

1FgR(
N

p~N!S m10
2 D10

G10
2 1D10

2 ~r002r11!

1m21
2 D21

~G211w/2!21D21
2 ~r112r22!D G 2J 5V i

2 . ~9!

The populationsr00, r11, and r22 are found from the fol-
lowing set of equations:

2S10r001~11S10!r111
g30

g10
r3350, ~10a!

2S21r111~11S21!r2250, ~10b!

wr222g3r3350, ~10c!

r001r111r221r3351, ~10d!

where the notation introduced are

S105
m10

2 uVu2

2g10

G10

D10
2 1G10

2
, ~11a!

S215
m21

2 uVu2

2~g211w!

G211w/2

D21
2 1~G211w/2!2

. ~11b!

Resolving Eqs.~10!, one gets
1-4
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r002r115
11~11wg30/g10g3!S21

112S101~11wg30/g10g3!S211~31w/g3!S10S21
, ~12a!

r112r225
S10

112S101~11wg30/g10g3!S211~31w/g3!S10S21
. ~12b!
d
r-

th
sim
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o

l
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In our previous paper@25#, we neglected in Eq.~9! the terms
proportional tor112r22. This approximation is valid if the
exciton-exciton annihilation ratew is large compared to the
other rates and detunings. In other cases, the correspon
terms must be kept in Eq.~9! because they affect conside
ably the final result~see below!.

The analytical evaluation of sums presented in Eq.~9! is
unlikely in a general case, i.e., when taking into account
N dependence of all variables. Therefore, we set several
plifications allowing us to perform the average over segm
sizes analytically. First, it can be argued that within the sp
tral region close to the one-exciton resonance, which is
our primary interest, the main contribution to theN depen-
dence of the summands comes from theN dependence of the
one-exciton resonance detuningD10. From the theoretica
point of view, it is simply due to the fact that all the rela
ation constants and dipole moments squared scale line
with N, while D10 is inversely proportional toN2. Numeri-
cally, this assumption has been proven in Ref.@61#!. Thus, in
what follows, we consider the detuningD10 as the only
N-dependent variable, setting the other variables to their
e
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spective means. This also concerns the offsetD21. The latter
approximation is valid if the width of theD10 distribution is
smaller thanD21.

Furthermore, we replace the average over size by the
erage over detuning using a Lorentz-shaped distribu
function

(
N

p~N!→E
2`

`

dD10p~D10!

5E
2`

`

dD10

G

p

1

~D102D0!21G2
.

The parametersG and D05v02v i mimic here theJ-band
width and the deviation of the input field frequencyv i on the
pick frequency of theJ band, respectively.

After the simplifications adopted, it is straightforward
evaluate the integrals in Eq.~9!: all of them represent the
overlap integrals of Lorentzians. For the sake of simplic
we present here the result of integration only for a particu
case ofD050, which holds as well ifD0!G). It reads
yH F11a
11dy

A11~11c!y1by2@gA11cy1A11~11c!y1by2#
G 2

1a2
e2y2

@11~11c!y1by2#@gA11cy1A11~11c!y1by2#2J 5x, ~13!
del
,

wherey5m10
2 uVu2/g10G10 andx5m10

2 V i
2/g10G10 are the di-

mensionless ‘‘intensities’’ of the output and input fields, r
spectively. The other notations introduced are

a5m10
2 gR

G10
, g5

G

G10
, ~14a!

b5
1

4 S 31
w

g3
D g21

g211w

G10~G211w/2!

D21
2 1~G211w/2!2

, ~14b!

c5
1

2 S 11
wg30

g10g3
D g21

g211w

G10~G211w/2!

D21
2 1~G211w/2!2

, ~14c!
- d5
1

2 S 11
wg30

g10g3
1

g211w

g10
D g21

g211w

G10~G211w/2!

D21
2 1~G211w/2!2

,

~14d!

e5
1

2

g21

g10

G10D21

D21
2 1~G211w/2!2

. ~14e!

When deriving expressions for the constantsb, c, d, ande,
we used the relationshipm21

2 g10/m10
2 g2151.

By setting b, c, d, and e in Eq. ~13! equal to zero one
obtains an equation corresponding to the two-level mo
studied previously@23#. Keeping thebcde terms, as is seen
gives rise to a stronger nonlinearity in Eq.~13!, originating
from they2 term.
1-5
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A. Effect of the one-to-two-exciton transition

First, we intend to gain insight into how the one-to-tw
exciton transition itself influences the bistable behavior.
line with this, we neglect the exciton-exciton annihilatio
(w50) and assume no dispersion of chain sizes,G50. Un-
der these restrictions, Eq.~13! takes the form

yH F11a
11dy

11~11c!y1by2G 2

1a2
e2y2

@11~11c!y1by2#2J
5x, ~15!

where the parametersb, c, d, ande now are

b5
3

4

G10G21

D21
2 1G21

2
'

3

4

G10G21

D21
2

, ~16a!

c5
1

2

G10G21

D21
2 1G21

2
'

1

2

G10G21

D21
2

, ~16b!

d5
1

2 S 11
g21

g10
D G10G21

D21
2 1G21

2
'

1

2 S 11
g21

g10
DG10G21

D21
2

,

~16c!

e5
1

2

g21

g10

G10D21

D21
2 1G21

2
'

1

2

g21

g10

G10

D21
. ~16d!

It is important to notice thatb, c, and d are of the second
order whilee is of the first order of magnitude with respect
the ratio relaxation-rate/D21. Because of that, thee term can-
not be neglected in Eq.~15! wheneverw50. A similar term
would appear within the two-level model at a nonzero det
ing D10 @see. Eq.~9! at m2150#. Thus, thee term in the
present model is effectively equivalent to introducing a no
zero detuning into the two-level model. Recall that in t
latter case, any detuning tends to prevent bistability@23#.
This fact determines the role which plays thee term in the
effect we are dealing with: it will result in rising the critica
value of the parametera driving the bistability.

The first term inside the braces in Eq.~15! also differs
from that in the two-level model due to the presence of theb,
c, and d terms. In order to analyze the (bcd) effect, we
simplified Eq.~15!, neglecting thee term

yF11a
11dy

11~11c!y1by2G 2

5x. ~17!

According to Eqs.~16a!–~16b!, the parametersa, b, and c
are proportional to each other. After settingb as a variable
parameter, the other can be expressed throughb as follows:
c5(2/3) b, d5(2/3)(11g21/g10) b, where g21/g10
51.27/0.81'1.57 .

Plot ~a! in Fig. 2 shows the computed dependence of
threshold value ofa as a function ofb. Within the range of
pairs (a,b) above the curve, Eq.~17! has three-valued rea
solutions implying the bistable behavior. Below the curv
03382
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this equation has only a single-valued real solution and t
no bistability is present in the system response. As is se
the b dependence ofac is not monotonous. The critical pa
rameterac , first, slightly increases~from 8 to approximately
11! at small values ofb and then goes down upon furthe
increasingb even below the threshold for the two-lev
model ac58. It is easy to check out, taking formally th
limit of b large compared to unity, that Eq.~17! is equivalent
to the corresponding equation of the two-level model~at b
5c5d50), only with a renormalized parametera. Indeed,
keeping in the fraction of Eq.~17! only the terms propor-
tional to b and rescaling the variables as follows:y8
5(b/c)y5(3/2)y, x85(b/c)x5(3/2)x, and a85(d/c)a
5(11g21/g10)a52.57a, we obtain

y8F11a8
1

11y8
G 2

5x8. ~18!

This equation has a three-valued real solution whenevea8
>ac858 @59,60# or, in terms of the original parametera,
whenevera>8/(11g21/g10)53.12. This explains decreas
ing ac upon increasingb.

In our general analysis of Eq.~15!, i.e., taking into ac-
count (bcd) ande terms, we selectede as a variable param
eter as well as assumed thatG105G21. Then the other pa-
rameters can be expressed throughe as follows: b
53(g10/g21)

2e251.22e2, c52(g10/g21)
2e250.81e2, and

d52(11g21/g10)(g10/g21)
2e252.09e2. Plot ~b! in Fig. 2

presentse dependence of the threshold value ofa. As previ-
ously, the curveac(e) divides the space of pairs (a,e) into
two regions: bistable~above the curve! and stable~below the
curve!. We see that including thee term drastically affects
the occurrence of bistability whene ranges within 0.063,e
,0.225. First of all, there appear two branches ofac . This
means that above both curves~the shaded area! one gets
‘‘double’’ bistability. Panel~c!, in which we plotted a solu-
tion to Eq.~15! computed at particular values ofa535 and
e50.175, illustrates this case. As is seen, they vs x depen-
dence shows twoS-shaped fragments formed each one
three-valued real solutions of Eq.~15!. Note that the regions
of rangingx, where these solution exist, are not overlapp

Another effect of thee term within the region 0.063,e
,0.225 is that the threshold valueac increases gradually
with e, indicating the dominated role of this term as com
pared to thebcd terms. It is not surprising becauseb,c, and
d, being proportional toe2, are very small for those values o
e. Out of that region, however,ac goes down and become
smaller than the threshold value for the two-level mod
ac58, whenevere approaches unity. Here, on the contra
the bcd terms start to play major role, andac follows, in
fact, the curve presented in plot~a! for largestb.

It is to be noted thatb,e;1 corresponds in physical quan
tities to G10;D21, which means that the zero-to-one an
one-to-two exciton transitions are nearly in resonance du
the homogeneous broadening. Thus, making these two t
sitions resonant to each other works towards improving
conditions for bistability to occur.
1-6
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B. Effect of a fast exciton-exciton annihilation

We turn now to the question to what extent a fast excit
exciton annihilation from the two-exciton states may infl
ence the bistable behavior of the ultrathin film optical
sponse. We assume that the rate of exciton-exc
annihilationw is large compared to any relaxation rate (g10,
g21, G10, andG21! as well as the offsetD21. Keeping then in
Eqs. ~14b!–~14c! only the terms proportional tow, one ob-
tains

FIG. 2. Effect of the one-to-two exciton transition on feasibili
of the bistable behavior in the film optical response.~a! b depen-
dence of the threshold value (ac) of the driving parametera
5m10

2 gR /G10 showing the effect of (bcd) terms on the appearanc
of three-valued real solutions to Eq.~17! at e50. b
53G10G21/4D21

2 , c5(2/3)b, and d5(2/3)(11g21/g10)b. ~b! e
dependence of the threshold value (ac) of the driving parametera
5m10

2 gR /G10. e5g21G10/2g10D21, b51.22e2, c50.81e2, and d
52.09e2. ~c! An example of the solution to Eq.~15! at e50.175
and a535. y5m10

2 uVu2/g10G10 and x5m10
2 V i

2/g10G10. The other
parameters set in the calculation are:b51.22e250.037, c
50.81e250.025, andd52.09e250.064.
03382
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b5
g21G10

2g3w
, ~19a!

c5
g21g30G10

g10g3w
, ~19b!

d5S 11
g30

g3
Dg21G10

g10w
, ~19c!

e5
2g21G10D21

g10w
2

. ~19d!

As is seen, the parametersb, c, and d now are of the first
order whilee is of the second order of magnitude with r
spect to the ratio relaxation-rate/w. This allow us to neglect
the e term in Eq.~15!. The resulting equation is of the form

yF11a
11dy

11~11c!y1by2G 2

5x. ~20!

In analyzing this equation, we assume that there is no dra
difference between the ratesg30 and g31, so thatg30/g3
;1, and take also into account thatg10;g21. Then we find
thatc!1 as a result of smallness ofG10/w. Due to this fact,
the corresponding terms in Eq.~20! can be neglected
Whether the coefficientb is small or not depends on th
relationship between the ratesg21 and g3. If g21.g3 then
b!1, and the corresponding term in Eq.~20! is also negli-
gible. In such a case, Eq.~20! is equivalent to the equation
found within the two-level model. Thus, a fast excito
exciton annihilation compensates the negative effect of
one-to-two exciton transition, however, it does not give a
advantage over the two-level model in the limit we are d
cussing:g21;g30;g31. It is not surprising because if th
relationshipg21;g30;g31 is held, the population, taken ou
of the operating channel 1↔0, will be returned back despite
a fast annihilation process.

In the limit of g3!g21 ~a slow depopulation of the high
lying molecular level!, one may in principle arrive at value
of b of the order of magnitude of unity and even larger. If s
theb term has to be kept in Eq.~20!. Figure 3 illustrates the
b effect. Plot~a! of this figure shows an example of they vs
x dependence obtained by solving Eq.~20! at a56 ~below
the two-level-model threshold,ac58) and choosingc5d
50 andb51. As is seen, within some domain of changin
x, Eq.~20! has three-valued real solutions implying a bistab
behavior. Plot~b! show theb dependence of the thresho
value ofa. Again, within the region of pairs (a,b) above the
curve the system is bistable, while below the curve it
stable. It is remarkable thatac may be dropped considerabl
due to the combining action of a fast exciton-exciton anni
lation and a slow depopulation of the high-lying molecu
level. The physical meaning of such a behavior is rat
simple and consists of transferring a large amount of po
lation from the ground state to the slow relaxing state. Th
the system can be much easier made transparent.
1-7
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The lower limit for the critical valueac as a function ofb
can be found analytically. At large, compared to unity valu
of b, Eq. ~20! is simplified as follows:

yF11
a

11by2G 2

5x. ~21!

The critical value ofa is found from equalizing the deriva
tive dx/dy to zero. In doing so, we obtainac516/9.

C. Effect of the chain size distribution

The chain size fluctuations~a nonzero inhomogeneou
width g) are expected to tend towards worsening the con
tions for bistable behavior to occur, similar to what occu
within the two-level model@23#. We present here the resul
of numerical solutions of Eq.~13! dependent on the inhomo
geneous widthg under the condition of the combining actio
of a fast exciton-exciton annihilation and a slow depopu
tion of the high-lying level 4. When making calculations, w
set b51 andc5d5e50. The solid curve in Fig. 4 show
the g dependence of the critical value of the driving para
eter a within the generalized model. The system respo
behaves in a bistable and stable fashion within the reg
above and below the curve, respectively. For comparison

FIG. 3. Effect of the exciton-exciton annihilation on feasibili
of the bistable behavior in the film optical response.~a! A sample of
the numerical solution to Eq.~20! obtained ata56 and settingb
5g21G10/2g3w51. The other parameters arec5d50. ~b! b de-
pendence of the threshold value (ac) of the driving parametera
5m10

2 gR /G10 at c5d50.
03382
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also depicted in Fig. 4 the similar dependence~the dashed
curve! obtained within the two-level model (b5c5d5e
50).

Observing the results presented in Fig. 4, we see firs
all that the minimal value ofac ~at g50) drops off from
eight ~the critical value ofa in the two-level model! to ap-
proximately three for this particular magnitude ofb51 used
in the calculations. However, the main conclusion, which c
be derived from the data depicted in Fig. 4, is that the eff
of inhomogeneous broadening, being fairly strong within t
two-level model~the dashed curveac vs g goes gradually
up!, is considerably suppressed within the generalized v
sion of the theory:ac rises much slower upon increasing th
inhomogeneous widthg as compared to the two-level mode
In other words, the combining action of a fast excito
exciton annihilation from the two-exciton states and a sl
depopulation of the high-lying molecular level, populat
due to the annihilation, works towards improving the con
tions for the occurrence of bistable behavior in the film o
tical response.

IV. ESTIMATES OF THE PARAMETERS

First, we estimate the super-radiant damping constantgR
5(3/8p)gnl2L basing our considerations on the low
temperature experimental data forJ-aggregates of polyme
thine dyes. For these species, typicallyg'0.01 ps21 and
l'0.500 nm. ChoosingL5l/2p ~or kL51) that guarantees
the applicability of the mean-field approach for the descr
tion of the thin-film optical response~see, for instance, Ref
@55#!, we arrive at the following estimate:gR'2
310217n cm3ps21. Recall thatn is the number density o
the linear chains~or of the localization segments!. It is re-
lated to the number density of moleculesn0 as n05nN* ,
whereN* is the mean size of the chain~or the localization
segment!. At low temperature the quantityN* is of the order
of several tens@3–5,39,40#. Using these data in the estima
obtained above we now getgR'10218n0 cm3ps21. The
typical width of theJ band~and the blueshift as well! is of

FIG. 4. Effect of the inhomogeneous broadening on feasibi
of the bistable behavior in the film optical response. The cur
were obtained by the numerical solution of Eq.~13! and represent
the inhomogeneous width (g5G/G10) dependence of the critica
value (ac) of the driving parametera5m10

2 gR /G. The solid line—
the three-level model atb51,c5d5e50; the dashed line—the
two-level model (b5c5d5e50).
1-8
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the order of several tens of cm21 or approximately 1 ps21

in frequency units. In particular, theJ-band of pseudoisocya
nine bromide at the temperature of liquid helium is of inh
mogeneous nature and of 34 cm21 in magnitude. Hence
according to the results shown in Fig. 4, the observation
optical bistability in such species requires the number d
sity of molecules to be of the order or even larger th
1019 cm23. We note that it is a rather high value. In prin
ciple, it can be reduced by raising the film thicknessL, how-
ever, in this case the mean-field approximation is no lon
an adequate approach~see Ref.@24#!.

For estimating the annihilation ratew we need the data fo
the parametersV, N* , and G. As we have no information
relative to the magnitude of interaction in the annihilati
channelV, we assume it as being of the dipole-dipole natu
and considerV of the same order of magnitude as the dipo
dipole interactionU responsible for the formation of theJ
band. The valueU;1000 cm21 is usually reported for
J-aggregates of polymethine dyes@3–5,9,39,40#. The size of
a localization segmentN* varies within the interval 20–50
@3–5,9,39,40#. As an estimate for the relaxation constantG,
the interactionV itself can be adopted@39,40#. From Eq.~5!
we then find that the annihilation rate varies from appro
mately 100 fs21 to 1 ps21 indicating in fact the fast anni
hilation limit. It is worth noting that the low-temperatur
femtosecond-scale experiments performed in Refs.@39# and
@40# identified, namely, such a behavior. To the best of o
knowledge, the experimental data relative to the relaxa
rate g3 of high-lying molecular states responsible for t
annihilation process are unknown. One may believe tha
turns out to be relatively slow (g3!g21) to get the constan
b in Eq. ~13! of the order of unity. This would then allow on
to drop the number concentration of moleculesn0 to a rea-
sonable level at which optical bistability is indeed realizab

V. SUMMARY AND CONCLUDING REMARKS

In this paper, we considered the four-level model for t
bistable optical response of an ultrathin film consisting
oriented molecular aggregates, including the ground, o
exciton and two-exciton states as well as the high-lying m
lecular level through which the annihilation of two excito
occurs. From our analysis the following conclusions can
drawn:
et
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,
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~i! The one-to-two exciton transition may result in a stro
ger limitation to the occurrence of bistability as compared
the two-level model, involving only the ground-to-one
exciton transition, whenever the exciton-exciton annihilati
is slow.

~ii ! A fast exciton-exciton annihilation may tend toward
improving the conditions for the occurrence of bistability
compared to the two-level model: the critical value of t
parameter driving the bistable behavior of the system
sponse can be dropped off considerably. Respectively,
switching intensity of the input signal also does so. Th
comes into role if the rate of depopulation of the high-lyin
level, through which annihilation occurs, is low. This findin
is important from the viewpoint of the experimental veri
cation of our theoretical predictions.

~iii ! Inhomogeneous broadening of the exciton absorpt
band acts strongly towards worsening the conditions for
occurrence of bistability. Its effect, however, may be cons
erably suppressed due to a fast exciton-exciton annihila
from the two-exciton state.

Any source of reducing the inhomogeneous broaden
seems to be highly desirable. From this point of view, th
films comprised of different types of oligomers, the sizes
which can be precisely controlled@62–65#, represent very
promising candidates to achieve this goal: at least one of
important sources of inhomogeneity~dispersion of sizes!
may be dropped down. It is also to be noted that the auth
of Ref. @66# reported the room-temperature formation of p
lariton states in ordered thin films built up of the cyanine d
1,7-bis~dimethylamino!heptamethine, BDH1. This fact un-
ambiguously means that dye molecules are strongly cou
to each other by the electromagnetic field, the property be
crucial for the mechanism of optical bistability we are de
ing with @23#. Thus, these species can also be put into the
of promising, from the viewpoint of our findings, objects.
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