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Mesoscopic spatiotemporal theory for quantum-dot lasers
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We present a mesoscopic theory for the spatiotemporal carrier and light-field dynamics in quantum-dot
lasers. Quantum-dot Maxwell-Bloch equations have been set up that mesoscopically describe the spatiotem-
poral light-field and interlevel/intralevel carrier dynamics in each quantum dot~QD! of a typical QD ensemble
in quantum-dot lasers. In particular, this includes spontaneous luminescence, counterpropagation of amplified
spontaneous emission, and induced recombination as well as carrier diffusion in the wetting layer~quantum-
well media! of the quantum-dot laser. Intradot scattering via emission and absorption of phonons, as well as
scattering with the carriers and phonons of the surrounding wetting layer are dynamically included on a
mesoscopic level. The spatiotemporal light-field dynamics reveals a characteristic interplay of spontaneous and
stimulated emission in quantum-dot lasers that depends on typical spatial fluctuations in size and energy levels
of the quantum dots and irregularities in the spatial distribution of the quantum dots in the active layer. Those
effects are simulated via statistical methods. They are shown to directly affect the propagation of an ultrashort
pulse in a quantum-dot waveguide. The strong influence of the localized carrier dynamics is seen in the
selective depletion and refilling of quantum-dot energy levels.

DOI: 10.1103/PhysRevA.65.033804 PACS number~s!: 42.55.Px, 78.67.Hc, 05.40.2a
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I. INTRODUCTION

The quantum-dot laser~QDL! is a complex nonlinear sys
tem in which the spatiotemporal dynamics of the propaga
light fields is fundamentally linked with the physical prope
ties of an ensemble of QDs. To unravel the complexity
this interplay a profound theoretical analysis of this no
laser type is necessary, in particular, for an interpretation
recent experimental results. Furthermore, clear insigh
needed for the technological design of quantum-dot las
with improved physical properties. The impressive tech
logical progress in the field of quantum-dot lasers has
recent years lead to the development of various new theo
that specifically focus on the physical properties of QDs a
QDLs. While the investigation of the electronic and optic
properties of QDs represents a formidable task all by its
for the QDL, we have to set up a theoretical basis that co
bines the particular quantum optics of an ensemble of Q
with the particular material properties of QDs.

Various methods have been developed that allow a mi
scopic investigation of stationary material parameters i
semiconductor QD. This includes, e.g., the calculation
matrix elements and the analysis of the electronic struc
of QDs@1–11#. Numerical methods that have been employ
are based on Green’s functions@1,2#, kp theory @3,4#,
pseudopotential calculations@5,6#, or use direct diagonaliza
tion of the respective Hamiltonian matrix@7,8#. In particular,
the analysis of multiple-exciton complexes and many-bo
interactions has in recent years evolved to a main topic
QD theory@7–11#. On the basis of these many-body calc
lations spectral shifts and the appearance of multiline em
sion observed in experiments were explained@7#.

Theoretical investigations of carrier-relaxation proces
were done within the framework of perturbation theory@12#,
on the basis of a lattice approach@13# using precalculated
matrix elements for the respective carrier-phonon interact
or with wave functions obtained from simple QD potent
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shapes@14#. An alternative approach starts from the fu
electron–longitudinal-optical-phonon Hamiltonian and a
proximates the system under the assumption that only
phonon modes couple to the carriers@15# to a form that pro-
vides a derivation of analytical solutions for the eigensta
and for the various relaxation mechanisms. This has allow
the investigation of excitons@14#, electron-hole correlations
@16#, carrier-phonon interactions@13,17# ~e.g., phonon bottle-
neck @17#!, and Auger processes@18#. The interactions be-
tween QDs and surrounding layers via carrier-carrier co
sion processes have also been the focus of sev
publications@19,20#. The theoretical investigation of carrie
relaxation processes provides a qualitative modeling of em
sion spectra@12# on the basis of analytical spectral function
Furthermore, the influence of QD size and geometry on c
rier relaxation has been analyzed@21#. However, those cal-
culations use spatially averaged quasiequilibrium distri
tions for the carriers and phonons, and do not consider
interaction with a spatiotemporally varying light field. Con
sequently they are not appropriate for the analysis of spa
effects such as the influence of a propagating light field
spatial fluctuations on the QD parameters~size, level ener-
gies!.

Dynamic theories@22–32# have been set up that app
time-dependent equations for the carrier dynamics~e.g., us-
ing a density-matrix approach@22#, the Green’s formalism
@23,24#, or rate equations for the averaged carrier distrib
tions in the QD@25–28#!. The numerical modeling of the
carrier dynamics has been used to calculate spontane
emission spectra of QDLs@26# and to discuss the variou
relaxation and recombination processes@27#. However, since
they refer to the quasistationary situation or to the ‘‘slow
dynamics of QDL, where fast-energy relaxation or interlev
scattering are neglected or only considered via a phenom
logical rate, they are only valid when the carrier distributio
are near their stationary equilibrium. As an alternative a
proach theories on the basis of master equations@29,30# were
©2002 The American Physical Society04-1
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developed in which the QD ensemble is constituted of
crostates, i.e., of subsystems with identical electron-h
densities. This description does not rely on the averaging
the carrier distributions. The spatial dependence of the Q
~that are embedded in the surrounding medium! and the mi-
croscopic physical properties of the individual QDs, ho
ever, have still been disregarded.

In comparison to the isolated QDs, the very particu
features of a QDL—the interaction of the QDs with a sp
tially varying light field—have so far only been addressed
a few recent works@22,31,32#. However, due to the inheren
complexity of the spatially and spectrally varying physic
interactions many important characteristic properties o
QDL have so far been neglected. In particular, the spati
dependent light-field propagation and the interplay of stim
lated and spontaneous emission linked with quantum fluc
tions are to be combined with the individual properties
each QD~e.g., spatially varying energy levels, size, scatt
ing processes, etc.!.

In this paper we present a mesoscopic theory that brid
theoretical descriptions of microscopic material properties
QDs with macroscopic phenomenological laser theories.
explicit consideration of the complexity of the abov
mentioned properties in the context of the whole laser sys
we introduce a realistic description of QD lasers and am
fiers. In Sec. II we derive and explain our theory, which
based on spatially resolved Maxwell-Bloch equations
QDs. Sec. III shows results of our numerical modeling, S
IV concludes the article.

II. THEORETICAL DESCRIPTION: QUANTUM DOT
MAXWELL-BLOCH EQUATIONS

In this section, we will derive the quantum-dot Maxwe
Bloch equations~QD-MBEs!. The QD-MBEs consist of
semiconductor Bloch equations for an ensemble of Q
~QD-SBEs!. Thereby we will, in particular, include variou
carrier relaxation processes~Sec. II B!. To represent the dy
namic subwavelength variations in the light-field dynam
we will derive from Maxwell’s equations a wave equatio
tailored for quantum-dot lasers. The coupled system of p
tial differential equations then constitutes the quantum-
Maxwell-Bloch equations that model on a mesoscopic ba

FIG. 1. Schematic of an idealized active layer of a quantum-
laser: Columns of idential pyramidal quantum dots are aligned o
perfect grid.
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the dynamic light-matter interactions occurring within a Q
laser.

Figure 1 schematically shows the typical geometry o
QDL. The active layer contains an ensemble of spatially d
tributed QDs that are embedded within the quantum-w
wetting layer~WL!. Depending on the epitaxial growth pro
cess the laser may consist of several layers defining ver
‘‘QD stacks’’ ~columns!. Light propagates within the active
layer in the resonator predominately along the longitudi
~z! direction. This dynamics of the light fields is described
Maxwell’s wave equations considering the spatiotempo
changes of the light fields propagating in the forward (1)
and backward (2) direction within the laser~see Fig. 2!. The
layered vertical~y! structure is considered via effective m
terial and device parameters. These are, in particular,
effective refractive index and the guiding properties of t
layer as well as the physical properties of the QD stack~ver-
tically averaged energy levels, damping rates or QD siz!.
The vertically averaged physical properties characterize
‘‘effective’’ QD. The properties that enter the QD-SBEs in
self-consistent way are, in particular, the energy levels,
initial occupation of the levels~established, e.g., via optica
or electrical pumping!, and the size of the QDs.

Via the polarization of the active QD medium, the lig
fields are locally coupled to the dynamics of the carriers a
to the interlevel dipole dynamics~described on the basis o
the QD-SBEs!. Thereby the individual time scales of th
underlying optical and electronic processes spanning a t
poral regime from femtoseconds up to nanoseconds are
soscopically represented. In particular, their spatial and sp
tral characteristics are fully taken into account and inclu
e.g., the localization of the dots in the medium, fluctuatio
in size and shape of the QDs, the spatially dependent lig
field propagation, and diffraction as well as spatially depe
dent scattering processes and carrier transport.

The time-dependent calculation of the carrier distributio
and light-field dynamics allow for an explicit consideratio
of the individual time scales of the various interaction pr
cesses. The relevant time scales range from the femtose
regime ~for the fast carrier-scattering processes! up to the
picosecond and nanosecond regimes~for the dynamics of the
propagating light fields and of the spatial carrier density!.

t
a

FIG. 2. Representation of the quantum-dot laser model ge
etry. The counterpropagating light fields (E6) spatiotemporally
couple with carriers in the ensemble of quantum dot~columns!.
Characteristic fluctuations in size and location of the quantum d
are effectively represented on a numerical grid with equally spa
grid points in lateral~x! and propagation~z! directions~for details
see text!.
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MESOSCOPIC SPATIOTEMPORAL THEORY FOR . . . PHYSICAL REVIEW A 65 033804
A. Carrier dynamics within a QD

Starting from the single-particle density matrices for t
electrons,ne5^c†c&, and holes,nh5^d†d&, and for the in-
terlevel polarization,p5^d†c&, wherec andd are the local
annihilation operators for electrons and holes, respectiv
one can derive semiconductor Bloch equations specific
for quantum dots. The resulting QD-SBEs mesoscopic
describe the dynamic changes of the electron and hole
tributions inside the dot~for each energy level! and the dy-
namics of the~interlevel! dipoles. If one considers an en
semble of quantum dots as active medium in a quantum
laser, additional terms and effects are of relevance. These
contributions describing the electrical injection of carrie
~pumping! Le ~including Pauli blocking!, induced recombi-
nation ~with generation ratege,h), spontaneous recombina
tion of the carriers (Gsp), carrier-carrier and carrier-phono
scattering for the intradot relaxation (]ne,h/]tuQD

c-ph), and the
interaction with the wetting layer (]ne,h/]tuQD-WL). The dy-
namics of the occupation of electrons (e, level indexi ) and
holes (h, level index j ) , ne,h, and the dynamics of the in
terlevel polarizationsp6 @coupled to the forward (1) and
backward (2) propagating optical fields# within a QD are
then governed by the equations of motion

]ne~ i !

]t
5Le~ i !@De~ i !2ne~ i !#1ge~ i !2gnrne~ i !

2(
j

Gspn
e~ i !nh~ j !

1
]ne~ i !

]t U
QD

c-ph

1
]ne~ i !

]t U
QD-WL

,

]nh~ j !

]t
5Lh~ j !@Dh~ j !2nh~ j !#1gh~ j !2gnrne~ i !

2(
i

Gspn
h~ j !ne~ i !

1
]ne~ i !

]t U
QD

c-ph

1
]ne~ i !

]t U
QD-WL

,

]p6~ j ,i !

]t
52~ i v̄~ j ,i !1gp!p6~ j ,i !2

i

\
@ne~ i !1nh~ j !#U6

2
i

\
dUnl

61Fpqp1
]p6~ j ,i !

]t U
QD

p-ph

, ~1!

wheregnr represents the rate due to nonradiative recomb
tion andtp denotes the dephasing time of the interlevel
pole. The pump term

Lc~ l !5GQD

Ih

eh

neq
c ~ l !

(
l

neq
c ~ l !@De,h~ l !2nc~ l !#

~2!
03380
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mesoscopically represents the carrier injection and inclu
the pump-blocking effect (c5e,h and l 5 i , j for electrons
and holes, respectively!. It depends on the absolute injectio
currentI, pump efficiencyh, and the thickness of the activ
area,h. Dc( l ) denotes the degeneracy of an end energy le
~i.e., the maximum occupation with carriers!. GQD describes
the reduction of the pump efficiency resulting from the ve
tically arranged QDs, i.e., the ‘‘spatial overlap’’ between ca
rier injection and a vertical stack of QDs in the medium.

The generation rates given by

ge~ i !5ReF i

\ (
j

@$U1pnl
1* ~ j ,i !1U2pnl

2* ~ j ,i !%

2$U1* pnl
1~ j ,i !1U2* pnl

2~ j ,i !%#G ,
gh~ j !5ReF i

\ (
i

@$U1pnl
1* ~ j ,i !1U2pnl

2* ~ j ,i !%

2$U1* pnl
1~ j ,i !1U2* pnl

2~ j ,i !%#G ~3!

depend on the interlevel polarizationp and on the optical
field contributions of spontaneous and induced emission c
stituting the local fieldU6. The Langevin noise termFpqp

describes dipole fluctuations@33# with amplitude Fp

5GA2\e r /nl
2LAe0v0. The local fields U65d( j ,i )E6

1dU6 are composed of the optical light-field contribution
E6 as well as those induced by Coulomb screening wit
each quantum dot and by the Coulomb interactions betw
the carriers in the QD and the carriers in the wetting lay
dU. d( j ,i ) is the interlevel dipole matrix element. The inte
level polarization depends viav̄( j ,i )5\21(Ee1Eh)2v (v
is the frequency of the propagating light fields! on the carrier
energiesEe,h that are given by

Ec~ l !5ec~ l !1dEc~ l !, ~4!

with the unperturbed level energiesee,h ~i.e., neglecting the
carrier dynamics!. The characteristic level energiesec( l ) of
the unperturbed QD are taken from microscopic material c
culations@3# and are self-consistently included in the theo
The Coulomb-induced screening that leads to a renorma
tion of these energy levels and also results in additio
local-field contributions strongly depends on the specific Q
design~size, shape!. These respective corrections have be
determined in detailed calculations~e.g.,@16,21,34#! and are
represented in the QD-SBEs@Eq. ~1!# in the form of spatially
dependent energies (\v̄ and local-field contributionsdU6).

B. Carrier relaxation dynamics

Within each quantum dot the relaxation of the electro
and holes is determined by a variety of physical mechanis
These are the intradot relaxation@]nc( l )/]tuQD# via acousti-
cal and optical phonons or multiphonon processes and s
tering @]ne,h( i )/]tuQD-WL# between the carriers in the QD
and the carriers and phonons of the wetting layer. The ph
4-3
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cal properties of an individual QD~size, shape, energy lev
els! and the phonon distribution thereby determine the
evance of the various relaxation processes. Here we will
dynamic scattering rates for carrier-phonon-relaxation p
cesses on the basis of microscopically determined matrix
ements for the respective interaction. The elastic scatte
between the QD carriers and the carriers of the wetting la
will be considered on the basis of perturbation theory.

1. Intradot relaxation

The scattering rates for carrier-phonon intradot relaxat
generally include emission (2) and absorption (1) of lon-
gitudinal acoustical~LA ! phonons, longitudinal optical~LO!
phonons, and, in particular, multiphonon processe
(62 LO,62 LA, and 6LO6LA). They are determined
on the basis of microscopic calculations allowing, via a d
pendence of the rates on the spatially and temporally vary
carrier and phonon distributions within the QD and the s
rounding layers, a self-consistent mesoscopic inclusion o
scattering processes that are relevant in QD lasers. The q
tum kinetic equations of motion of the single-particle dens
matrices with respect to the carrier-phonon Hamiltonian
given by

]ne

]t U
QD

e-ph

~ i !52(
q

(
i 1 ,i 2

$Re@sq
e~ i 1 ,i !#2Re@sq

e~ i ,i 2!#%,

]nh

]t U
QD

h-ph

~ j !52(
q

(
j 1 , j 2

$Re@sq
h~ j 1 , j !#2Re@sq

h~ j , j 2!#%,

]p

]t U
QD

p-ph

~ j ,i !5(
q

F(
j 1

@ t (1)~ j 1 ,i !2t (2)* ~ j 1 ,i !#

2(
i 1

@ t (1)~ j ,i 1!2t (2)* ~ j ,i 1!#G , ~5!

wherei and j are the initial~in the case of phonon emission!
or final ~in the case of phonon absorption! level of the elec-
trons ~i! and holes~j! and i 1 , i 2 , j 1 , j 2 denote intermediate
levels from which inscattering and outscattering occurs
the emission and absorption of phonons. The intraband d
sity matrices

sq
e~ i 1 ,i 2!5

i

\
^gq

eci 1
† bqci 2

&,

sq
h~ j 1 , j 2!5

i

\
^gq

hdj 1

† bqdj 2
& ~6!

depend on the carrier (ci ,dj ) and phonon (bq) creation and
annihilation operators (q denotes the phonon wave vecto!.
They describe energy relaxation.gq

e,h is the coupling con-
stant of the respective carrier-phonon interaction@35#. The
interlevel density matrices

tq
(1)~ j ,i !5

i

\
^gq

pdjbqci&,
03380
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tq
(2)* ~ j ,i !5

i

\
^gq

pdjbq
†ci& ~7!

describe phase-relaxation processes.
We start from the Heisenberg picture to derive a quant

kinetic equation of motion for the phonon-assisted dens
matrices. To include the emission and absorption of phono
contributions up to second order have to be considered. F
torization of the two-particle matrices into two single
particle density matrices, e.g.,^c†c†bq8

† bq&5nenqdq,q8 , and
using the Markov approximation~i.e., assuming slowly vary-
ing distributions! leads to a semiclassical description whe
only the expectation values of the electrons, holes, and of
interlevel polarization appear and cross-correlation effe
are neglected. The reduced equations of motion then rea

]se~ i 1 ,i 2!

]t
52S i

\
~Ei 1

2Ei 2
2Eph!1gq

eD se~ i 1 ,i 2!

1
1

\2
ugq

eu2$~nq11!ne~ i 1!@De~ i 2!2ne~ i 2!#

2nqn
e~ i 2!@De~ i 1!2ne~ i 1!#%

2(
j

S i

\
m~ j ,i 1!1gq

hD *
t (1)~ j ,i 2!

2(
j

S i

\
m~ j ,i 2!1gq

hD t (2)~ j ,i 1!

2(
j

1

\2
gq

egq
h* p* ~ j ,i 1!p~ j ,i 2!,

]sh~ j 1 , j 2!

]t
52S i

\
~Ej 1

2Ej 2
2Eph!1gq

hD sh~ j 1 , j 2!

1
1

\2
ugq

hu2$~nq11!nh~ j 1!@Dh~ j 2!2nh~ j 2!#

2nqn
h~ j 2!@Dh~ j 1!2nh~ j 1!#%

2(
i

S i

\
m~ j 1 ,i !1gq

eD *
t (1)~ j 2 ,i !

2(
i

S i

\
m~ j 2 ,i !1gq

eD t (2)~ j 1 ,i !

2(
j

1

\2
gq

hgq
e* p* ~ j 1 ,i !p~ j 2 ,i !,

]t (1)~ j ,i !

]t
52S i

\
~Ej1Ei2Eph!1gq

pD t (1)~ j ,i !

2(
j

1

\2
ugq

pu2$nqn
h~ j !1~nq11!@Dh~ j !

2nh~ j !#%p~ j ,i !2(
i

1

\2
ugq

pu2$nqn
e~ i !
4-4
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1~nq11!@De~ i !2ne~ i !#%p~ j ,i !

1(
i 1

S i

\
m~ j ,i 1!1gq

eD *
se~ i 1 ,i !

2(
j 1

S i

\
m~ j 1 ,i !1gq

hD sh~ j 1 , j !, ~8!

where the damping arising from higher-order terms are
cluded ingq

c5gq
c( l 1)1gq

c( l 2) andgq
p .

Typical time scales of the phonon dynamics are slow
er
n
th
ar

03380
-

n

comparison with the carrier dynamics. Moreover, due to
conservation of energy, only phonons with energies close
resonance with the level energies of the QDs significan
contribute to the carrier-phonon interactions. Thus one
adiabatically eliminate the dynamics of the density matric
Furthermore, the phonon distributions are approximated w
their quasiequilibrium distribution given by the respecti
Bose statistics,nq51/@exp(\vq /kT)21# with phonon fre-
quencyvq . Insertion of the resulting expression for the m
trices se,h, t (6) yields the following rates describing th
change in level occupation by inscattering and outscatte
processes:
]ne~ i !

]t U
QD

e-ph

5 (
i 1. i

2
ugeu2

\
Le~ i 1 ,i !$~nq11!ne~ i 1!@De~ i !2ne~ i !#2nqne~ i !@De~ i 1!2ne~ i 1!#%

2 (
i 1, i

2
ugeu2

\
L~ i ,i 1!$~nq11!ne~ i !@De~ i 1!2ne~ i 1!#2nqne~ i1!@De~ i !2ne~ i !#%

2(
j

F (
j 1, j

H 2
ghge*

\
L~ j , j 1!p~ i , j 1!p* ~ i , j !22

gh* ge

\
L~ j , j 1!p* ~ i , j 1!p~ i , j !J

2 (
j 1. j

H 2
ghge*

\
L~ j 1 , j !p~ i , j 1!p* ~ i , j !22

gh* ge

\
L~ j 1 , j !p* ~ i , j 1!p~ i , j !J G ,

]nh~ j !

]t U
QD

h-ph

5 (
j 1. j

2
ughu2

\2
Lh~ j 1 , j !$~nq11!nh~ j 1!@Dh~ j !2nh~ j !#2nqnh~ j !@Dh~ j 1!2nh~ j 1!#%

2 (
j 1, j

2
ughu2

\2
Lh~ j , j 1!$~nq11!nh~ j !@Dh~ j 1!2nh~ j 1!#2nqnh~ j 1!@Dh~ j !2nh~ j !#%

2(
i

F (
i 1, i

H 2
gegh*

\
L~ i ,i 1!p~ i 1 , j !p* ~ i , j !22

ge* gh

\
L~ i ,i 1!p* ~ i 1 , j !p~ i , j !J

2 (
i1. i

H 2
gegh*

\
L~ i 1 ,i !p~ i 1 , j !p* ~ i , j !22

ge* gh

\
L~ i 1 ,i !p* ~ i 1 , j !p~ i , j !J G . ~9!
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The function L describes the dependence of the carri
phonon interaction on the contributing QD level energies a
the energy of the respective phonon. It also contains
damping resulting from higher-order contributions. For c
riers interacting with an optical~LO! phonon,L can be ex-
pressed with a Lorentzian line shape

L~ l 1 ,l 2!5
tLO

21

\22~El 1
2El 2

2ELO!21tLO
22

~10!

with l 5 i for electrons andl 5 j for holes. The lifetimetLO
with

tLO
215

2p

\2
uVAnhu2(

q
d„2vLA~q!2vLO…@2nq11# ~11!
-
d
e
-

includes the decay of optical phonons into two acousti
phonons via the inharmonic interaction potentialVAnh. The
lifetime of acoustical phonons usually is much longer th
the lifetime of optical phonons. As a result, the functionL
can in the case of direct interaction of carriers with acoust
phonons be approximated with ad function, Lc( l 1 ,l 2)
5d(El 1

2El 2
2Eph).

Next to the emission and absorption of one single phon
the influence of multiphonon relaxation has to be consider
Among all multiphonon processes the most relevant ones
the emission/absorption of an LO phonon accompanied w
the absorption/emission of an acoustical phonon (6LO
6LA) and the emission/absorption of two acoustic
phonons (6LA6LA). The respective relaxation terms de
rived in analogy to the above read
4-5
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depend on the energy and damping rate
the respective phonon.

2. Scattering processes between QDs and the wetting layer

Next to the intradot relaxation, the dynamics of t
quantum-dot laser depends on the carrier-carrier and car
phonon scattering processes that occur between the QDs
the wetting layer into which they are embedded. Those
both, inelastic emission and absorption of phonons as we
elastic collision processes. For the inelastic-scattering p
cesses we will consider the inelastic Coulomb interact
between QD carriers and the 2D carrier plasma of the w
ting layer via Auger recombination, the ionization of a Q
via excitation of carriers by absorption of a phonon, as w
as the carrier capture from the wetting layer in a~up to then
unoccupied! state of the QD by emission of a phonon, i.e

]nc~ l !

]t U
QD-WL

5
]nc~ l !

]t U
QD-WL

Aug

1
]nc~ l !

]t U
QD-WL

c-ph

. ~13!

The relaxation rates

]nc

]t U
QD-WL

c-ph

~ l !5$ f QD-WL
e NWL

c @Dc~ l !2nc~ l !!~nq11#

2ncnq„DE~ l !…%L~ l ,`! ~14!

describe the interactions between the discrete energy le
of the QDs and the states of the surrounding quantum-w
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layer via emission and absorption of optical and acoust
phonons, where the level descriptioǹin L( l ,`) refers to
the respective energy of the valence and conduction band
the wetting layer. In Eq.~14! the scaling factorf QD-WL

e rep-
resents the fraction of wetting layer states to which a sin
~effective! QD couples. It is determined by the dot dens
and by the epitaxial structure defining, e.g., the potential b
rier between the QD and the surrounding layers.nq(DE( l ))
denotes the phonon number available at energy values hi
than the energy given by the potential step between the
spective QD level and the wetting layer. The Auger carri
capture kinetics may be attributed to the following process

~1! A QD electron or hole in the wetting layer collide
with a 2D electron and is captured by the QD. The final st
of the second 2D electron is then a wetting-layer state
higher energy.

~2! A 2D hole is captured via Coulomb scattering with
QD electron into the dot while the electron is excited into
wetting-layer state.

We will represent the two types of processes with t
rates@36#

]ne

]t U
QD-WL

Aug

~ i !52(
j

BheNWL
h ne~ i !@Dh~ j !2nh~ j !#

1CeeNWL
e 2@De~ i !2ne~ i !#

1CehNWL
e NWL

h @De~ i !2ne~ i !#,
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]ne
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ne~ i !@Dh~ j !2nh~ j !#

1ChhNWL
h 2@Dh~ j !2nh~ j !#

1CheNWL
h NWL

e @Dh~ j !2nh~ j !#. ~15!

In the wetting layer, the carriers are not as strongly loc
ized as in the quantum-dot islands and may therefore diff
within the layer. WithNWL

e,h denoting the local density o
electrons (c5e) and holes (c5h), the dynamics of wetting-
layer carriers is represented by the diffusion equation

]NWL
c

]t
5

J

ed
1

]Nc

]t U
QD-WL

2gspN
e
WLNWL

h 2gWL
nr NWL

c ,

~16!

with a pump term describing carrier injection and a rate
nonradiative emission processes. In Eq.~16! the change in
carrier density due to Auger relaxation can be expresse
@36#

]Ne

]t U
QD-WL

5BheNWL
h ne~ i !@Dh~ j !2nh~ j !#nQD

2CeeNWL
e 2@De~ i !2ne~ i !#nQD

2CehNWL
e NWL

h @De~ i !2ne~ i !#nQD ,

]Ne

]t U
QD-WL

52BheNWL
h f e~ i !@Dh~ j !2nh~ j !#nQD

2ChhNWL
h 2@Dh~ i !2nh~ i !#nQD

2CheNWL
h NWL

e @Dh~ j !2nh~ i !#nQD . ~17!

In Eq. ~15! and~17! Bhe , Cee, Ceh , andChe are the respec
tive Auger capture coefficients, which we take from the d
tailed calculation in@36#, nQD is the dot density.

The elastic Coulomb-scattering processes between
QDs and the wetting layer are treated on the basis of pe
bation theory@19,20#. Elastic collisions do not change th
occupation of the levels. However, they may lead to sign
cant changes in electronic energies and damping that re
in a spectral shift and spectral broadening represented b
energy-correction termdEe,h and the dipole dampingtp .
These spatiotemporally varying quantities are se
consistently included in the QD-SBEs. They lead to spatia
dependent line shapes and frequency differencesv̄ between
the frequency of the propagating light field and the eigen
quencies of the spatially localized QDs in the laser structu
The shift of the emission frequency and the carrier damp
rate resulting from the elastic Coulomb scattering betw
QD and the surrounding layer are

DvQD-WL
e,h 5A2kT/me,hsvNWL

e,h ,

DgQD-WL
e,h 5A2kT/me,hsgNWL

e,h , ~18!
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e,h andsv

e,h denote the intersection areas of the sc
tering processes given by@20#

sg
e,h5E

0

`

2dbQDF12cosS E
2`

`

dtDvQD
e,h ~ t ! D G ,

sv
e,h5E

0

`

2dbQD sinS E
2`

`

dtDvQD
e,h ~ t ! D , ~19!

with

DvQD
e,h 52

C3
e,h

r QD
3

2
C4

e,h

r QD
4

,

C3
e,h5

6e2

4p«0ne f f
2 \

bhQD
2

2
,

C4
e,h5

e2

16p2«0
2ne f f

4 \

kF

\
. ~20!

The sign6 in C3
e,h refers to the situation where the carrie

in the QD and in the wetting layers that participate in t
collision process have equal (1) or different (2) signs, re-
spectively.bQD is the spatially dependent collision param
eter,hQD and r QD are the height and the radius of the QD
ne f f is the effective index of the material. The coefficientb
is a measure of the linear Stark effect~resulting from ex-
pressing the component of the dipole in direction of the Q
axis asbhQD) and kF is a coefficient describing the qua
dratic Stark effect, which can be estimated from the dip
moment and the eigenenergies@37#. The collision-induced
correctionDvQD-WL

e,h is added to the spatially dependent e
ergy renormalizationdE and DgQD-WL

e,h contributes to the
damping ratesge,h andgp in the density matrices. We not
that the spatial dependence ofbQD , r QD , andhQD modeled
in the form (p5bQD ,hQD ,r QD)

pQD5pQD
av ~11pQD

f luc!, ~21!

wherepQD
av denotes the average value andpQD

f luc is the spa-
tially dependent fluctuation, represents an arbitrarily distr
uted ensemble of quantum dots of varying size and sha
bQD

f luc considers, for example, the spatial fluctuation of t
collision parameter resulting from a spatial localization
the QDs in the laser. The higher the amplitude of the flu
tuations, the higher is the degree of disorder in the spa
distribution of the effective QDs.r QD andhQD are the aver-
age radius and height of the QDs, respectively. This lead
spatially dependent energy corrections and damping rate

The QD-SBEs including the dynamic intradot scatteri
and the interactions with the wetting layer constitute a fu
damental basis for a microscopic analysis of the relev
physical processes such as the influence of many-body in
actions, spontaneous recombination, carrier relaxation,
carrier injection. At each location in the laser structure t
carrier dynamics within the QD~1! and the wetting layer
~16! is—via the generation rate and the dipole dynamics
4-7
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fundamentally linked to the light-field dynamics that, in tur
is described by a suitable wave equation.

C. Optical field dynamics: Counterpropagation and diffraction

The spatiotemporal light-field dynamics plays a ma
role for relevant physical quantities such as the spatiospe
gain and induced index of the system that, in combinat
with the complex carrier dynamics, determine output qua
ties of the laser system, i.e., emission wavelength, spe
bandwidth, saturation properties, and temporal emiss
characteristics. A realistic theoretical treatment conseque
requires full consideration of spatially and temporally va
ing optical fields~associated with spontaneous- and induc
emission processes! that are mesoscopically coupled to th
dynamics of the electrons and holes in the QDs. The
ensemble represents a strongly inhomogeneous gain me
with spatially distributed QDs with individual material prop
erties~dielectric constant, refractive index, etc.!. This spatial
inhomogeneity is even more intensified by the spatiotem
ral dynamics of the carrier distributions in the QDs and in
wetting layer as well as by the nonlinear interaction of bo
carrier systems with each other. One may immediately se
that these space- and time-dependent variations lea
strong phase changes during the propagation of the l
fields in the laser resonator. Consequently the calculatio
the light-field dynamics has to include the temporal and s
tial changes of the field amplitudes in an appropriate man

We start from Maxwell’s equations for the optical fieldE
and the polarizationP and the material equations and deri
the wave equation

1

«0
““•P1¹2E2

1

c2

]2

]t2
E5m0

]2

]t2
P, ~22!

where«0 andm0 are the permittivity and the permeability i
vacuum, respectively,c is the velocity of light. Insertion of
the ansatz

E5eibz2 ivt~ET1ezEz!,

P5eibz2 ivt~PT1ezPz! ~23!

for the optical fields and the polarization leads to

S 2b212ib
]

]z
1

]2

]z2D ~ET1ezEz!1¹T
2~ET1ezEz!

2“T“T2“TET2“TS ib1
]

]zDezEz

2S ib1
]

]zD“TET1
1

c2 S v212iv
]

]t
2

]2

]t2D
3~ET1ezEz!

52m0S v212iv
]

]t
2

]2

]t2D ~PT1ezPz!, ~24!
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with the propagation constantb and frequencyv. With the
main field propagation parallel and antiparallel to the re
nator axis we may in Eq.~24! neglect the mixed derivative
“T]/]z, (]/]z)“T . Similarly, “TET'2 ibEz such that the
deviates“T“TE and “TibEz can also be safely omitted
Disregarding the second-order derivate (]2/]t2)P of the po-
larization ~in analogy to the microscopic Bloch equation
where one implicitly assumes a linear-response function!, we
finally obtain the following effective wave equation for th
counterpropagating (1,2) optical fields in a QD laser:

¹T
2E662ib

]

]z
E61

]2

]z2
E61

2iv

c2

]

]t
E62

1

c2

]2

]t2
E6

52m0v2P622iv
]

]t
P61FEqE~r ,t !. ~25!

The Langevin noise termFEqE(r ,t) that has been added t
Eq. ~25! has been derived from quantum Maxwell-Bloc
equations@33#. It considers spontaneous light-field fluctu
tions that depend viaFE5(A2\v0)/(Ae re0) on the specific
material parameters and on the emission wavelength of
device.qE(r ,t) obeys the correlation relation

^qE~r ,t !qE~r 8,t8!&5kd~r 2r 8,t2t8!, ~26!

wherek51/(2L)ln@R1R2# corresponds to the damping ra
of the resonator. The polarization of the active semicond
tor medium

P65V21(
i , j

d~ i , j !p6~ i , j ! ~27!

is the source of the optical fields (V denotes the normaliza
tion volume of the crystal!.

Our derivation of the QD-MBEs reflects the spirit of d
scribing the~spatiotemporal! dynamics of~spatially inhomo-
geneous! semiconductor lasers on the basis of Maxwe
Bloch equations @38#. The QD-MBE mesoscopically
considers the dynamics of the carrier distributions in the d
and the interlevel dipoles together with the spatiotempo
dynamics of the optical fields@including spontaneous ligh
fields, amplified spontaneous emission~ASE! and induced
recombination#.

Specific laser configurations of an actual device tha
characterized by its geometry, reflectivity of the mirrors, c
rent, injection, etc. are fundamentally included in our d
scription. They enter the theory in the form of bounda
conditions for the dynamically varying optical fields and ca
riers, e.g., the pump term of the QD-MBEs. The laser cav
induces additional counterpropagation and waveguiding
fects, which superimpose the carrier-field dynamics. The
sulting complex dynamic spatiospectral interactions betw
the QDs, the optical fields, and the surrounding layers in
ence the emission properties~e.g., temporal behavior of the
optical fields, emission spectra!. In the following section we
will discuss selective results of numerical simulations th
illustrate the interplay of light-field and carrier dynamics
quantum-dot lasers.
4-8
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III. COUPLED SPATIOTEMPORAL LIGHT-FIELD AND
INTERLEVEL ÕINTRALEVEL CARRIER DYNAMICS

IN QUANTUM-DOT LASERS

In the following, we will present selective results of n
merical simulations based on QD-MBEs. Specifically,
will consider spontaneous and induced light emission in
active dot medium and analyze the influence of spatial in
mogeneities~in quantum-dot parameters such as dot si
level energies, dipole matrix elements! on the spatiotempora
light-field and carrier dynamics. For specificity, the QD
structure is assumed to consist of three dot layers~InAs/
GaAs @3#! with a dot density of 1010 cm22. The dots are
assumed to be of pyramidal shape~with base length 12 nm!
with three electron and five hole levels. The length of t
laser is 1 mm, its width~of the active zone! 10 mm. At every
location within the medium, the QD-SBEs are, via dynam
scattering terms, coupled to a diffusion equation describ
the spatial distribution of the carriers in the surrounding la
ers. The general representation of physical properties
components of a QDL by the QD-MBEs is sketched in F
2: The spatial dependence of the carriers in the wetting la
and the propagating light fields (E6) are, in the simulation
of the spatiotemporal dynamics, considered via a numer
grid with equally spaced grid points in the lateral~x! and
propagation~z! direction. The local distribution of QDs is
defined by spatial coordinates with respect to this g
Thereby the spatial distance between the position of each
and the center of the respective cell~with length Dz and
width Dx) is saved in a spatially dependent variable tha
used for the collision rates between the QD and wett
layer. Each mesh~sizeDxDz) contains the following infor-
mation: Number of~effective! QDs in the mesh,NQD ~note
that a ‘‘hole’’ in the spatially distributed QDs, i.e.,NQD50 is
also possible!, position of the QDs~i.e., their distance from
the center of the area (DxDz), and the individual materia
properties of the QDs. The specific laser configuration
defined by the size of the medium and the reflectivities of
facets (R1 ,R2) and enters the theoretical description
boundary conditions for the optical light fields.

A convenient way to visualize the spatiotemporal lig
dynamics of spontaneous- and induced-emission process
in the form of temporal and spatial light-field and the carr
distributions. To additionally grasp the complex microsco
carrier-relaxation dynamics we will focus on the dynamics
the level occupations. On route, we will analyze the infl
ence of spatially varying quantum-dot properties~e.g. dot
size, level energies, dipole-matrix elements! on the spa-
tiotemporal light-field and carrier dynamics.

A. Spatiotemporal light-field dynamics: Interplay of
spontaneous and induced emission

One of the very characteristic properties of a laser is
buildup of coherence in the light field from initial spontan
ous emission. In the quantum-dot laser whose active med
is fundamentally characterized by the spatially inhomo
neous ensemble distribution of active quantum-dot sour
one would expect that this transition is determined by t
very feature together with the dependence on the~electrical
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or optical! excitation of the system. For low electrical injec
tion current Fig. 3 shows typical snapshots of the spa
light-field distribution within our model quantum-dot lase
structure. The time interval between the snapshots—show
the speckle distribution that is a characteristic of t
quantum-dot medium—is 3 psec. In this example we ha
assumed the very ideal case where the distribution of
dots within the structure is uniform~i.e., the dots are posi
tioned with constant dot-to-dot distance!. Furthermore, we
have used, for each dot within the structure, an identical
of parameters for dot size, level energies, and dipole-ma
element. The injection of carriers has been chosen such
the occupation of the energy levels of the dots are near tr
parency. In spite of the ‘‘ideal’’ conditions assumed for th

FIG. 3. Dynamics of luminescence patterns of spontane
emission of an idealized quantum-dot laser with perfect and u
form dot arrangement and identical parameters for dot size, le
energies, and dipole-matrix elements. Light shadings indicate h
levels of intensity. The time between successive snapshots is 3
4-9
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laser structure, spatial fluctuations in light and carrier dis
bution arise. They are the result of spontaneous light fluc
tions, microscopic carrier-relaxation dynamics, and nonlin
coupling between the light fields and the charge-car
plasma: The carrier dynamics within each dot is determi
by processes such as carrier injection, spectral-hole burn
intradot carrier relaxation via phonon emission and abso
tion, carrier-carrier and carrier-phonon interaction with t
wetting layers, as well as screening. We will later focus
those in more detail. For now we can see that for the lig
field dynamics the underlying physical processes consis
both coherent~in the case of, e.g., induced recombinatio!
and incoherent contributions~e.g., spontaneous emissio
carrier relaxation!. Consequently they vary from dot to do
even when identical dot parameters and ideal uniformity
the dot distribution in the layers are assumed.

The interplay of incoherent and coherent interactio
yields a spatially varying number of electrons and holes
the energy levels of the quantum dots. Together, the spo
neous and induced light emitted by a quantum dot then c
tributes to the forward and backward propagating light fie
and is thus transferred to the neighboring dots leading
complex spatiotemporally varying light-matter interaction
The propagating light fields on the other hand, experienc
spatially dependent modification via the interaction with t
quantum-dot ensemble. In combination with the diffracti
of the light field this leads to a spatially varying light-fie
dynamics@Figs. 3~a!–3~c!#. The nonlinear and inhomoge
neous light-matter interaction and the carrier dynamics af
at the same time the spatial charge-carrier density. For
time frame of Fig. 3~c!, Fig. 4 shows as an example th
distribution of electrons. The spatially varying level occup
tion and the formation of characteristic optical patterns ar
direct consequence of spontaneous light fluctuations
scattering. The microscopic intradot scattering of the carr
within the dots via emission and absorption of phonons,
interaction of the ‘‘dot carriers’’ with the carriers and th
phonons of the wetting layer, and the nonlinear coupling
the propagating light fields lead to a spatially varying occ
pation of the dots and subsequently to complex transv
carrier dynamics. It is important to note that the interplay
light with the carriers results in a spatiotemporally varyi
occupation although we have assumed the ‘‘ideal’’ case

FIG. 4. Snapshot of the spatial electron distribution correspo
ing to the luminescence pattern of Fig. 1~c!.
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uniform carrier injection and regular matrixlike positionin
of quantum dots that each have identical properties~size,
level energies, matrix elements!.

The spatiotemporal light-field dynamics changes if we
crease the excitation level~carrier injection! by rising the
respective pump term in the Bloch equations so that the d
are almost completely filled with carriers. In this case t
snapshots~again with time steps of 3 psec! of Figs. 5~a!–~c!
show the result of a significant inversion: light amplificatio
by induced recombination occurs in addition to t
spontaneous-emission processes. The first intensity distr
tion is taken 100 psec after the initial excitation of the do
In the longitudinal~z! direction one can observe dynamical
varying intensity modulations. These longitudinal structu
are typical for the inset of laser oscillations of a device i
mediately after start-up. They are a measure of the cha

-

FIG. 5. Spatiotemporal dynamics of stimulated emission
quantum-dot lasers pumped above threshold. The time interva
tween successive snapshots is 3 psec.
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FIG. 6. Dynamics of the opti-
cal nearfield~a!,~b! and the corre-
sponding carrier density~c!,~d! at
the output facet of a QDL.~a!,~c!
for negligible dot-to-dot fluctua-
tions, ~b!,~d! quantum-dot en-
semble with Gaussian fluctuation
~with a variance of 12%! in size
and location.
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teristic internal coherence length scales that typically lie
the micron regime. In time, the structures lead to intens
spiking and relaxation oscillations in the light emission.
lateral direction, i.e., parallel to the output facet, the intens
is rather uniform when compared to Fig. 3. This uniform
originates from induced emission processes, which now p
a major role in the overall behavior of the device: The init
filling of the dots establishes a carrier inversion and thu
high gain. Due to the increased influence of induce
emission processes, a spatiotemporal coherence builds
which is via the propagating light fields transferred in bo
time and spatial dimensions. The coupling of the carriers
the dots with the propagating light fields in combination w
the high gain characterizing the dot medium may then lea
a narrow-band stable laser output.

B. Spatial fluctuations

Contrary to the ideal situation assumed so far, slight d
to-dot variations in size, energy levels, and material para
eters exist in real quantum-dot laser systems. In addition,
dots are not equally positioned on a grid within the laye
The respective variance in quantum-dot parameters and
to-dot distance depends on the material system and the
taxial growth process of the particular quantum-dot syste
The most relevant inhomogeneities are, e.g., a varianc
QD size, energy levels, dipole-matrix elements, and nonu
formities in the distribution of quantum dots in the layer.

To elucidate the influence of spatial fluctuations, we w
contrast the temporal behavior of the near-field intensity
the carrier density at the output facet of an almost id
quantum-dot laser~with uniformly distributed, almost iden
tical dots! with a quantum-dot laser characterized by stro
spatial dot-to-dot fluctuations~of 12%! in the parameters
Figure 6 displays in a time window of 300 psec~starting
03380
n
y

y

y
l
a
-
up,

n

to

t-
-
e
.
ot-
pi-
.

of
i-

l
d
l

g

approximately 200 psec after turning on the device! the dy-
namics of the optical nearfield~a!,~b! and the carrier density
~c!,~d! at the output facet of the laser. In Figs. 6~a! and 6~c!
only a negligible deviation of the QD parameters from th
average values has been chosen~1% variance! while in case
of Figs. 6~b! and 6~d! the variance of the parameter values
the spatially distributed QDs~i.e., their size, dipole-matrix
elements, energy levels! is Gaussian with a variance of 12%
In both situations~low and high fluctuations! the near-field
intensity@Figs. 6~a! and 6~b!# shows slight modulations on
picosecond time scale. They originate from the dynamic
teractions between the light fields and the QD carriers ra
ing from the femtosecond time scale~in the case of micro-
scopic carrier scattering! up to the picosecond an
nanosecond time scales~reflecting the resonator round tri
time of the propagating light fields and the slow buildup a
decay of the spatial carrier density!. From the simulations we
can see that the diffraction of the light fields and the spatia
dependent interaction of light with the carriers in the do
and in the wetting layer lead to the formation of characte
tic optical patterns. The time scales of the carrier dynam
thereby are via the propagation of the light fields transform
into characteristic interaction lengths like the coheren
length. In combination with the diffraction of the light field
this leads to transverse modulations in Fig. 6 that typica
lie in the micron regime.

The light-field dynamics is determined on the one hand
the induced and spontaneous recombination processes a
the other hand indirectly by carrier scattering via carri
carrier and carrier-phonon interactions. The mutual influe
of light and matter is particularly strong during the start-
regime of the laser and leads to characteristic oscillation
the time domain. In case of a laser with a high spatial va
ance of the QD parameters, the spatial dependence of
near field is strongly affected: The spatial fluctuations in s
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and energy levels of the dots are via the termi v̄1gp of the
QD Bloch equations@see Eq.~1!# transferred to spatiospec
tral changes in the interlevel polarization. Changes in
dipole-matrix elementd( i , j ) induce via (i /\)(ne1nh)E6

respective changes in the interlevel polarization. T
leads—via the spatial polarization of the wave equat
~25!—to dynamic changes in both, amplitude and phase
the propagating light field and thus to the formation of d
namic characteristic optical patters. The spatial dynamics
relaxation of the carrier density typically occurs on long
time scales of a few hundred picoseconds. Thus in the t
window of Figs. 6~c! and 6~d! the increase in carrier densit
is part of a relaxation oscillation. In addition to the unifor
increase in the carrier density, Fig. 6~d! shows a characteris
tic filament structure. They originate from the mesosco
coupling of the charge-carrier plasma and the light-field
namics. The dynamic changes in the carrier system dep
via the generation rate of the Bloch equations@see Eqs.~1!#,
on the light fields that are spatiotemporally modified by t
spatially varying dot parameters. In addition, carrie
relaxation processes, via phonon emission or absorption
via interaction with carriers and phonons of the wetting la
ers, depend on the energy differences of the levels invol
and thus are also directly affected by the spatially vary
dot parameters. We note that although we have in our
ample chosen the fluctuations of the respective paramete
be the same in each dot, the variance of the individual
rameters can, in principle, be chosen independently.

C. Ultrashort-pulse propagation in a quantum-dot waveguide

A typical means of probing the internal dynamics of
quantum-dot laser is to inject an optical pulse into the la
and analyze the ultrafast dynamics of the output signal.
this configuration thus one additionally has to conside
light pulse propagating in a laser waveguide~width of the
structure 10mm, length 1 mm! filled with an inverted
quantum-dot ensemble. The snapshots displayed in Fi
show the intensity~a!–~c! and the carrier density~d!–~f!
within the active area of a QD laser during the propagat
of an ultrashort light pulse whose frequency correspond
the transition energy of the QDs. The injection current d
sity has been chosen such that the population of the
within the layers of the QD waveguide are significan
above the transparency. For the dot-to-dot fluctuation a v
ance of 5% has been assumed. The time between succe
plots is 3 psec. Figs. 7~a! and 7~d! represent the spatial dis
tributions of the intensity~a! and the carrier density~d! im-
mediately after optical injection. It is important to note th
initially the lateral spatial shape of the injected light field
Gaussian shaped with a width full width at half maximum
6 mm and the temporal profile of the pulse is chosen Gau
ian as well with a full width at half maximum of 500 fsec
Immediately after injection the light pulse starts to intera
with the ensemble of populated QDs. During its propagat
through the laser the pulse locally reduces the popula
within the dots established by the injection current by
duced recombination. With continuing propagation the lig
pulse is significantly amplified Fig. 7~b!. Due to the nonlin-
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ear light-matter interaction between the pulse and the s
tially distributed dots, a complex spatiotemporal behav
arises. It is directly reflected in the dynamic spatial structu
in both intensity and carrier density. The pulse is latera
structured and temporally distorted via the interaction w
the dots@Figs. 7~b! and 7~c!#. At the same time, spatial-hole
burning effects can be observed in the carrier distribution
Figs. 7~e! and 7~f!. The partial refilling of the dots—
determined by carrier injection, carrier capture, and therm
ization via carrier relaxation—defines a finite ‘‘respon
time’’ of the QD medium. As a consequence, the spatial
tension of the hole burnt by the light pulse@Fig. 7~f!# signifi-
cantly exceeds the spatial area covered by the optical p
@Fig. 7~e!#. Thus, a light pulse propagating in a QD wav
guide is strongly modified by the nonlinear interaction w
the QD system. The amount of spatial and temporal dis
tions the light pulse experiences thereby strongly depend
both spatial effects~such as dot density, uniformity of the do
distribution, spatial fluctuations! and microscopic ‘‘spectral’’
effects~determined by the characteristic relaxation times a
microscopic dot properties!. The spatial effects displayed i
Fig. 7 are thus—via the coupling between the wave equa
and QD-Bloch equations—the result of microscopic physi
effects. In order to analyze these dynamics we will in t
following focus on the population changes induced by a lig
pulse.

D. Interlevel and intralevel carrier dynamics
of the quantum-dot ensemble

While the optical output signal carries information on t
carrier dynamics of the quantum-dot ensemble, it does

FIG. 7. Propagation of a femtosecond pulse~full width at half
maximum of 500 fsec! tuned to resonance of an inverted quantu
dot ensemble.~a!–~c! Snapshots of the light field and~d!–~f! cor-
responding snapshots of the carrier density. The time between
cessive snapshots is 3 psec.
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directly reveal the carrier dynamics within each energy lev
In our QD-MBE the interlevel and intralevel dynamics a
automatically represented and calculated. The level dyn
ics allows a visualization of the microscopic interactions o
curring within the dots. As an example, we will concentra
on results calculated for the hole-level occupation during
propagation of a light pulse~500 fsec!. The respective
electron-level occupations show a qualitatively similar b
havior. We will focus on three physically different situation
absorbing, transparent, and amplifying QD media. Fig
8~a! shows the situation where the energy levels are alm
empty at the start of the calculation. In this case the pu
leads to an optical excitation of the carrier system. If on
other hand the dots are initially significantly filled@Fig. 8~c!#,
an effect similar to the well-known spectral hole burni
occurs: Depending on the dipole-matrix elements for the
dividual states and depending on the frequency detunin
the pulse with respect to the frequency of the respective e
tron and hole states, a reduction of the individual level
cupation and a partial refilling via carrier injection and m
croscopic scattering processes occurs. The microsc
scattering processes involved in this ‘‘level burning’’ are d
termined by emission and absorption of phonons, m

FIG. 8. Calculated hole-level occupation during the propaga
of a light pulse:~a! absorption,~b! transparency,~c! amplification.
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tiphonon interactions, and the interaction with the carri
and phonons of the wetting layer.

The magnitude of the various ‘‘channels’’ for relaxatio
mechanisms thereby depend on the QD energy levels, on
energy difference of the surrounding layers, and on the c
pling of a dot to its next neighbors. This dot-to-medium a
dot-to-dot interactions thereby are determined by the
density and the light propagation that mesoscopica
couples the QDs. It is consequently both specific mate
properties and dynamic light-matter interactions that dec
whether the dots are isolated from their environment or
have like a thermalized ensemble. In passing we may rem
that it is a decisive advantage of the mesoscopic spatia
solving that every intermediate state of the dots is allow
without restriction to the limiting cases of full isolated do
or a completely thermalized set of dots.

The physical situation is particularly interesting if the d
medium is near transparency@Fig. 8~b!#. Due to the indi-
vidual matrix elements the occupation of the various lev
may rise or be reduced even though the sum of all contri
tions stays more or less at a constant value. In particular,
dynamic changes in the level occupation and the dyna
saturation of individual levels may lead to the situation th
the laser first saturates to a specific level and then chan
from one interlevel transition to another one.

E. Luminescence of optically excited quantum-dot media

In Sec. III C we have considered the propagation o
resonant light pulse in an inverted quantum-dot medium,
an electrically pumped QDL. While this certainly represen
the preferred mode of operation of quantum-dot lasers
most applications, in many current experimental setu
however, one investigates luminescence of optically exc
quantum-dot media by an~ultra! short optical-pump pulse. In
the quantum-dot laser this corresponds to an approxima
d-shaped excitation of carriers into one or more hig
energetic carrier reservoirs either in the dots themselves~di-
rect optical pumping! or by carrier capture from the opticall
pumped wetting layer~indirect pumping!. Since the dynamic
interplay between the dots and the wetting layer is de
mined by a large variety of relaxation processes involv
the dot carriers and the carriers in the wetting layer, the
citation of the dots via the wetting layer represents a parti
larly interesting case. In the following we will thus focus o
the case of an ensemble of~initially empty! dots that is dy-
namically filled from the wetting layer~the high-energetic
carrier-reservoir!. The dynamic coupling between the d
carriers and the carriers of the wetting layer is determined
the density of quantum dots, the individual dot properti
and the epitaxial growth process. These factors contrib
simultaneously and lead to a characteristic response of
quantum-dot system. Thus the resulting luminescence is
fluenced by and directly reflects the multitude of physic
quantities that are involved in the characteristic excitat
and relaxation processes. These are characteristic~material!
properties like the optical matrix elements for the vario
~intradot and dot-wetting layer! carrier and carrier-phonon
interactions, the transition-matrix elements of the dot lev

n
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EDELTRAUD GEHRIG AND ORTWIN HESS PHYSICAL REVIEW A65 033804
involved, the energies of the dot levels and the wetting-la
states, the dot density, and the spatial dot distribution. S
a detailed analysis and variation of all these parame
~some of which even are presently not known in detail! in-
volves extensive simulations we will in the following restri
ourselves to the investigation of the influence of the filli
degree, the coupling strength, and the energy levels. The
we implicitly assume the remaining parameters to be~spa-
tially dependent! constants.

Figures 9, 10, and 11 show the characteristic lumin
cence, i.e., the laterally averaged intensity at the output f
of an optically pumped QDL structure. The degree of init
filling of the high-energy reservoir and the coupling streng
between the dots and their environment determines the
constants for carrier capture into the dots and the degre
dot filling. In combination this may lead to very differen
characteristic emission behavior discussed below.

1. Influence of excitation strength

The three curves displayed in Fig. 9 show the depende
of the luminescence on the filling degree of the carrier r
ervoir. The solid, gray, and dotted lines visualize the situat
where all, half, and significantly less than half of the ava
able wetting-layer states are filled with carriers, respectiv
For a moderate initial excitation the loading of the QDs w
carriers is comparatively slow, leading to a delayed onse
light emission. An increase in the initial carrier filling of th
reservoir provides a higher inversion in the dots resulting
intense light emission. The variation of the reservoir not o
determines the instant and intensity of the light emission
also affects the shape of the curve: For high excitatio
selective saturation of individual transitions may occur. A
consquence, a second transition can be involved leadin
mode beating, temporal modulations, or a second peak in
emission curve.

2. Influence of coupling strength

In order to analyze the influence of the coupling stren
we have calculated the intensity and level occupation in
dots with dependence on the fraction of wetting-layer sta
to which the dots couple~normalized to a unit cell

FIG. 9. Dependence of the QD luminescence on excitation le
Solid, gray, and dotted lines correspond to competely, half,
significantly less than half filled wetting-layer states, respective
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Dz3Dx). In a given laser structure this value is determin
by the dot density and by the potential step between the
and their environment determined by the size and shap
the dots as well as the particular material systems and
taxial growth processes. The resulting dynamic behavior
the emitted intensity is depicted in Fig. 10. First, a hi
coupling strength provides a faster filling of the~initially !
empty dots. As a consequence, the dot occupation rea
the characteristic threshold value that is apparant in Fig.
at an earlier time step. Second, it enables an efficient refil
of the dots that are partially depleted via induced-emiss
processes. In combination this leads to an intense peak in
emission curve~black!. A weak coupling on the other han
~gray! leads to a slow depletion of the carrier reservoir. As
result it delays the onset of light emission and ‘‘stretche
the shape of the emission curve in time.

3. Influence of quantum-dot size and growth:
Variation of energy levels

A variation in size and epitaxial growth of a quantum d
has a direct consequence for its energy levels. These v
tions in eigenenergies directly enter the QD-Bloch equatio
In the following we will consider two channels of transition
with the highest transition-matrix elements for two differe
cases:~1! a QD system with close transition energies~i.e.,
separated by less than the LO phonon energy! and~2! a QD
system where the carrier levels belonging to the two m
dominant transitions differ by an energy much higher th
the LO phonon energy. For these two examples Fig.
shows the temporal behavior of the~electron! level occupa-
tions @Fig. 11~a!# and the resulting emission curve@Fig.
11~b!# after the initial excitation of the QDs. The black line
in Fig. 11~a! pertain to the QDL where the transitions wit
the highest matrix elements are separated by more than
LO phonon energy. The gray curves correspond to the si
tion where the respective transition energies are very clos
each other. For the example with higher level separation
carriers populating the two QD levels are in main parts
coupled: the carrier recombination mostly restricts to o
level ~belonging to the transition with the highest dipol

l.
d

FIG. 10. Dependence of the QD luminescence on coup
strength. High coupling strength~black! provides a fast filling and
efficient refilling of the dots that are partially depleted via induce
emission processes. Weak coupling~gray! leads to a gradual deple
tion of the carrier reservoir.
4-14
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FIG. 11. Dependence of~a! level occupation and~b! the QD luminescence on transition energies. The black lines pertain to a QDL,
the highest matrix elements separated by more than the LO phonon-energy. The gray curves illustrate the case where the respectiv
energies are very close to each other. The respective emission properties represented by the solid curve in~b! show one intense pea
belonging to the main transition. The dashed curves visualize the carrier occupation for the dot system with close transition ener
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matrix element! whereas the second level absorbs carri
from the reservoir. The respective emission properties re
sented by the black curve in Fig. 11~b! shows one intense
peak belonging to the main transition. For the same exc
tion conditions, the dashed curves visualize the carrier oc
pation for the dot system with close transition energies.
this situation the two main carrier levels interact and ‘‘inte
fere’’ via dynamic carrier and phonon scattering. The res
ing emisssion curve~gray! shows two maxima. The specifi
shape of the temporal emission characteristics thus is a d
consequence of the dynamic interplay of competing tra
tions and spectral modes.

IV. CONCLUSION

In conclusion, we have set up a mesoscopic theory on
basis of a Maxwell-Bloch description. The resulting QD
MBEs consist of coupled spatiotemporally resolved wa
equations and QD-Bloch equations for the electron and h
levels within each quantum dot of a quantum-dot ensem
inside a quantum-dot laser.
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We have presented results of our numerical simulati
that aim to mesoscopically represent realistic QD laser st
tures. The simulations include, in particular, microscopic Q
properties, spatially dependent QD parameters and fluc
tions, spatially inhomogeneous light propagation, and
namic scattering. The carrier-scattering processes are co
ered on a mesoscopic level and include both the intra
relaxation and the interactions between the QD carriers
the surrounding layers. The specific laser configuration o
model device is considered via the macroscopic bound
conditions and constraints. The QD-MBEs allow the calc
lation and visualization of spatial distributions of the ligh
field intensity and carriers. Furthermore, the calculation
level occupations provides a detailed analysis of the vari
relaxation processes. For a specific set of parameters,
quantum dot Maxwell-Bloch equations will allow a micro
scopically founded interpretation of the QD properties o
tained from experimental investigations. Our mesosco
theory may thus establish a basis for linking the microsco
analysis of QD material properties with the quantum el
tronics of modern quantum-dot laser systems.
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