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Propagation and density effects in the coherent-population-trapping maser
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The coherent microwave emission from an optically thick atomic ensemble in a cavity under coherent
population trapping is analyzed. Transient and continuous operations are theoretically examined within the
frame of a closed three-level system in the Dicke regime. The effects related to the atomic density and to the
propagation in the active medium are examined with particular reference to the subnatural linewidth, the low
group velocity and the shifts of the maser emission profile from the unperturbed atomic transition. The case of
alkali-metal atoms submitted to aL excitation scheme is addressed in view of applications in the atomic
frequency standard field. Experimental observations in agreement with the theoretical predictions are reported
for the case of rubidium in a buffer gas. Apparent superluminal propagation is also reported and briefly
discussed.
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I. INTRODUCTION

The phenomenon of coherent population trapping~CPT!
in an atomic medium has been widely examined in the
erature since the observation of dark lines in the fluoresce
spectrum of Na atoms submitted to aL excitation scheme
@1#. The coupling of the two hyperfine ground-state levels
an alkali atom to an excited state via two resonant laser
diations drives the atomic ensemble into a nonabsorb
state: the light transmission of the medium is no longer
scribed by the classical Beer’s law and the electromagn
cally induced transparency~EIT! effect mainly characterize
the atomic ensemble@2,3#. Moreover, the atoms are cohe
ently trapped in the ground-state sublevels and the str
coherence induced between them is responsible of the co
ent microwave emission observed when this atomic
semble~phaseonium@2#! is coupled to a cavity tuned to th
hyperfine frequency@4#.

This system behaves as a passive maser~CPT maser! and,
besides its physical interest, may find application in
atomic frequency standard field as a microwave oscilla
with high medium-term stability@5#. A theoretical analysis of
the CPT maser has been reported in the long-wavele
approximation@6# for the case of negligible feedback of th
cavity on the atomic medium assumed optically thin. Und
these hypothesis no population unbalance is present betw
the ground-state levels and the coherent emission takes p
without population inversion. This highly symmetric cond
tion strongly reduces the cavity pulling and the light sh
effects that are responsible at a good extent of the medi
term frequency instability of the intensity pumped maser a
of the optical-rf double-resonance passive standards.

A strong field self-consistent approach has been de
oped in@7# where the feedback of the cavity on the atom
ensemble is fully taken into account; it introduces radiat
damping and an unbalance in the populations of the gro
state decreasing the intrinsic symmetry of the excitationL
scheme.

In order to fully describe the behavior of a CPT maser i
necessary to remove the long-wavelength approximation
the hypothesis of optically thin medium; in fact, releva
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density and propagation effects have been observed for
case of dark transitions even at temperatures lower t
60 °C for Rb and 40 °C for Cs, as reported, for example,
@8#.

In this paper we extend the self-consistent theoretical
proach of the CPT maser to the case of an optically th
active medium whose spatial dimensions are comparabl
the microwave wavelength. The theory will be developed
a closed three-level system in presence of a buffer gas m
ture containing N2 to reduce the emission profile linewidt
by Dicke narrowing and to avoid radiation trapping effec
@9# by quenching the fluorescence light scattered by
atomic ensemble. In particular, the following points have
be taken into account:~i! the traveling wave laser beam
used for theL excitation scheme have a relative phase t
changes in a significant way along the propagation axis,
side the active medium;~ii ! the phase of the microwave ra
diation emitted by each atom is referred to the local opti
phase difference;~iii ! due to the fact that the microwave fiel
inside the cavity is a standing wave, each atom is couple
the microwave field generated by the whole atom
ensemble.

In this paper, the influence of the atomic density and
the length of the active medium on the emitted power and
the emission profile will be made clear; among others, a n
frequency shift is found related to the propagation of t
laser beams inside the active medium and the possibility
reaching subnatural linewidth is predicted in the case o
pure three-level system. Nevertheless, in view of poss
metrological applications of the CPT maser, it appears p
sible to reduce the effects induced by the cavity feedback
the maser emission profile through a proper choice of
operating parameters.

A comparison is made also with the intensity optica
pumped~IOP! alkali-atom maser, which allows a better u
derstanding of the CPT maser behavior.

Finally we report the experimental results that confirm t
theoretical predictions both in transient and in continuo
operation in the case of87Rb in buffer gas and, in particular
the observation of the propagation shift, of the subnatu
©2002 The American Physical Society02-1
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FIG. 1. Energy levels~a! and
schematic illustration of the setu
~b! considered in the theoretica
analysis.
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linewidth and of very low and even negative group velo
ties.

II. THEORY

The analysis is performed for the energy-level sche
shown in Fig. 1~a!; the diagram is typical of alkali-meta
atoms and the figure addresses the particular case
87Rb D1 optical transition, even if the theory may be eas
extended to any closed three-level system. In the analysis
consider the setup illustrated in Fig. 1~b! where the atomic
ensemble submitted to aL excitation scheme is coupled to
microwave cavity tuned to the hyperfine frequency.

We consider two copropagating laser beams with w
vectorskW j5kj ẑ ( j 51,2) and with a common polarizationêl

independent ofz; we assume also for the field amplitud
spatial variations only along thez axis, so that we can write

EW j5Ej~z,t !êl ; êl• ẑ50; ¹W •EWj50 ~ j 51,2!, ~1!

Ej~z,t !5 1
2 Ej~z,t !exp@v j t2kjz1f j~z,t !#1c.c.~ j 51,2!,

~2!

wherev j are the angular frequencies of the laser fields a
Ej (z,t) andf j (z,t) are slowly variable functions ofz and t
~see for example@10#!.

The effect of the buffer gas is taken into account~i! by the
relaxation ratesg1 and g2 of the ground-states populatio
difference and coherence, respectively@11# ~ii ! by the decay
rate of the excited state~homogeneous broadening ofum&!,
~iii ! by the ‘‘localization’’ of atoms on the microwave wave
length scale~Dicke effect@12#!.

The Zeeman sublevels in the ground state are resolve
the static magnetic fieldBW 0 , while the hyperfine levelF8
51 in the excited state is assumed uncoupled from the
tical fields; D0 is the laser detuning from the optical res
nance.

The atomic ensemble prepared in the coherent superp
tion of the ground-state levels is coupled to a cylindric
microwave cavity to detect the coherent emission at the
perfine frequency generated by the oscillating magnetiza
along ẑ of the medium@6#. The cavity mode considered i
the computations is the TE011, whose magnetic field compo
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nentHz(z) along thez axis is nearly constant inside the ce
volume excited by the laser beams.

We analyze the atomic system in the ensemble-avera
density-matrix formalism@11# with the rotating wave ap-
proximation; the off-diagonal coherence terms are expres
as

rmm8~z,t !5dmm8~z,t !exp$ i @~v12v2!t

2~k12k2!z1f1~z,t !2f2~z,t !#%,

rmm~z,t !5dmm~z,t !exp$ i @v1t2k1z1f1~z,t !#%,

rm8m~z,t !5dm8m~z,t !exp$ i @v2t2k2z1f2~z,t !#%, ~3!

where, as usual,dmm8 , dmm , and dm8m are slowly varying
functions of z and t. Inside an optically thick medium the
amplitudes and the phases of the optical fields evolve acc
ing to the Maxwell equations that may be expressed in
case@10# as

]vR1

]z
1

1

c

]vR1

]t
5a1 Im dmm ,

]f1

]z
1

1

c

]f1

]t
52

a1

vR1
Redmm ,

]vR2

]z
1

1

c

]vR2

]t
5a2 Im dm8m ,

]f2

]z
1

1

c

]f2

]t
52

a2

vR2
Redm8m , ~4!

having defined the optical Rabi angular frequencies,

vR15E1^muer̂•elum&/\,

vR25E2^m8uer̂•êlum&/\, ~5!

and the absorption parameters,
2-2
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a15
v1^muer̂•êlum&2

«0\c
n,

a25
v2^m8uer̂•êlum&2

«0\c
n, ~6!

wheren is the atomic density of the medium,«0 the electric
permettivity of vacuum,c the speed of light in vacuum, an
r̂ is the vector between the nucleus and the electron of
atom.

The evolution of the density matrix operatorr̂ is given by
the Liouville equation that leads to a set of differential equ
tions for the population and coherence terms; following
procedure reported in@6,7,8# and taking into account Eq.~3!
we have

rmm1rm8m8'1, D5rm8m82rmm ,

ṙmm1G* rmm52vR1 Im dmm2vR2 Im dm8m ,

Ḋ1g1D522b Im~e2 iFdmm8!1vR2 Im dm8m

2vR1 Im dmm ,

ḋmm81@g21 i ~Vm1ḟ12ḟ2!#dmm8

5 i
b

2
eiFD1 i

vR1

2
dmm82 i

vR2

2
dmm ,

ḋmm1S 1

2
G* 1 iD0D dmm52 i

vR1

4
~12D!2 i

vR2

2
dmm8 ,

ḋm8m1S 1

2
G* 1 iD0D dm8m52 i

vR2

4
~11D!2 i

vR1

2
dm8m .

~7!

The above set of equations has been derived in the
pothesis thatvR j(z,t)!G* ,;z, t( j 51,2), widely satisfied
in the usual frequency standard applications. The ‘‘mic
wave detuning’’Vm5(v12v2)2vm8m has been also as
sumed always negligible with respect to the excited s
linewidth as well as the microwave Rabi frequencyb defined
as

b5
1

\
m0mzHz ~8!

and associated with the microwave magnetic field in the c
ity,

BW 5 ẑm0Hz cos@~v12v2!t1F~ t !#, ~9!

wherem0 is the permeability of free space andmz the hyper-
fine transition magnetic moment. In the case of alkali ato
for mF50, DmF50 transition we havemz5mB , the Bohr
magneton. We assume thatvm8m is the hyperfine separatio
shifted by the static fieldBW 0 , by the buffer gas collisions an
any other time-independent perturbation. The fieldBW , in ab-
sence of external microwave fields applied to the atoms
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the microwave field generated by the atoms themselves;
phase termF(t) leads to the complex Rabi frequency,

b̃5beiF ~10!

and its full expression will be made explicit in the followin
analysis in the frame of a self-consistent approach of
CPT maser.

The set of Eq.~7! is very similar to the one examined i
@7#, but now all the density-matrix elements and the opti
Rabi frequencies are functions ofz and t.

In the case of an optically thin atomic sample and a c
length much shorter than the microwave wavelengthL
!l) the solution of the Maxwell equations for the micro
wave magnetic field in the cavity gives@7#

b522kudmm8u, ~11!

F5
p

2
1tan21 c1tan21

Im dmm8
Redmm8

. ~12!

In Eq. ~11! k is the number of microwave photons emitte
by an atom in 1s. Its expression is

k5
m0mz

2h8QLn

\~2I 11!
~13!

QL being the loaded cavity quality factor,h8 the filling fac-
tor defined in@6#, andI the nuclear spin. In Eq.~12! c is the
detuning parameter of the cavity,

c52QL

Dvc

vm8m
, ~14!

whereDvc is the cavity detuning fromvm8m ; c!1 in usual
operating conditions (tan21c>c).

Relations~11! and ~12! may also be written in the more
compact form

b̃522ikeicdmm8 . ~15!

The total power generated by the atomsPa in the cavity is
then @6#,

Pa5
1

2
\vm8mNa

ub̃u2

k
, ~16!

whereNa is the number of atoms in the effective volume
the cell exposed to the radiation fields.

For an optically thick atomic system, Eq.~15! is no longer
valid but an equivalent expression may be found as follo

We divide the cell containing the atomic sample inm
elementary cells of lengthL/m with m@1, as shown in Fig.
2.

For the TE011 mode the filling factor in the cell region
(L,d) is proportional to the elementary cell length (L/m)
and we can write for thej th cell h j85h8/m and from Eq.
~13! kj5k/m.

Moreover, each elementary cell is optically thin so th
Eq. ~11! is valid,
2-3
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bj522kj udmm8u j ~17!

and Eq.~12! may be written as

f j5
p

2
1c1tan21S Im dmm8

Redmm8
D2~k12k2!zj

1@f1~z,t !2f2~z,t !# j , ~18!

where the last two terms in the right-hand side take i
account that the microwave phase is now referred at the l
fields phase difference that evolves alongz as given by Eq.
~2!.

In compact form Eqs.~17! and ~18! may be written as

b̃ j522ieickj~dmm8! je
22ipzj /l exp$ i @f1~z,t !2f2~z,t !# j%.

~19!

The total Rabi frequency associated with the standing
crowave field excited in the cavity is given by the sum of t
contributions from all the elementary cells and in the limit
m→` we have

b̃~ t !522ieic
k

L E
0

L

dmm8~z,t !e22ipz/l

3exp$ i @f1~z,t !2f2~z,t !#% dz. ~20!

We note thatb̃(t) does not depend onz as expected, being
the microwave field supported by the cavity a standing wa

The set of coupled Eqs.~4!, ~7!, and~20! gives the genera
solution for the complete description of the CPT maser i
self-consistent approach in the case of an optically th
atomic medium. Through Eq.~16!, the output power and the
emission profile of the CPT maser may be evaluated bot
steady state and in transient operation and all the main
fects affecting its behavior may be examined~light shift,
power broadening, microwave shift, cavity pulling, . . . ! also
in view of applications in time and frequency metrolog
Using the adiabatic approximation, where the optical coh
ences are assumed to evolve much faster than the gro
state coherence, taking into account thata1'a25a for the
D1 transition of alkali atoms and assumingD050 ~lasers
tuned to the optical transitions! the set of coupled equation
turns out to be

FIG. 2. Ideal elementary cells considered in the text.
03380
o
er

i-

e.

a
k

in
f-

r-
d-

]D

]t
1S g11

vR1
2 1vR2

2

2G* DD522 Im~ b̃* dmm8!1
vR1

2 2vR2
2

2G*
,

]dmm8
]t

1Fg21
vR1

2 1vR2
2

2G*
1 i S Vm1

]~f12f2!

]t D Gdmm8

5 i
b̃

2
D2

vR1vR2

2G*
,

]vR1

]z
1

1

c

]vR1

]t
52

a

2G* @vR1~12D!12vR2 Redmm8#,

]vR2

]z
1

1

c

]vR2

]t
52

a

2G* @vR2~11D!12vR1 Redmm8#,

]~f12f2!

]z
1

1

c

]~f12f2!

]t
52

a

G* S vR2

vR1
1

vR1

vR2
D Im dmm8 ,

b̃522ieic
k

L E
0

L

dmm8e
22ipz/lei ~f12f2!dz. ~21!

In order to solve the above system of coupled nonlin
differential equations it is necessary to fix the boundary c
ditions. We choose to fix the initial conditions atz501;t
and att501;z, which allow us to reduce the problem t
known physical limits. In fact atz501 the medium is opti-
cally thin ;t and the solutions are provided by the equatio
reported in@7#; in the case of equal laser intensities at t
entrance of the cell we have,

vR1~z501,t !5vR2~z501,t !5vR~0!,

f1~z501,t !2f2~z501,t !50,

Ḋ1S g11
vR

2~0!

G* DD522 Im~ b̃* dmm8!,

ḋmm81Fg21
vR

2~0!

G*
1 iVmGdmm852

vR
2~0!

2G*
1

i

2
b̃D .

~22!

The boundary conditions att501 require to clear up the
meaning oft501 from the physical point of view. In Fig. 3

FIG. 3. Order of magnitude of the main time constants involv
in the theory.
2-4
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we show the main time constants involved in the maser
eration and the assumed physical origin of the time scalt
501) for the analysis of the maser transient behavior.

We chooset501 when the hyperfine coherence is not y
established while the optical coherences are at their ste
state condition and follow adiabatically the hyperfine on
the boundary conditions att501 are then provided by the
classical solutions of an optically thick medium~Beer’s law!
in steady-state conditions,

vR1~z,t501!5vR2~z,t501!5vR~0!e2~a/2G* !z,

f1~z,t501!2f2~z,t501!50,

D~z,t501!50,

dmm8~z,t501!50. ~23!

In both Eqs.~22! and ~23! thermodynamic equilibrium is
assumed to be reached before the interaction with the l
fields.

III. NUMERICAL SOLUTIONS

A. Steady-state solutions

We consider in this section the output power, the li
shape, and the frequency shift of the maser emission pr
through the steady-state solution (]/]t→0) of the set of Eqs.
~21!.

1. Low-density case„a\0,LÉl…

The casea→0 andL!l ~long-wavelength approxima
tion! has been widely examined in@7# and in this case the
Eqs. ~21! reduce to the equations there reported. Here
analyze the effects related to the propagation of the la
beams inside a cell withL'l. For a low-density medium
and equal laser intensities atz50 Eqs.~21! yield,

vR1~z!5vR2~z!5vR~0! ; z,

f1~z!2f2~z!50 ; z,

b̃522ikdmm8

sinpL/l

pL/l
ei ~c2pL/L!,

~g112Gp!D524kudmm8u
2

sinpL/l

pL/l
cos~c2pL/l!,

~g212Gp1 iVm!dmm852Gp1kD
sinpL/l

pL/l

3ei ~c2pL/l!dmm8 , ~24!

whereGp5vR
2(0)/2G* is the transversal pumping rate.

The last two equations have a very interesting solut
whenc2pL/l5p/2,
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D~z!50,

dmm8~z!5
2Gp

g212Gp1 iVm
. ~25!

It means that the proper choice of the cell lengthL'l/2
eliminates the effects related to the feedback of the cavity
the atomic ensemble. In particular, this choice eliminates
unbalance in the ground-state populations that is respons
of the following effects on the maser emission profi
Pa(Vm): the cavity pulling, whencÞ0, and the microwave
shift, when D0Þ0. From Eq. ~25!, the shape ofPa(Vm)
turns out Lorentzian. The more general solution of Eq.~24!
gives the results shown in Fig. 4 for the population diffe
enceD and for the relative shiftDv/vm8m of the maser emis-
sion profile ~propagation shift! vs the length of the atomic
medium.

FIG. 4. ~a! Computed population differenceD and~b! propaga-
tion shift vs the cell lengthL, for the particular case:g2

5200 s21, Gp5200 s21, andk5103L s21.
2-5
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The solutions reported in Fig. 4 refer to the case of87Rb
in buffer gas at low density; only for a cell of lengthL
'l/2 no unbalance in the populations is present and
maser emission profile is centered at the hyperfine trans
frequency. The vertical axes forD and Dv/vm8m at a first
approximation scale ask and k2, as can be deduced from
Eqs.~24!. For the cell withL'0 or L'l the third equation
of Eq. ~24! gives no output power; forL50 it is obvious
while for L'l the result may be understood in the followin
way: the elementary magnetizations emit with a positio
dependent phase and sum up in such a way that the
magnetization is reduced to zero for a cell lengthL'l. The
general expression for the output power in this case is gi
by

Pa5
1

2
\vm8mNaku2dmm8u

2S sinpL/l

pL/l D 2

. ~26!

2. High-density case

In this case the system~21! has to be solved with the tim
derivatives equal zero and all the equations are coupled
each other. Due to the last integral equation, we have so
numerically the system with a recursive approach on
Rabi frequencyb̃. We report in this subsection some nume
cal evaluations regarding the power generated by the ato
ensemble and the shifts of the emission profile center
quency.

The numerical values of the parameters used in the c
putations refer to the87Rb D1 optical transition~electric di-
pole momentd51.5310229 C/m! and to a buffer gas mix-
ture ~10 Torr of N2 and 15 Torr of Ar for thermal
compensation of the collision induced hyperfine frequen
shift!. In this case we may assume@11# G* 533109 s21 and
g1'g2'180 s21 at T530 °C; above this temperatureg1
and g2 are controlled also by spin exchange and incre
linearly with the atomic densityn. We assume also a ce
length L'l/2'2.2 cm and a cavity loadedQ factor QL
515 000. With a laser beam radius of 1.3 cm the act
volume isNa512 cm3 and the filling factorh8'0.2. In or-
der to fix the orders of magnitude, for the parameters c
sidered above, we find at 60 °C;n5331011cm23, k
5240 s21, a55.831011m21 s21, andNa5931011.

The microwave power generated by the atomic ensem
vs the transversal pumping rate is reported in Fig. 5 for d
ferent atomic densities; equal laser intensities are assum
the entrance of the cell. The saturation of the emitted po
level vs Gp , typical of the CPT maser emission, is prese
also in this case of optically thick medium and th
asymptotic level is proportional ton2 as far as enough lase
intensity is applied to the atomic system. The reported po
levels are calculated at the peak of the emission profile.

The computed full width at half maximumDn1/2 of the
emission profile is reported in Fig. 6 vs the atomic dens
the significant reduction of the linewidth for increasing de
sities is an interesting consequence related to the EIT e
@3# which is embodied in the CPT phenomenon and has b
observed experimentally in@8,13# for dark transitions in op-
tically thick media. In Fig. 6 we report the ground state
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laxation rate of the Rb atoms in the buffer gas@curve ~a!#
which makes evident the ‘‘subnatural’’ level achievable
the emission profile linewidth@curve ~b!# when the atomic
density is increased above a certain value in the case
pure three-level system@14#. Besides the physical interest fo
this phenomenon always related to the EIT effect, the co
sponding high atomicQ factor turns out of particular impor
tance for the possible metrological applications of the C
maser.

The curve~c! of Fig. 6 refers to a real atomic system
where the Zeeman degeneracy is assumed to be compl
resolved; it has been evaluated in a phenomenological
from Eq. ~21! via a reduction of the hyperfine coheren
weight in the Maxwell equations by the factorj52I 11 ~I is
the nuclear spin!.

We report in Fig. 7 the behavior of the emission profi
linewidth vs the optical Rabi frequency for two atomic de
sity values in the subnatural regime. It turns out that in t
case a power narrowing of the atomic transition has to

FIG. 5. Calculated emitted power vs the pumping rate for d
ferent atomic densities.j, n5331011 cm23 (T560 °C); m, n
51.131011 cm23 (T548 °C); d, n52.931010 cm23 (T
534 °C).

FIG. 6. Full width at half maximum of the CPT maser emissi
profile vs the atomic density.~a! natural linewidth of Rb atoms in
buffer gas,g2 /p; ~b! linewidth in pure three-level system, (j
51); ~c! same as~b! but taking into account the Zeeman structu
of Rb atoms, as explained in the text (j51/4); Gr(0)5500 s21.
2-6
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observed which represents a signature of the subnatura
gime itself.

When the atomic density is maintained fixed andk is var-
ied throughh8 or QL @Eq. ~13!# the solution of Eq.~21! leads
to a broadening of the emission profile vsk, that is to the
microwave broadening discussed in@7# for the case of an
optically thin medium. In the present case this effect
slightly reduced and completely masked whenk is varied
through the atomic densityn.

In Sec. III A 1 we have observed the existence of a pro
gation shift whose behavior vs the cell length is reported
Fig. 4~b!. When the atomic ensemble is thick this shift b
comes quite significant also forL'l/2 as can be seen in Fig
8.

This effect should be analyzed in greater detail in case
metrological applications and in particular its depende
from the various parameters which control the CPT ma
behavior, in order to evaluate its influence on the final s
bility of the frequency standard.

We conclude the analysis of the steady-state solution
the set of Eqs.~21! considering the effects onP(Vm) of the
microwave cavity detuning~cÞ0 cavity pulling! and of the
laser center frequency detuning~d0[2D0 /G* Þ0 micro-

FIG. 7. Full width at half maximum of the maser emission pr
file vs the Rabi frequency.j, n55.331011 cm23; d, n52.4
31011 cm23.

FIG. 8. Calculated propagation shift vs the atomic density
Gp(0)5500 s21.
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wave shift! always for equal laser intensities at the cell e
trance. Typical results are for the cavity pullingDv/vm8m
'5310211 with c50.1 and for the microwave shif
Dv/vm8m'5310212 with d050.01, when n51.1
31011cm23 @when d0Þ0 the set of Eqs.~4!, ~7!, and ~20!
has to be used#.

We may conclude that the cavity pulling and the micr
wave shift as well as the power broadening of the emiss
profile reduce their contribution in an optically thick mediu
with respect to an optically thin one@7# and that they are
negligible when compared with the propagation shift. Th
last effect is due to the dependence of the phases of
elementary magnetization from the position inside the ac
volume and is described by the term exp@i(2pz/l)#exp@i(f1
2f2)# of Eq. ~20!. In principle, this effect could be elimi-
nated or at least strongly reduced by use of a coated
without buffer gas@11# where a motional averaging for th
elementary magnetization phases may be assumed~random
motion of the atoms through the laser wave fronts!.

B. Dynamical solutions

The calculated output power buildup of the CPT ma
reported in Fig. 9 is obtained from the numerical solution
the system~21! with boundary conditions~22! and ~23!.
When the reduced gain parameterk/g2 and the pumping rate
Gp /g2 reach values of the order of 1 an overshoot is pres
in the output transient response as shown in Fig. 9~b!; this
feature was already present in the case of an optically
medium@7#, but now its duration is extended in time by th
effect of the atomic density.

It is interesting to note that a similar behavior has be
reported for dark lines observed in optically thick media@15#
and in that case it was a clear signature of the EIT effect
particular, it may be also related to the very high group de
tg typical of these media as it has been theoretically p
dicted in @16# and experimentally observed in@17#. We may
evaluate the group delay for the CPT maser starting from
Eqs.~21! and applying a sinusoidal amplitude perturbation

r

FIG. 9. Transient behavior of the power emitted by the C
maser. n5331011 cm23, L50.03 m, G* 533109 s21, Gp

5200 s21, ~a! g25260 s21, k5300 s21, ~b! g25200 s21, k
51000 s21.
2-7
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ALDO GODONE, FILIPPO LEVI, AND SALVATORE MICALIZIO PHYSICAL REVIEW A 65 033802
the laser fields at the entrance of the cell. In particular,
express the first boundary condition of Eq.~22! as

vR1~z501!5vR2~z501!5vR~z501!@11ma sinvmt#,

ma!1,

and we compute the delay between the output and the i
perturbation signals. The calculated group delay vs the F
rier frequencyvm/2p has a behavior analogous to the e
perimental curve reported later on~see Fig. 19!. In particular,
for a negligible cavity feedback and forn52.6
31011cm23, L55 cm; vR(z501)513106 s21, and ma
50.1, we calculated a time group delay of about 2 ms, c
responding to a group velocity of the order of 20 m/s. T
group delay bandwidth is of the order of the maser emiss
linewidth and any information contained in such a bandwi
is delayed in time with negligible distortion. In the case
Fig. 9 the observed overshoot may well be related to
delayed~and distorted! transmission of the amplitude ste
applied to the laser fields for the analysis of the transi
behavior.

IV. COMPARISON BETWEEN CPT AND IOP MASERS

In this section we extend the calculations also to the c
of the IOP maser, which may be easily derived from t
theory reported in Sec. II. A deeper understanding of the C
stimulated emission phenomenon is obtained from the c
parison with the IOP maser as it was already observed in
case of an optically thin medium@7#.

The IOP maser equations may be deduced from Eq.~21!
taking into account that:

~a! vR2(z501)50 ; t;
~b! the phases of the elementary magnetizations are fo

by the microwave field that builds up in the cavity and not
the laser fields phase difference.
With reference to point~a!, in principle, a field atv2 may be
generated inside an optically thick medium~Raman gain!
but, in absence of an optical resonant cavity, the feedbac
the field atv2 on the atomic ensemble is fully negligible s
that we assume

vR2~z,t !50 ; z,t. ~27!

As far as point~b! is concerned, the complex microwav
Rabi frequency in this case turns out to be

b̃~ t !522ikeic
1

L E
0

L

dmm8~z,t !dz. ~28!

Inserting Eqs.~27! and~28! in Eq. ~21!, we obtain the set
of differential equations that describe the IOP maser beh
ior in a complete self-consistent approach for the case o
optically thick atomic ensemble. In steady-state conditio
(]/]t→0) we have
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S g11
vR1

2

2G* ~11d0
2!

DD522 Im~ b̃* dmm8!1
vR1

2

2G*
,

Fg21
vR1

2

2G* ~11d0
2!

1 i S Vm1
vR1

2

2G*
d0

11d0
2D Gdmm85 i

b̃

2
D,

]vR1

]z
52

avR1

2G*
12D

11d0
2 ,

b̃522ieic
k

L E
0

L

dmm8dz. ~29!

In the above equationsvR1
2 (z)/2G* 5Gp(z) is now the

longitudinal pumping rate; in the particular cased050 and
c50, assumingg1'g2 andVm50 ~natural maser emission
frequency!, the following analytical solution of Eq.~29! is
found ~see Appendix!:

lnH e2z/k82
12e2z/k8

gp~0!
~b8211!J 2~12e2z/k8!

3@11b821gp~0!#1
z

k8
b821z50, ~30!

where z5aL/G* is the optical length of the medium;k8
5k/g2 is the~reduced! gain factor;gp(0)5Gp(0)/g2 is the
initial ~reduced! longitudinal pumping rate; andb85ub̃u/g2
is the ~reduced! complex Rabi frequency, which gives th
power generated by the atoms through Eq.~16!.

Numerical solutions of Eq.~30! are reported in Fig. 10
that represents the behavior of the generated power vs
pumping rate; for an optically thin medium (z50.1) we find
the parabolic curve already reported in@7# while for an op-
tically thick medium (z.1) the optimum output power is
shifted towards higher pumping rates. Moreover, the em
sion threshold and the corresponding pumping rate are
ported in Fig. 11 vs the optical length as obtained alwa
from Eq. ~30!.

FIG. 10. Numerical solutions of Eq.~30! vs gp(0), with
k855.
2-8



o
tio
u

an
e
m
ts
t
te

th

n

n
m
s
to

al

to

n-
-

at
e
s

Eq.

-
the

a

e

as

to
d
ut

ll is
of
ata

e a
eld

de,
en-

ck

na-
the

ro-

ig.

atio
ed
on

al

eri-

rate
he

e v

la
al

PROPAGATION AND DENSITY EFFECTS IN THE . . . PHYSICAL REVIEW A 65 033802
We observe that the main effect of the optical length
the IOP maser is a slight increase of the threshold condi
and a higher pumping rate required to achieve the maxim
output power. No propagation shift arises in this case
this is the new difference between CPT and IOP mas
when the optical length is not negligible; this difference fro
the physical point of view reflects the different constrain
for the phases of the elementary magnetizations. In fac
the IOP maser they are defined by the internally genera
microwave field while in the CPT maser they are fixed to
local phase difference of the optical fields.

V. EXPERIMENTAL RESULTS

A. Experimental apparatus

The experiments have been done with the setup show
Fig. 12.

A semiconductor diode laser with an external Littma
Metcalf cavity provides a tunable radiation at 795 n
~D1

87Rb transition! and a power of up to 10 mW that i
coupled through an isolator to an electro-optic modula

FIG. 11. Emission threshold and corresponding pumping rat
the optical lengthz. h, gp(0)5Gp(0)/g2 ; d, k85k/g2 .

FIG. 12. The experimental setup: EOM, electro-optic modu
tor; VCXO, voltage controlled crystal oscillator; ND, neutr
density attenuators.
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~EOM! via a single mode polarization maintaining optic
fiber.

The EOM has a rf bandwidth of 5 GHz and allows
reach a phase modulation index ofmf'4 with 1 W of rf
power; applying to the EOM the output of a microwave sy
thesizer at 3.417 GHz (nm8m/2) the first two modulation side
bands of the output spectrum provide the radiation fields
v1 and v2 required for theL excitation scheme when th
laser is tuned to theD1 center of gravity. The two radiation
are phase coherent between themselves as required by
~2! and have equal intensities so thatvR1(z501)5vR2(z
501) when the excited optical level is the 52P1/2F852;
with a modulation indexmf'2.4 the laser carrier is sup
pressed. The power of the modulated laser spectrum at
entrance of the cavity is 700mW and the beam shape is
TEM00 Gaussian mode with ae21 radius of 10 mm. Al/4
plate provides thes6 polarization required to excite th
DmF50 microwave transitions@18#.

The quartz cell has an internal length ofL518 mm and
contains87Rb ~98%! and a thermally compensated buffer g
mixture ~15.5 Torr of Ar and 9.5 Torr of N2!.

The microwave cavity is made of Al and is tuned
vm8m/2p for the TE011 mode; when the quartz cell is inserte
and the coupling is critical the loaded quality factor turns o
QL510 000 at the operating temperature of 60 °C. The ce
provided of a cold finger that avoids a significant coating
the inside surface by the rubidium atoms. From the d
above reported the cavity filling factor turns outh8'0.4 and
the active volumeVa55.6 cm3; in the low density limit
g2 /p'70 Hz.

The cavity is temperature controlled and placed insid
double magnetic shield; a longitudinal static magnetic fi
B0'1025 T defines the quantization axis.

The transmitted optical fields, detected by a photodio
provide an absorption signal useful to lock the laser frequ
cies to the optical transitions~D050, not indicated in Fig.
12!, and/or the dark line signal which may be used to lo
the microwave synthesizer on the hyperfine87Rb transition.
The CPT microwave emission is detected by a spectrum a
lyzer that may act as a heterodyne detector to analyze
transient behavior of the CPT maser or to lock the mic
wave synthesizer to the atomic emission profile.

B. Experimental results

The spectrum of the microwave emission shown in F
13 has been observed atT577 °C (n'1012 /cm3,g2 /p
5230 Hz,k'1000 s21) and withGp'700 s21; it is centered
at (v12v2)/2p and its width is limited by the resolution
bandwidth of the spectrum analyzer. The signal to noise r
for an observation bandwidth of 1 Hz is 25 000 and is limit
by the thermal noise of the cavity and of the detecti
system.

Taking into account the cavity coupling and the extern
losses, the power generated by the atoms isPa'20 pW, not
far from the theoretical estimations for the present exp
mental configuration.

The maser output power vs the transversal pumping
is shown in Fig. 14 for three different atomic densities; t

s

-
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ALDO GODONE, FILIPPO LEVI, AND SALVATORE MICALIZIO PHYSICAL REVIEW A 65 033802
behavior is in agreement with the computations reported
Fig. 5 while, as far as the absolute values of the vertical a
are concerned, the remarks reported for Fig. 13 are still va

The power emission profile vs the microwave detun
Vm/2p is an important feature of the CPT maser because
centered to the ground-state frequency splitting; the exp
mental curve shown in Fig. 15 refers to a cell temperat
T568 °C (n'631011 cm23,g2 /p5150 Hz).

The experimental points are fitted with a Lorentzi
curve; the full width at half maximum isDn1/2'240 Hz. The
slight asymmetry observed in the experimental profile m
be due both to a position dependent residual light-shift o
the non linearities of the thick medium and increases w
the pumping rate. The observed linewidth is reduced w
respect to the low density value (g212Gp)/p'470 Hz @6#
as predicted by the theoretical computations and already
ported in the experiments with the dark line@19#. A subnatu-
ral linewidth has been also observed for a limited range
pumping rates as reported in Fig. 16. At low pumping rate

FIG. 13. Spectrum of the microwave emission. Power at
peak, 6.3 pW; vertical axis, 10 dB/div; horizontal axis, 1 kHz d
center frequency, 6.834 687 GHz; resolution bandwidth, 100
video bandwidth, 100 Hz.

FIG. 14. Maser output power.j, T577 °C (n51.1
31012 cm23); d, T568 °C (n5631011 cm23); m, T547 °C (n
5831010 cm23).
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is clearly observed the power narrowing of the atomic tra
sition predicted in the numerical computations of Fig. 7.

It is worth noticing that the applied laser beams can ea
determinate some optical pumping between the hyper
sublevels, leaving a degree of uncertainty in the real pop
tion of themF50 ground-state levels.

A more detailed physical and experimental description
this phenomenon is reported in@19#. The significant line-
width reduction for any pumping rate value observed in
high-density regime is relevant for the high resolution sp
troscopy and especially for the atomic frequency stand
field, where the opportunity of working with high-Q reso-
nances is particularly desirable.

Another typical feature of the CPT maser emission is
propagation shift; as reported in Sec. III of this paper, wh
the long-wavelength approximation does not hold for t
atomic sample (L;l) the peak of the emission profile i
shifted with respect tovm8m/2p due to the dependence of th
elementary magnetization phases from the position inside
active volume. This effect is not present obviously in t

e

;
FIG. 15. Maser emission profile.j, experimental points; ,

Lorentzian fit;Gp5500 s21.

FIG. 16. Maser emission profile linewidth.j, experimental
points atT577 °C (n51.131012 cm23); , natural linewidth;
——, low-density theory.
2-10
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PROPAGATION AND DENSITY EFFECTS IN THE . . . PHYSICAL REVIEW A 65 033802
dark line signal so that we have been able to observe it lo
ing the synthesizer alternatively to the maser emission pro
and to the dark line.

The experimental measurements reported in Fig. 17 s
the observed behavior of the propagation shift vs the pu
ing rate at different atomic densities. The magnitude of
shift is in the range of the theoretical values reported in F
8 and increases with the atomic density; this behavior, p
dicted by the theory only for lower densities (n,2
31011 cm23), could be due to the fact that the real system
not a pure three-level system as assumed in the theory.
worth while mentioning that we have been able to comp
sate the above red shift in our apparatus with the blue l
shift induced by the off resonant components of the mo
lated laser spectrum@20#; this compensation is highly desir
able in view of applications in the frequency standard fie

The transient behavior of the output microwave powe
shown in Fig. 18 for aGp'500 s21, T568 °C (n56
31011 cm23) and shows the typical overshoot predicted
the theory~see Fig. 9! and discussed in the previous sectio

We report finally in Fig. 19 the measured group delay

FIG. 17. Measured propagation shift.j, T547 °C (n58
31010 cm23); m, T568 °C (n5631011 cm23); d, T577 °C (n
51.131012 cm23).

FIG. 18. Output power as measured in transient mode. Vert
axis, 200 fW/div; horizontal axis, 5 ms/div. Resolution bandwi
10 kHz; video bandwidth, 10 kHz.
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a sinusoidal amplitude perturbation applied at the la
fields; it turns out in good agreement with the theoreti
computations.

We have used in the case of Fig. 19 a cell with a len
L54 cm to increase the sensitivity of the experiment: t
emission profile width isDn1/2'100 Hz and the outpu
power is strongly reduced by the propagation te
(sinpL/l)/(pL/l) @see for example Eq.~26!# at the level of 1
fW. The measured group delay anyway is of the order
tg5(pDn1/2)

21 as may be easily computed for the case
an optically thin atomic medium in the long-wavelength a
proximation and without cavity feedback.

The group delay measured at a fixed Fourier frequency
the microwave detuningVm/2p is reported in Fig. 20 and
shows an apparent superluminal propagation (tg,0) when
Vm/2p'2Dn1/2.

Negative group delays are indeed present in the nume
solutions of Eq.~21! for the parameter’s range used in th
experiments. Here we do not go further in the examination
this phenomenon widely considered in the recent literat
@21#, but we only remark that the CPT maser emission m
be a useful tool to pursue these studies, being a direct ob
vation of the ground-state coherence; moreover the high

al
,

FIG. 19. Group delay and velocity versus the Fourier freque
of the amplitude perturbation.T567 °C (n55.331011 cm23), Gp

'200 s21, Vm50.

FIG. 20. Group delay versus the microwave detuning.T
567 °C (n55.331011 cm23), Gp'200 s21, vm/2p530 Hz.
2-11
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sitivity of the heterodyne detection technique and the
sence of any laser background allow looser constraints
the experimental apparatus.

VI. CONCLUSIONS

In this paper we have developed a fully self-consist
theory of the CPT maser in the case of an optically th
active medium and a cell length comparable with the mic
wave wavelength. The atomic density limits the effects of
cavity feedback, examined in@7# in the case of an optically
thin medium, and, in particular, the microwave broadening
the emission profile, the cavity pulling and the microwa
shift are significantly reduced.

We have found that the laser fields propagation insid
cell of lengthL'l leads in general to a shift of the emissio
profile with respect to the hyperfine transition frequen
~propagation shift!; in the low-density case this shift may b
controlled through a proper choice of the cell length while
the higher density case a coated cell or a suitably modul
laser spectrum are probably the only solution to reduce
shift that otherwise represents a serious drawback for
realization of a frequency standard with high-medium-te
stability.

A strong benefit for the atomicQ factor comes from the
significant narrowing predicted for the emission profile wh
the atomic density increases due to the EIT effect, up
reach a subnatural linewidth. The theory reported in this
per may be used as a starting point for a practical realiza
of an atomic frequency standard with a medium-term sta
ity significantly better than that of an IOP maser or of
classical frequency standard based on rf-optical double r
nance.

The numerical results refer to87Rb atoms in buffer gas
but the theory here reported applies not only to other alk
metal atoms but to any three-level closed system which
isfies the assumptions made in Sec. II. The experimenta
sults have been found in good agreement with the theore
predictions and in particular the observation of the subna
ral linewidth and of the propagation shift. Finally we ha
also reported the observation of an apparent superlum
propagation in presence of a suitable microwave detunin
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APPENDIX

In the particular case considered in Sec. IV, the sys
~29! may be written as
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D5
Gp~g21Gp!

~g21Gp!21ub̃u2
, ~A1!

dmm85 i
b̃

2

Gp

~g21Gp!21ub̃u2
, ~A2!

]Gp

]z
52

aGp~12D!

G*
, ~A3!

b̃522i
k

L E
0

L

dmm8dz, ~A4!

whereD, Gp , anddmm8 are functions ofz.
Inserting~A1! and ~A3! we obtain,

]Gp

]z
52

aGp

G*

g2~g21Gp!1ub̃u2

~g21Gp!21ub̃u2
, ~A5!

while inserting~A2! in ~A4! we have

b̃522i
k

L
E

0

L

i
b̃

2

Gp

~g21Gp!21ub̃u2
dz.

The microwave Rabi frequency does not depend onz, so
that the above equation, neglecting the solutionb̃50, be-
comes,

k

L
E

0

L Gp

~g21Gp!21ub̃u2
dz51. ~A6!

The differential equation~A5! with the boundary condi-
tion Gp(z50)5Gp(0) has the following solution:

log
Gp~L !

Gp~0!
1

Gp~0!

g2
FGp~L !

Gp~0!
21G

2
ub̃u2

g2
2

log
g2@g21Gp~L !#1ub̃u2

g2@g21Gp~0!#1ub̃u2
52

aL

G*
.

~A7!

The differential equation~A5! may also be written in the
form,

2
G*

a

dGp

g2~g21Gp!1ub̃u2
5

Gpdz

~g21Gp!21ub̃u2
,

which may be introduced in~A6! and, after integration ove
the cell length, we obtain

log
g2@g21Gp~L !#1ub̃u2

g2@g21Gp~0!#1ub̃u2
52

aL

G*

g2

k
. ~A8!
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First of all at this point we may introduce~A8! in ~A7!
obtaining the simplified relation,

log
Gp~L !

Gp~0!
1

Gp~0!

g2
FGp~L !

Gp~0!
21G1

aL

G* S 11
g2

k

ub̃u2

g2
2 D 50,

~A9!
o

er

A

-

03380
then we solve~A8! for Gp(L) and introduce its expression i
~A9!.

Using finally the reduced definitionsgp(0), k8 and b8
and the optical lengthz, we obtain Eq.~30! which gives the
IOP maser outputub̃u2 in a fully self-consistent approach i
the case of an optically thick medium.
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