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Theory of fine-structure effects in thermal collisions of 3p-excited sodium atoms:
Combined quasiclassical approximation
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Thermal energy collisions of twop-excited alkali-metal atoms have been examined, taking into consider-
ation the fine-structure splitting of atomic energy levels. Collisional-induced transitions between fine-structure
levels and energy-pooling processes have been investigated by means of combined semiclassical approxima-
tion ~CSA!. The operator of evolution was constructed with the aid of a numerical solution of a time-dependent
quantum electronic equation with appropriate asymptotic Hamiltonian and single trajectory approximation for
nuclear motion at large internuclear separationsR. Generalized multichannel Landau-Zener model with adia-
batic phase averaging for smallR has been included in CSA. Numerical results for cross sections in case of
scattering of two 3p-excited sodium atoms in a collision energy range of 300–2000 K have been obtained. The
estimation of results accuracy was carried out. The propensity rule for detailed collisional-induced fine-
structure transitions has been established.
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I. INTRODUCTION

The energy-pooling processes in thermal collisional
ergy range in most of the experimental and theoretical wo
have been considered without a resolution of atomic fi
structure

A~nap!1B~nbp!→A~n0l 0!1B~nf l f !, ~1!

where n0l 0 is the ground state of the atom. By means
modern experimental techniques one can populate sep
groups of fine-structure levels of colliding atoms~see, for
example, reviews@1,2#!. The energy-pooling reaction with
resolved atomic fine structure could be written as

A~npa1!1A~npa2!→A~n0l 0a0!1A~nf l fa f !; ~2!

here all a i , a f are quantum numbers detailed in the fi
structure. There are different possible sets of quantum n
bers for descriptions of initial and final states, for examp
theL picture and theJ picture@3#, corresponding tols and jj
schemes of electronic structure in atoms. Sometimes,
light atoms especially, it is difficult to define what picture
more suitable in practice@3,4#. Because theJ picture was
applied rather than theL one in most of the recent exper
ments~see references below!, we apply theJ picture. How-
ever, the present approach allows us to transform cons
ation from one picture to another~Sec. III B 2!. If atomic fine
structure is not distinguished in the final state, instead of
~2! we have

A~npj 1
!1A~npj 2

!→A~n0l 0!1A~nf l f !. ~3!

Cross section of the process~3! is equal to the average ove
projectionsm1 , m2 of total electronic momentaj 1 , j 2 of
separated atoms in the initial state
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~2 j 111!~2 j 211!

3 (
m152 j 1

j 1

(
m252 j 2

j 2

s j 1m1 j 2m2 , nf l f
, ~4!

where s j 1m1 j 2m2 , nf l f
are energy-pooling cross sections

processes with fixed initial values of momenta projection

A~np, j 1m1!1B~np, j 2m2!→A~n0l 0!1B~nf l f !. ~5!

Besides energy pooling the fine-structure effects in ther
scattering of excited atoms are collision-induced fin
structure transitions

A~npj 1
!1A~npj 2

!→A~npj
18
!1A~npj

28
!. ~6!

The cross section of this process is calculated as the ave
over initial projections and the sum over final projections
total momenta of detailed cross sections

s j 1 j 2 , j
18 j

28
5

1

~2 j 111!~2 j 211!

3 (
m152 j 1

j 1

(
m252 j 2

j 2

(
m1852 j 18

j 18

(
m2852 j 28

j 28

3s j 1m1 j 2m2 , j
18m

18 j
28m

28
, ~7!

wheres j 1m1 j 2m2 , j
18m

18 j
28m

28
are cross sections of detailed pr

cesses

A~np, j 1m1!1A~np, j 2m2!→A~npj
18m

18
!1A~npj

28m
28
!.

~8!

The influence of initial polarization of excited atoms o
energy-pooling processes has been investigated mostly in
periments with excited alkali-metal atoms: 3pj 1

23pj 2
~Na!
©2002 The American Physical Society26-1
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I. YU. YUROVA PHYSICAL REVIEW A 65 032726
@5#, 3p, m123p, m2 ~Na! @4#, 4pj24pj ~K! @6#, 6pj26pj
~Cs! @7,8#; 5s2nl ~Rb! @9#. In the experiment@3# the depen-
dence of probability of associative ionization on initial p
larization of 3p-excited atoms Na was considered. Besid
alkali-metal atoms, the process~3! has been investigated i
collisions with excited alkaline-earth-metal targets:
@10,11#, Sr @12,13#, Ba @14–16#. Moreover, there are exper
ments with excited atoms of other kinds: Cd@17#, In @18#,
and Yt @19# with the observation of the reaction~3!.

Despite the great number of experiments@3–19#, there are
only a few theoretical works dealing with fine-structure e
fects in the field of thermal collisions of neutral excited a
oms: in @20,21# the energy pooling in sodium has been co
sidered. Approaches developed in@20,21# did not take into
account the spin-orbit splitting of atomic energy levels or
interaction between colliding atoms at large internuclear d
tances. That is why methods@20,21# could hardly be applied
to the problem of interest without any generalization.

In the present paper, the choice of the proper approxi
tion is considered in Sec. II. The basic equations are p
sented in Sec. III. Average phase approximation and form
las for cross sections are presented in Sec. IV. The detai
numerical calculations are described in Sec. V. The res
for cross sections of processes~6!, ~8!, ~3!, and ~5! with
propensity rules for fine-structure transitions and discuss
are presented in Sec. VI and concluding remarks are
sented in Sec. VII.

II. CHOICE OF APPROXIMATION

There are well-known theoretical approaches: quant
quasiclassical, and classical. Let us consider the purely q
tum approach: it could be applied in the very low-collisio
temperature range~not exceeding 1 K!, when hyperfine-
structure effects are exhibited~see review@2#!. In the thermal
energy range the purely quantum approach to the problem
nuclear motion needs to include a prohibitively large num
of partial wavesNnuc. For example, in the case of sodium
sodium collisions atEcoll5100 K the Nnuc is estimated as
about 350 and more for higher energies. Above, the com
cated electronic part of the problem has to be solved:
np-np atom-atom collision the minimum number of two
atomic orbitals in the interval of large internuclear sepa
tionsR is equal to 36, for smallR the basis set is 1000 time
more. So one needs to solve minimum 363350512 600
close-coupling equations at largeR only in one energy point.
Keeping in mind about 50–100 points for formation of t
energy dependences of cross sections we need a minimu
106 coupling differential equations of second order, the nu
ber is too large even for modern computer devices.

The advantages of classical trajectory approximation
be seen straightforwardly: if a trajectory is known, one
required to solve only 36 coupled first-order time-depend
differential equations for electronicnp-np functions at large
R. On the other hand, the well-developed single traject
formalism for nuclear motion under thermal energies bre
down in the interval of small internuclear distances, wh
the interaction between nuclei is considerably large, a
causes the splitting of the single trajectory to a number
03272
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adiabatic quasimolecular potential curves~for example, see
the review@22#!.

The quasiclassical approach to nuclear motion seem
be the most suitable one at smallR, but it needs to be joined
with classical description at largeR, because there are n
calculations of adiabatic curves there. Thus, we combine
the present paper the quantum nonstationary approach fo
electronic problem and classical trajectory approximation
nuclear motion at largeR with the quasiclassical method o
nonadiabatic transitions at smallR. For these purposes th
space of relative internuclear distance is divided into t
zones: theinner zone of smallR: R,Rmat and theouterzone
of largeR: R.Rmat ~see Refs.@21#, @23#, @24#, and@25#!. The
Rmat is the boundary point or the matching radius. Thus th
basic assumptions~i–iii ! could be formulated as follows:

~i! In the outer regionR.Rmat the nuclear motion can be
considered as the classical one and fixed trajectory forma
could be applied there. From comparative estimations of
value of atom-atom interaction, the energy of spin-orbit sp
ting, and the value of thermal collision energyEcoll , one can
assume the validity of straight trajectory approximation@21#,
neglect the change of the value of relative velocityv during
the collision in the outer region, and putv5vcoll . The equa-
tion of the straight trajectory is well known,

R~ t !5Ar21v2t2, ~9!

where,r is the impact parameter.
~ii ! We believe that in the outer region the energy diffe

ences between states from~npnp! and other manifolds
(n1l 1n2l 2) are large in comparison withEcoll , so one can
neglect transitions between different manifolds there. T
assumption is valid for (3p3p) manifold of the Na2 system
for example, but it fails in the case of system Cs(6p)
1Cs(6p), where manifolds (6s6d) and (6p6p) take ap-
proximately the same energy interval@28#.

~iii ! In the inner region, transitions between states by
same molecular symmetry from 3p3p and other manifolds
(3s5s, 3s4d, 3s4 f ! @26# take place, and they are induce
by nonadiabatic interaction in small intervalsDRn centered
at pointsR5Rn of pseudocrossings~PCs! between adiabatic
molecular curves@24#. The size of intervalsDRn should be
considerably less than the distances between the nearest
DRn!uRn2Rn61u; correspondent estimations are shown
Sec. 5.2 of Ref.@21#. Within intervalsDRn we assume the
validity of the approximation of constant local radial veloci
of nuclear motionv rad,a ~see formula~7! in Ref. @26#!, thus a
suitable exactly solvable model~presently, the Landau-Zene
one! of nonadiabatic transitions could be applied there. O
side of intervalsDRn nuclear motion can be considered
the quasiclassical one along adiabatic potential curves.
belive that these curves can suitably be described within
molecular scheme Hund’s case~a! @29#.

According to the assumption~iii ! the conservation of en
ergy of nuclear motion in the inner zone at impact parame
r at pointsR, neglecting small intervals of PCs localization
DRn , could be written by formula
6-2
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Ecoll5
m

2
v rad,a

2 1
m

2R2 r21Ua~R!, Ecoll5mvcoll
2 /2,

~10!

where m is the reduced mass of the system,v rad,a is the
radial velocity of relative nuclear motion on the curvea with
potential energyUa(R), andvcoll is the initial relative colli-
sion velocity of nuclei.

We combine all assumptions~i!–~iii ! under the name
Combined Quasiclassical Approximation~CQA!. According
to assumptions~i! and ~iii ! cross sections in CQA can b
calculated in impact parameter approximation@27#

sgg852pS Eg8
Eg

D 1/2E
0

`

Pgg8rdr, ~11!

where Eg and Eg8 are energies of initial and final state
Pgg8 is the probability of transition between statesg andg8,
andr is the impact parameter.

By analogy with Ref.@21# we define the boundary be
tween the inner and outer regions asRmat5rmax, wherermax
is the maximum impact parameter for penetration of the tw
atomic system into the inner region: in other words, at i
pact parametersr.rmax the system cannot reach an
pseudocrossing~PC!. From energy conservation~10! we
have rmax5max$Rn@12Ua(Rn)/Ecoll#%, where the maximum
had to be found over all PCs ‘‘n’’ in the inner region. The
dependence ofrmax on Ecoll is shown in Fig. 1 of Ref.@21#.
For the system of two 3p-excited sodium atoms we hav
rmax546228a0 at collision energies 300–2000 K. Note, th
we do not take into account ion-valence PCs with largeRn ,
such as PC 61Sg

1271Sg
1 localized atRn557a0 ~see Fig.

1~a! in Ref. @26#!; ion-valence PCs could be important in th
case of ionization processes@22#!. We applied the set o
sodium-sodium adiabatic curves from the configuration in
action~CI! calculations and Landau-Zener parameters of P
from Ref.@26# with a correction of the misprint in paramete
2Vn of PC 1 ~d! in Table I in @26# from 1.8031025 to
1.8031024. Along with the letter set, we applied another s
of Landau-Zener parameters~see Sec. VI A!.

Interval of validity of CQA

In the case of the (3p3p) system of two isolated sodium
atoms the maximum energy difference between fine-struc
components, 2@E(3p3/2)2E(3p1/2)#, is equal to 49.4 K
@28#, so one can establish the lower limit of the validity
assumption~i! asEcoll*200– 300 K. One can determine th
upper collisional energy limit of the validity of the prese
approximation from the position of the highest quasimole
lar curve and we can also take into consideration the mo
approach for the inner region.

The highest curve obtained in the last work was
(3s4 f ) curve: the next upper curve should be the (3s5p)
one. If collision energy exceeds the threshold of excitation
the (3s5p) state, the model approach requires more qu
molecular curves than is computed now, so we can estim
the upper energy limit as the excitation energy of the (3s5p)
state, that is about 2000 K, so we have:Ecoll&2000 K. Thus,
03272
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combining the latter estimations, we establish the collis
energies range of the validity of the present approximatio

300 K&Ecoll&2000 K. ~12!

III. BASIC EQUATIONS

A. Coordinate frames

The classical relative motion of two nuclei in the out
region is described by the frame with the origin in the cen
of mass of two nuclei and, with axesX, Y, Z, are parallel to
these by laboratory frame. The axisZ is directed along the
vector of initial relative collision velocity. This frame is
named as the frame center of mass with laboratory a
~FCMD!. The collisional plane in FCML is the planeYZ .
The azimuthal anglew in the planeYZ defines the direction
of internuclear axis.

In the inner region we apply the molecular frame~FM!
with the origin in the center of mass, the axisXm, that co-
incides withX, and the axisZm, directed along the vector o
internuclear separationR. In the initial state of collision, two
frames FCML and FM coincide. As nuclei move relative
each other, the planeYm Zm in FM rotates together with the
internuclear axis relative to the planeYZ in FCML.

The choice of coordinate frames reflects the application
different approaches to the description of nuclear motion
the outer and inner zones@27#. As nuclei are far from each
other, FCML is more suitable for application of single traje
tory approximation than the FM one@see assumption~i! in
Sec. II#. For small internuclear separations FM seems m
suitable for the quasimolecular approach@see assumption
~iii ! in Sec. II#.

B. Asymptotic Hamiltonian and operator of evolution

The method of asymptotic Hamiltonian was applied
Ref. @34# in the case of Na(3p)1Na(3p) slow collisions and
in @32,33# in the case of Rb1Rb* thermal collisions. We
cannot apply unchanged Hamiltonians proposed in letter
erences because, in the case of Rb1Rb* interaction@33#, the
dipole-dipole operator dominates in the Coulomb part of
interaction; on the other hand, the asymptotic Hamiltoni
proposed in@34#, contains the quadrupole-quadrupole ope
tor, but the Coriolis term was not included in it because of
smallness for too small collision velocities, considered
@34#. We construct the asymptotic HamiltonianHas, combin-
ing expressions from@33,34#

Has5H11H21VCor1V12.

H1 , H2 are effective Hamiltonians of valence electrons
separate atoms,VCor is the Coriolis operator, andV12 is the
operator of interaction between colliding atoms.

1. 3p3p subspace of electronic wave functions

In order to construct the matrix of asymptotic Ham
tonian~13! in the outer region, one needs to apply a suita
basis set for electronic wave function. According to assum
6-3
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I. YU. YUROVA PHYSICAL REVIEW A 65 032726
tion ~i! from Sec. II we expect that there are no transitions
the outer region between 3p3p and 3s5s, and 3s4d and
3s4 f electronic configurations of the Na1Na system

~Has!bg50; ub&P~3s5s, 3s4d, 3s4 f !,

ug&P~3p3p!. ~13!

From properties~13! it follows that it is sufficient to con-
struct the matrix of asymptotic Hamiltonian only in 3p3p
subspace. The two-electrons asymptotic 3p3p basis set can
be composed from different products of spin-orbitalsfm,ms

of separated atoms

fm, ms
~r ,s!5R3p~r !Y1m~ r̂ !xms

~s!,

m521,0,1; ms561/2. ~14!

Here,Y1m is the spherical function andxms
is one-electron

spin function.

2. Representations for electronic wave functions

In order to apply any pictures~L or J, see Sec. I! for a
description of electronic states in the outer region, and a
to construct the matrix of asymptotic Hamiltonian, one nee
to apply different representations for electronic wave fu
tions: ls, jj , andMA. Note thatls representation is equivalen
to the L picture, jj to the J picture. In any representatio
two-electronic two-center basis functions should be antisy
metric versus the permutation of the spatial and spin coo
nates of two electrons. In the present paragraph we cons
different representations in the (3p3p) subspace.

ls representation. Two-electron two-center antisymmetr
basis functions with orbital momenta of electronsl 15 l 2
51, their projectionsml1 , ml2, and projections of spins
(ms1 ,ms2561/2) can be written as

uml1ms1 ,ml2ms2&5
1

&
~12P12!

3@fm1 ,ms1
~r1 ,s1!fm2 ,ms2

~r2 ,s2!#.

~15!

P12 is the operator of the permutation of all coordinates
electrons 1 and 2;fm1 ,ms1

and thefm2 ,ms2
are one-electron

~14!.
jj representation. jj functions can be obtained by transfo

mation from thels basis set with unitary matrixT( j j 2 ls)

u j 1m1 , j 2m2&5( Tj 1m1 j 2m2 ,ml1ms1ml2ms2

j j - ls uml1ms1 , ml2ms2&,

~16!

Tj 1m1 j 2m2,ml1ms1ml2ms2

j j 2 ls 5C
1ml1

1
2 ms1

j 1m1
C

1ml2
1
2 ms2

j 2m2
,

whereC1mli 1/2msi

j imi , i 51,2 are the Clebsh-Gordan coefficien

@35#. The labeling of thejj basis functions is given in Table I
03272
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MA representation. In this molecular representation b
Hund’s case~a!, L andS, the total electronic orbital and spi
momenta, can be expected as good quantum numbers.MA
wave functions can be obtained from thels ones by the uni-
tary transformation with the matrixM MA- ls:

uwLSMS&5( MwLSMS ,ml1ms1ml2ms2

MA- ls uml1 ,ms1 , ml2ms2&,

~17!

wherew is the parity,L is the module of the total orbita
momentum projection,S and MS are the total spin and its
projection of the two-atomic system,uml1ms1 , ml2ms2& are
two-electrons two-center orbital from thels representation.
The matrix ofM (MA- ls) can be found by the application o
symmetrization operators to thels basis functions~for ex-
ample, see formulas~3.2.1! and~3.2.2! in Ref. @21#! and then
with hybridization inS(ss)2S(pp) subspace in order to
get the diagonal form of quadrupole-quadrupole opera
@39#. Note that molecular basis functions without hybridiz
tion coincide with these from Table I in Ref.@34#!.

3. Matrix of asymptotic Hamiltonian in3p3p subspace

Let us consider the construction of separate terms in
asymptotic Hamiltonian~13!.

Effective operators of valence electrons in separate
oms. We assume as in Ref.@33# that these operators are d
agonal injj representation

H i , j 1m1 j 2m2
5Ej i

dm1 ,m2
, i 51,2, ~18!

whereEj i
are energies of electronic states of isolated ato

including spin-orbit splittingEso ; one can findEj i
andEso

in tables@28#. We expect also, as it was done in Ref.@33# for

TABLE I. Labeling of two-electronspp-basis functions injj
representation.

N j1 mj 1 j 2 mj 2 N j1 mj 1 j 2 mj 2

1 3/2 3/2 3/2 3/2 19 3/2 21/2 3/2 3/2
2 3/2 3/2 3/2 1/2 20 3/2 21/2 3/2 1/2
3 3/2 3/2 1/2 1/2 21 3/2 21/2 1/2 1/2
4 3/2 3/2 3/2 21/2 22 3/2 21/2 3/2 21/2
5 3/2 3/2 1/2 21/2 23 3/2 21/2 1/2 21/2
6 3/2 3/2 3/2 23/2 24 3/2 21/2 3/2 23/2
7 3/2 1/2 3/2 3/2 25 1/2 21/2 3/2 3/2
8 3/2 1/2 3/2 1/2 26 1/2 21/2 3/2 1/2
9 3/2 1/2 1/2 1/2 27 1/2 21/2 1/2 1/2

10 3/2 1/2 3/2 21/2 28 1/2 21/2 3/2 21/2
11 3/2 1/2 1/2 21/2 29 1/2 21/2 1/2 21/2
12 3/2 1/2 3/2 23/2 30 1/2 21/2 3/2 23/2
13 1/2 1/2 3/2 3/2 31 3/2 23/2 3/2 3/2
14 1/2 1/2 3/2 1/2 32 3/2 23/2 3/2 1/2
15 1/2 1/2 1/2 1/2 33 3/2 23/2 1/2 1/2
16 1/2 1/2 3/2 21/2 34 3/2 23/2 3/2 21/2
17 1/2 1/2 1/2 21/2 35 3/2 23/2 1/2 21/2
18 1/2 1/2 3/2 23/2 36 3/2 23/2 3/2 23/2
6-4
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the Rb1Rb system, that the value of spin-orbital splitting
the two-atomic system is not changed significantly in
interval `.R.15a0 at least.

From the expressions for Coriolis operator in Re
@30,31,36,24#, we have

VCor52
]w

]t
Ĵx , Ĵx5 ̂1x1 ̂2x , ~19!

wherew is the angle of rotation around the the vector of t
total nuclear orbital momentumJ, which is directed along
the axisX ~see Sec. III A!, Ĵx is the operator of the rotation
of space and spin coordinates of electrons around the axX,
and̂1x and̂2x are operators of the projections on the axisX
of the total electronic momenta of separate atoms. The c
sical description of nuclear motion in the molecular fram
assumes the proportionality of Coriolis operatorVCor to the
angular velocity of nuclei]w/]t in the frame FCML, that
can be found from the equation of the trajectory~9!

]w

]t
52

rv
R2 . ~20!

With the aid of expressions~19!, ~9!, and~20!, and applying
the quantum expression for matrix elements of operatorx
projection of total electronic momentum of atomi ̂ ix @37#,
we can write

~VCor! j 1m1 j 2m2
5

rv
R2 ^m1u ̂1xum18&

3^m2u ̂2xum28&d j 1 j
18
d j 2 j

28
dm1m

1861dm2m
2861 ,

^mi u ̂1xumi21&5^mi21u ̂1xumi&

5
1

2
A~ j i1mi !~ j i2mi11!, i 51,2.

~21!

In the outer region the Coulomb part of interatomic inte
actionV12 can be represented in the form of a series exp
sion in powers of 1/R @38#, the first two components in it in
the case of two identical atoms being in the same electro
states are the quadrupole-quadrupole and the second-
dipole-dipole terms; adding the exchange part we have
V12 the expression

V1252Vqq/R52V6 /R61Vex, ~22!

whereVqq, V6 , andVex are quadrupole-quadrupole, secon
order dipole-dipole and exchange operators.

Quadrupole-quadrupole interaction. Vqq between two
identicalp-excited atoms has been constructed in thels rep-
resentation@39#
03272
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~Vqq!a,b5 (
m522

2
~21!m4!

~21umu! !2 ~Q2
m!m1,m2~Q2

m!m18,m28dms1
,

3ms18dms2 , ms28
, ~23!

~Q2
m!m1, m25^r 2&^m1uY2

mum2&.

Herea5um1ms1m2ms2& andub&5um18ms18 m28ms28& are two-
electronic states withl 15 l 251; Y2

m are spherical functions
quadrupole operator of the isolated atom with one effectivp
electron, (Q2

m)m18,m28 , one can find in Table III of Ref.@39#
and Table II of Ref.@34#. It is seen from formula~23!, that
values of all matrix elements of operatorVqq can be ex-
pressed via the single parameter^r 2&—the mean square ra
dius of the valence electron in the 3p-excited state of iso-
lated atom.

We transformed operatorVqq ~23! from ls into the MA
representation by means of formulas~16! and~17!. The ma-
trix of Vqq is diagonal in theMA basis set and with accurac
to a value of the multiplier̂ r 2& coincides with matricesC5
from Table II in Ref.@41# and from Table IV in Ref.@40# ~see
Table II in present paper!. Note that in Ref.@34# they appar-
ently did not account for the existence of the non diago
S(ss)2S(pp) matrix elements of the operatorVqq in the
molecular representation without hybridization. Note al
that in Ref.@42# actually the quadrupole-quadrupole matr
elements have been considered and applied in thels repre-
sentation instead of theMA one ~see Table I in Ref.@42#!.

Applying the one-electron model potential for the calc
lation of the 3p wave function, we estimated the value of th
^r 2& as 39.2– 39.5a0

2. This value is close to what (39a0
2) has

been estimated in Ref.@42# by the method of Bates an
Damgaard@43#, but differs from the 54.6a0

2, calculated in
Ref. @40# by the variation-perturbation method, and from t
46.92a0

2, calculated in Ref.@44# by the multiconfiguration

TABLE II. Eigenvalues of operatorVqq for Na(3p)1Na(3p)
system.

MA-statea Ref. @34# Ref. @40# Ref. @41# Present

1Dg ,3Du 2365 2554 2381 2367
1Pg ,3Pu 1460 2220 1526 1468
1Pu ,3Pg 0 0 0 0
1Su

1 ,3Sg
1 0 0 0 0

h11Sg
1 ,h13Su

1b c 23325d 22289 22202
h21Sg

1 ,h23Su
1b c 0d 0 0

aIn MA representation the operatorVqq has diagonal form.
bLabels h1 and h2 mean different states1Sg

1 and 3Su
1 , con-

structed from 3p(s) and 3p(p) atomic orbitals by hybridization in
order to diagonalizeVqq ~iu andil states in Ref.@26#, corresponding
to upper and lower adiabatic potential curves!.
cSee text in Sec. III B 3.
dThe value is obtained by the diagonalization of the matrixC5 from
Ref. @40#.
6-5



n
d

e-
s

n
ee
ign

s

ause

le-
tor

-
ble

by

3
ra-

-
ses

f
es-

son

nt
e
ig. 1
yed
e-

ed

d

I. YU. YUROVA PHYSICAL REVIEW A 65 032726
Hartree-Fock method. Perhaps the last discrepancy ca
explained by the correlation energy effect, which appeare
calculations@44#.

The operator ofsecond-order dipole-dipole interactionis
given by formulas~17! and ~28! in the review@38#. In the
paper@45# the simple analytical expression for matrix el
ments of dipole-dipole interaction in thejj representation ha
been obtained, according to Ref.@45#, the matrixV6 in the
sum ~22! has the diagonal form

~V6!a,b5F2Css1Caa

m1m2~3 cos2 q22!

12j 1 j 2

1H Cts

3m1
22 j 1~ j 111!

2 j 1~2 j 121!

1Cst

3m2
22 j 2~ j 211!

2 j 2~2 j 221! J 3 cos2 q21

2

13Ctt

3m1
22 j 1~ j 111!

2 j 1~2 j 121!

3
3m2

22 j 2~ j 211!

2 j 2~2 j 221!

9 cos4q28 cos2 q11

2 G
3d j 1 j

28
d j 2 j

28
dm1m

18
dm2m

28
; ~24!

a5u j 1m1 j 2m2&, b5u j 18m18 j 28m28&.

Values of constants in the formula~24! in the case of two
3p-excited sodium atoms have been calculated in Ref.@45#

Css53040, Caa527420, Cst5Cts5331, Ctt521050.

Besides Ref.@45# other calculations of operatorV̂6 have been
made. Opposite to Ref.@45#, where the matrix ofV6 is diag-
onal in thejj representation, in Refs.@40–42,47# the matrix
of V6 is diagonal inMA or the ls representation, in Ref.@34#
the matrix of V6 is diagonal inMA exceptss-pp matrix
elements inS subspace. The matrix~24! was transformed
into theMA basis set in the present paper. Values of diago
matrix elementsV6 are presented in Table III. One can s
that there is significant disagreement in values and in s
between different sets of results for operatorV6 . Fortunately,
the inclusion of the operatorV6 into the present calculation

TABLE III. Matrix elements ofV6 for Na(3p)1Na(3p) system
in MA representation.

Molecular state Ref.@40#a Ref. @47# Ref. @45#a Ref. @41#

1Dg ,3Du 2600 6303 1560 2509
1Pg ,3Pu 2500 9134 3830 5431
1Pu ,3Pg 1010 9134 2940 1910
1Su

1 ,3Sg
1 2500 7550 4310 4270

h11Sg
1 ,h13Sa

1b 2000 1460 3410 1816
h21Sg

1 ,h23Su
1b 20200 27550 4310 2397

aNondiagonal matrix elements are not shown.
bSee notations of states in Table II.
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almost does not change the results for cross sections bec
of the smallness of matrix elements ofV6 in comparison
with the quadrupole-quadrupole and Coriolis matrix e
ments in the outer region, and we do not apply the opera
V6 any more~see Sec. V!.

Exchange interactionVex. In Ref. @46# matrices of
asymptotic exchange interaction in thels representation for
n1sn2s, n1sn2p and n1pn2p excited states of two interact
ing atoms were derived in analytical expressions, see Ta
4.3 of the Ref.@24#. Matrix of exchange interaction in the
case of 3p3p states of sodium atoms, is constructed
means of formula~4.76–4.77! from Ref.@24#, it can be writ-
ten as

Vex50.4326A4R5.407~RVex,11Vex21Vex3/R!

3exp~20.945R!,

whereVex,i , i 51,2,3 are constant matrices,A is the coeffi-
cient in asymptotic expression for the one-electron radialp
function of sodium atom for large electron-nucleus sepa
tion r: R3p(r )5Ar4.5exp(20.472r ). We estimated the value
of parameterA asA50.159 by means of the effective one
electron potential method. Exchange interaction decrea
exponentially while R→` being induced by overlap o
atomic wave functions located on different centers. The
timation of matrix elementsVex ~25! shows, that at internu-
clear distancesR.Rmat, whereRmat527229a0 ~outer re-
gion! one can neglect by exchange interaction in compari
with quadrupole-quadrupole and Coriolis one.

Gathering expressions~18!–~22!, one can obtain
asymptotic Hamiltonian for the system Na(3p)1Na(3p).
Dependences on internuclear distanceR of eigenvalues of
asymptotic Hamiltonian~13! for two cases of Coriolis inter-
action have been obtained@Figs. 1~a! and 1~b!#. It is seen,
that asymptotic interaction cannot mix states with differe
sums of total momentaj 11 j 2 at the outer zone, also th
interaction does not cause new PCs between curves in F
when Coriolis interaction raises. These features are displa
in results for cross sections of collisional-induced fin
structure transitions~Sec. VI!.

C. Operator of evolution Uout in outer region

According to the assumption~ii ! from Sec. II and equali-
ties ~13!, values of matrix elements of operatorUout between
(3p3p) and other subspaces, could be put equal to zero

Ubb8
out

5dbb8 ; Ugb
out50;

ub&,ub8&P~3s5s, 3s4d, 3s4 f !, ug&P~3p3p!.
~25!

The dimension of functional space where the operatorUout

should be defined, is equal to 86, the number is summ
from dimensions 2, 36, 20, and 28 of subspaces (3s5s),
(3p3p), (3s4d), and (3s4 f ), respectively. In fact, equali-
ties ~25! give an opportunity to calculate only the restricte
6-6
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THEORY OF FINE-STRUCTURE EFFECTS IN THERMAL . . . PHYSICAL REVIEW A 65 032726
operatorUout on the subspace 3p3p with the dimension
equal to 36. Matrix elements ofUout are defined by expres
sions

Ua,a8
out

~2`,2tmat!5^Ca~2tmat!ua8&, ua&,ua8&P3p3p,

~26!

where2tmat is the moment of time, when system reaches
boundary of the inner region, moving fromt52`, from Eq.
~9! one hastmat5v/ARmat

2 2r2, functionsCa are solutions
of the nonstationary Schro¨edinger matrix equation

i
]

]t
Ca~ t !5(

a9
~Has!a,a9Ca9~ t !. ~27!

Initial conditions for Eq.~27! are

uCa~2`!&5ua&, ua&P~3p3p!. ~28!

Here ua& are 3p3p basis functions, they could be written i
any representation:ls, jj , or M A; the connection betwee
different representations is established by formulas~15!–
~17!.

In order to obtain the solution of Eq.~27! one needs to
begin the numerical procedure from infinitely larget or R.
Really one begins the procedure from sufficiently large d
nite values, that demands computational time. These wa
could be escaped by the application of the analytical met

FIG. 1. Eigenvalues of asymptotic Hamiltonian~13! in 3p3p
subspace for two sodium atoms for collision energyEcoll51000 K
and two values of impact parameter:~a! r55a0 ; ~b! r527a0 .
03272
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of rotational transformation. We introduce a distanceRCor
.Rmat by the condition, that forR.RCor Coriolis interaction
becomes much larger than other components of asymp
Hamiltonian~27!

~Vqq! ik1~V6! ik!~VCor! ik , i ,k51,36; RCor,R. ~29!

One can see from formula~19!, that the Coriolis term is the
infinitesimal operator in respect to the rotation in the spa
of electronic functions around the axisX, which is perpen-
dicular to the collisional plane~Sec. III A!. Bearing in mind,
that matrices of energies of isolated atoms commute with
matrix of Coriolis interaction, the solution of Eq.~27! in the
zoneR.RCor can be expressed via matrixY of the rotational
transformation

C j 1m1 , j 2m2
~2tCor!5 (

j 18m18 j 28m28
Yj 1m1 j 2m2 ,

j 18m18 j 28m28,u j 18m18 j 28m28&,

Y j 1m1 j 2m2 , j
18m

18 j
28m

28
5D

mim18

j 1 ~a, b, g!

3D
m2m

28

j 2 ~a, b, g!d j 1 j
18
d j 2 j

28
,

~30!

whereDmm8
j are WignerD-functions~Ref. @35#! with argu-

ments:a5p/2, b5arcsin(2r/RCor), andg5p/2. With the
aid of transformation~30! we can restrict numerical proce
dure of Eq.~27! by substitution in initial conditions~28! the
infinity by definite value oftCor that could be found from the
value ofRCor @see condition~29! and the equation of trajec
tory ~9!#. Thus for the operator of evolution we have

Uout~2`,2tmat!5Y•Uout~2tCor,2tmat!. ~31!

It is useful to establish thesymmetry propertiesof the opera-
tor Uout following from the identity of colliding atoms and
from the symmetry against the time inversion

Uj 1m1 , j 2m2 , j
18m

18 j
28m

28
out

5Uj 2m2 j 1m1 , j
28m

28 j
18m

18
out

Uj 1m1 j 2m2 , j
18m

18 j
28m

28
out

5 i ~ j 11 j 21 j 181 j 28!Uj 12m1 j 22m2 j
182m

18 j
282m

28
out

.

~32!

D. Operator of nonadiabatic transitions U in in inner region

The asymptotic Hamiltonian~13! is not valid in the inner
region, and moreover, the single trajectory approximation
nuclear motion breaks there@see assumptions~i!–~iii ! in Sec.
II #. In analogy with the operator of evolutionUout, we can
construct the model operatorUin, that transforms the elec
tronic wave function as a result of passing by the two-atom
system the inner zone from one boundary pointRmat

2 to an-
other oneRmat

1 , for given impact parameter and collisio
energy

C~Rmat
1 !5UinC~Rmat

2 !. ~33!
6-7



c

.

la

s
s

o

he

ce

h

f

u
y

e

to

ue

ept

-

a

e
e

tor

e

the

lect

b-

ces

en

ol-
ffi-
le

xi-
al
ut
ng
d

I. YU. YUROVA PHYSICAL REVIEW A 65 032726
Points Rmat
1 are defined by the same internuclear distan

Rmat but different anglesw6 in collisional plane~see Sec.
III A !. The dimension of the matrix of the operatorUin is the
same as theUout one; properties~25! are not valid for the
operatorUin @see assumption~iii ! in Sec. II#, but there are
other properties of matrix elements ofUin, presented below

In order to find the operatorUin we apply the generalized
method of nonadiabatic transitions, combining formu
from Refs.@26#, @24#, and@36#. Let the number of PCs in the
inner zone equalnm and the unitary transition matrice
N̂(n), n51,..., nm , transform adiabatic electronic function
a& andb& after passing of the single separate PCn between
curvesa andb, located at the pointR5Rn

„N̂~n!…a,b52„N̂~n!…b;a* 5APneisn, aÞb;

„N̂~n!…a a5„N̂~n!…b,b* 5e2 ifnA12Pn;

„N̂~n!…g,g85dg,g8 , g, g8Þa, b. ~34!

ParametersPn , fn and sn of the matrix N̂n ~34! can be
found with the aid of any suitable exactly solvable model
two states@24#. In the case of the Landau-Zener modelsn
50, Pn is the Landau-Zener probability of the transition, t
value off<p/4 @24#.

Let diagonal matricesÂ(Rn ,Rn11) transform adiabatic
wave functions according to the assumption~iii ! of Sec. II:
after passing by the system of the interval between adja
PCs, located at pointsRn and Rn11 , functions get phase
multipliers in accordance with the quasiclassical approac

Âa, a8~Rn , Rn11!5exp~ ifn,n11!,

fn, n115E
Rn

Rn11
ka~R!dRda,a8 , n51, . . . ,nm . ~35!

From the equality ~10! we find the ka(R)
5A2m@Ecoll(12r2/R2)1Ua(R)# is the classical impulse o
the radial nuclear motion along adiabatic curve8a8. The tran-
sition operator in the inner region can be written with acc
racy to real phasec as the product of matrices defined b
formulas~34! and ~35! @24#

U in5exp~ ic !U1/2
in ~U1/2

in ! tr,

U1/2
in 5Â~Rmat,R1!N̂1Â~R1 ,R2!N̂2¯Â~Rnm , nm11

!N̂nm
.

~36!

Note, that in formulas~35! and~36! under the point ofRnm11

the turning point on curvesa are assumed. According to th
assumption~iii ! from Sec. II we apply the scheme Hund’sa
in the inner region, the following properties of the opera
Uin could be expressed by equalities:

~Uin!a,MS, i , a,MS, k
5uadMS, i , MS, k

,

~Uin!g,1L5~Uin!g,2L , ~37!
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where the first property is written for multiplet states, val
of ua does not depend on projections of total spinMSi

, MSk
,

anda means all quantum numbers of the given state exc
of MS . The second property is written for states withL
Þ0.

IV. CROSS SECTIONS AND AVERAGING
OVER ADIABATIC PHASES

We calculate cross sections with the aid of formula~11!,
where both statesug&, ug8&P(3p3p) in the case of the fine-
structure transition~8!; in the case of the energy-pooling pro
cess~5! ug8& is the final state 3snl.

The transition probabilityPg,g8 can be calculated as
matrix element of a product of operators

Pg, g85u@Uout
•T j j 2MA

•Uin
•~Uout

•T j j 2MA,tr#g,g8u
2.

~38!

Here the operatorUout is defined by formulas~25!–~32!, the
operator Uin by Eq. ~36!, the matrix T( j j 2MA)5T( j j 2 ls).
(T(MA2 ls)) tr connects representationjj with MA one~see for-
mulas ~16! and ~17!. T( j j 2MA) is applied here, because th
operatorUout is constructed injj representation due to th
definition of initial states in theJ picture ~Sec. I!, and the
operatorUin in the MA one due to the scheme of Hund’sa,
adopted in the inner region. Matrix elements of the opera
Uin ~36! contain adiabatic phasesfad

(m) ~35! as arguments of
functions sin@fad

(m)# and cos@fad
(m)#. One can expect, that thes

functions change rapidly with the variation ofr under the
thermal collision energies, and after the integration over
impact parameter in the formula for cross section~11! with
transition probability from Eq.~38!, all terms with oscillating
multipliers become considerably small and one could neg
them. This approximation we call byphase averaging; it can
be written as the equality

Pg,g85(
a b

uUg, a
out u2Pa, b

in u~Uout!b, g8
tr u2, ~39!

where the matrixPin can be obtained as the product of pro
ability matrices from single PCP(m)

Pin5P~1!P~2!•P~nm!P~nm!¯P~1!. ~40!

Matrix elements of matricesP(n), n51,̄ ,nm are equal to
square modules of elements of single transition matri
N̂(n) ~34!: P(n)a,b5u@N̂(n)#a,au2. Note that nonzero matrix
elements ofPin ~40! are equal to elements, these have be
calculated in Ref.@26#.

From consideration given in the present section, it f
lows, that after averaging over adiabatic phases it is su
cient to find values of transition probabilities through sing
PC instead of complex matrix elements of matricesN̂(n)
~34!. We proved the validity of the phase averaging appro
mation for sodium-sodium thermal collisions by numeric
calculations of the energy-pooling cross section witho
phase averaging and with it, considering the motion alo
curves by 1Sg

1 symmetry. Results of calculations showe
6-8



i

ce
n

ra
ag
io

t

on

p
so
d
io

b

al
e

he

e
o

to

tio
th

o

of

ality

cal-

al-

-

um

the
ms

of

not

e
-
s,

sion

25,
rgy

–25,
in

re-

tions
uld

of
c.
of
s

THEORY OF FINE-STRUCTURE EFFECTS IN THERMAL . . . PHYSICAL REVIEW A 65 032726
that cross sections calculated with phase averaging and w
out it differ maximum at 6% forEcoll5300 K; then as colli-
sion energy grew up to 2000 K, the maximum differen
between results decreased up to 2%. Thus deviation is
large and one can believe, that the validity of phase ave
ing is proved. Note, that calculations without phase aver
ing demand much more computer time, than with applicat
of phase averaging approximation.

Taking into account expressions~11! and ~38!, in adia-
batic average phase approximation the expression for
cross section could be written as

sgg852pS Eg8
Eg

D 1/2E
0

Rmat

(
a,b

u@Uout
•Tjj 2MA #gau2Pab

in

3u@„T~ j j 2MA!
…

tr~Uout! tr#bg8u
2rdr

12pS E1

E2
D 1/2E

Rmat

`

u@Uout
•~Uout! tr#gg8u

2rdr. ~41!

The second integral in the sum~41! does not contain the
matrix Pin, because it is calculated over the outer regi
where there are no transitions between states from the 3p3p
manifold and from other ones~3s5s, 3s4d, and 3s4 f ! there
@see assumption~ii ! in Sec. II#.

V. CALCULATIONS

In order to check our calculations with formula~41! we
controlled the conservation of unitary properties of the o
eratorUout on different steps of calculation procedure, al
we solved Eq.~27! in both jj and MA representations an
obtained the same results. The rotational transformat
~31! and symmetry properties~32! allowed us to reduce the
time of numerical calculations, also they reduce the num
of independent detailed cross sections of processes~8! from
1296 to 432.

Calculations of the matrix elements of the matrixPin ~40!
were made with the aid of a program from Ref.@26#. The
value ofRCor in formula ~29! has been chosen in the interv
1102120a0 ; the amplifying of this value did not chang
results more than on 0.1%.

Calculations were made with two different choices of t
operatorV6 : with values from formula~24!, and with values
from Ref. @47#, ~see Table III in this paper!. Results showed
that the cross section is almost independent on the choic
V6 . In practice it is possible to calculate cross sections
fine-structure transitions without the inclusion of the opera
V6 into consideration.

We examined the influence of the exchange interac
Vex ~25! on the results. The calculations showed that
results are not sensitive to the inclusion of theVex into the
asymptotic Hamiltonian~13!.

The property of cross sections relative to inversion
time is expressed by the detailed balance rule@formula
~144.13! in Ref. @37##:

sg8g /Eg85sg* g8* /Eg , ~42!
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th-

ot
g-
-

n

he

,

-

ns

er

of
f
r

n
e

f

where statesg8* andg* differ from statesg8 andg by the
inversion of time, it is equivalent to the inversion of signs
all momenta;Eg5Ecoll1Ej 1 j 2

andEg85Ecoll1Ej
18 j

28
. It was

checked that calculated cross sections satisfy the equ
~42! exactly for all collision energiesEcoll the satisfiability of
detailed balance rule confirms the correctness of present
culations.

VI. RESULTS AND DISCUSSIONS

Averaged and detailed cross sections of collision
induced fine-structure transitions~6! and ~8!, have been cal-
culated with the aid of formulas~41! and~7!. Averaged over
projectionsm1 , m2 and summed overm18 , m28 cross sections
~6! are presented in Figs. 2~a! and 2~b!. The present calcula
tions showed that transition without the change of sumj i
1 j k are less efficient then these with conservation of the s
@Figs. 2~a! and 2~b!#. Also it was noticed, that transitions~6!
with the change of the sumj 11 j 2 take place mostly in the
inner zone, but transitions with the constant sumj i1 j k take
place mostly in the outer zone. It is seen from Figs. 2~a! and
2~b!, that cross sections of inelastic processes with
change of the sum of total electronic momenta of ato
D( j 11 j 2)51 and D( j 11 j 2)52 do not differ from each
other considerably in case of transitions 3/23/2→1/21/2 and
3/21/2→1/21/2 @curves~2! and ~3! in Figs. 2~a! and 2~b!#.
The letter could be explained by the symmetry properties
quadrupole-quadrupole operator~23!.

Results of calculations of detailed cross sections~8! lead
to the propensity rule: Transitions j1m1 j 2m2→ j 18m18 j 28m28
are the most efficient with j11 j 25 j 181 j 28 or

D~ j 11 j 2!50. ~43!

Taking in mind transitions between states, that are
connected by detailed balance rule~42! and symmetry prop-
erties ~32!, the propensity rule is confirmed in case of th
first 122 of the most efficient collisional-induced fine
structure transitions. It follows from present calculation
that their cross sections are almost independent on colli
energy atEcoll.900 °K. In notations of Table I the first ten
of the most efficient transitions are: 17–27, 15–29, 5–
3–30, 1–36, 6–10, 11–21, 10–20, 4–19, and 11–16. Ene
dependences of cross sections of transitions 15–29, 5
and 3–30 relative to the transition 17–27 are presented
Fig. 3~a!. The transition 17–27~1/2 1/2, 1/221/2→1/2
21/2, 1/2 1/2! has the most valued cross section, the cor
spondent energy dependence is presented in Fig. 3~b!. Pro-
pensity rule and steady energy dependences of cross sec
in case of collisional-induced fine-structure transitions co
be explained by the features of eigenvalue curves
asymptotic Hamiltonian@Fig. 1#, as it was discussed in Se
III D. We could not find obvious propensity rule in case
transitions withD( j 11 j 2)51, 2. We noted, that transition
with the maximum value of (m11m22m182m28) are more
effective in general than other ones nevertheless.

Average cross sections ofenergy-pooling transitions~5!
have been calculated by means of formulas~41! and ~4!.
Note, that cross sections in the formula~41! should be
6-9
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FIG. 2. Energy dependences of averag
cross sections of collisionally induced fine
structure transitions~6! in casesD( j 11 j 2)51, 2:
~1! transition 3/2 3/2→3/2 1/2,~2! transition 3/2
3/2→1/2 1/2, ~3! transition 3/2 1/2→1/2 1/2. In
~a! and~b! lines—calculations with the paramete
of quadrupole-quadrupole interaction^r 2&
539.2a0

2 and set I of Landau-Zener parameters
PCs. Circles, squares, and triangles correspon
calculations in cases~1!, ~2!, and ~3!, with: ~a!
^r 2&546.9a0

2 and set I;~b! ^r 2&539.2a0
2 and set
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summed over over all final fine-structure states for giv
final quantum numbersn0nf ; if one takes into account th
unitary properties of the operatorUout, the latter summation
could be done inMA representation over all molecular stat
g f with molecular potential curves having at large intern
clear separations the same energy limitn0l 0 , nf l f as the
energy of the final state in process~5!. As a result we have
the following expression for cross section:

sgg852pS Eg8
Eg

D 1/2 1

~2 j 111!~2 j 211! (
m1 ,m2

(
g f

3E
0

Rmat

(
a

u@Uout
•Tjj 2MA # j 1m1 j 2m2au2•Pag f

in rdr;

g5 j 1 j 2 , g85n0l 0 , nf l f . ~44!

Results for energy-pooling processes have been obtaine
three possible pairs of initial total momentaj 1 j 2 @Figs. 4~a!–
03272
n

-

for

4~c!#. One can see that the energy-pooling cross sect
weakly depend on values ofj 1 j 2 .

We could not find any other results except ours ab
collisional-induced fine-structure transitions, but in the ca
of energy-pooling processes~3! race constants for differen
values of (j 1 , j 2) at T5640 °K have been measured~Ref.
@5#!. In order to compare our results with the data@5# we
calculated race constants with the Boltzmann distribut
function. One can see from Table IV that the dependenc
race constants on values ofj 1 , j 2 , is stronger in Ref.@5#
than ours. Also the relative values of race constants
4F-state production in Ref.@5# are greater than ours, esp
cially for the case 1/2, 1/2. The discrepancy of theoreti
and experimental results could be explained by the too n
row interval of QCA validity for calculation of race constan
~see Sec. II!, and, on the other hand, by the possible inac
racy of experimental data. Note that in experiments@4# weak
dependence of energy-pooling cross sections on fi
structure quantum numbers in thels picture had been ob
served.
6-10
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Dependence of results on variation of potential and
pseudocrossings parameters

Actually in the present calculations the interatomic int
action in the outer region depends on the single numer
parameter̂ r 2& of the quadrupole-quadrupole term@see for-
mula ~23! and the text therein#. Here the^r 2& is the mean
square radius of a 3p-valence electron in an excited sodiu
atom. Cross sections have been calculated with the pre
value of ^r 2&539.2a0

2 and with the value 46.9a0
2 from Ref.

@44#, results are shown in Figs. 2~a!, 3~a!, 3~b!, and 4~a!–
4~c!. One can notice that these results are weakly sensitiv
the variation of̂ r 2& except the absolute values of cross s
tions in the case of transitions withd( j 11 j 2)50 @Fig. 3~b!#,
where the discrepancy between two sets of results rea
19%.

In the inner region, instead of application of interatom
interaction, we introduce a set of parameters of Land
Zener pseudocrossings~PCs!. In the present consideration

FIG. 3. Energy dependences of cross sections of collis
induced fine-structure are the most efficient transitions~8! in case
D( j 11 j 2)50. Solids—calculations witĥ r 2&539.2a0

2, dashed—
with ^r 2&546.9a0

2. ~a! Cross sections are relative to that of th
transition ~17–27!: 1/2 1/2, 1/2–1/2→1/2–1/2, 1/2 1/2.~b! Cross
section of the transition~17–27!.
03272
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FIG. 4. Energy dependences of averaged over initial projecti
of total momenta energy-pooling cross sections in case of collis
~6! for three final excited states of sodium atomnf l f55s. ~a!, 4d
~b!, 4f ~c! and different initial values of total electronic momenta
separate sodium atoms (j 1 , j 2): solids and triangles—~3/2, 3/2!;
long dash and boxes—~3/2, 1/2!; short dash and circles—~1/2, 1/2!;
Lines—calculations with ^r 2&539.2a0

2, scatters-with ^r 2&
546.9a0

2.
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we apply two sets of PCs parameters. The set I is given f
Ref. @26#, the set II includes more thoroughly recalculat
values of PCs parameters, with the addition of three PCs
the symmetry3Su

1 : these PCs had not been mentioned
Ref. @26#. Calculations with sets I and II of PCs paramete
have been performed. Statistically averaged overj 1 , j 2 ini-
tial channels, energy-pooling cross sections computed w
set I are in complete agreement with our previous res
~Ref. @26#!. The comparison of results received with applic
tion by two sets of PCs parameters is presented in Fig.~b!
and Figs. 5~a!–5~c!. It is seen from Fig. 2~b!, that the most
sensitive to the variation of PCs parameters is the cross
tion of transition 3/2 3/2→3/2 1/2 atEcoll.900 K. In the
case of energy-pooling processes, the most sensitive to
variation of Landau-Zener parameters is the cross sectio
4F-state production@Fig. 5~c!#.

VII. CONCLUDING REMARKS

The present approach CSA combines the quantum
scription of electrons and the classic approach to nuc
motion. CSA is suitable for practical calculations, as the
ample, it was applied in the case of thermal collisions
3p-excited sodium atoms in the present paper. Three p
sible representations for electronic wave functions w
used, which gives an opportunity to apply as theL picture,
and theJ picture as well, and to apply both Hund’s schem
a andc. The present approach allows us to calculate coh
ence terms, obtained experimentally by means of cohe
population with known density matrix the group of fin
structure states by laser light@3,4#. These calculations hav
not been made in the present consideration because o
absence of the density matrix that defines the population
atomic initial states, and had to be known from conditions
experiments. The proposed approximation could be app
in cases of excited heavy atoms scattering, in Rb* 1Rb* and
Cs* 1Cs* collisions for example, and could be generaliz
in case of scattering alkaline-earth-metal atoms.

Note that the present consideration does not allow u
obtain energy-pooling cross sections into final states w
detected fine structure, due to the restriction of the basis
in the outer zone by single electronic configuration 3p3p,
and due to the neglect by spin-orbit splitting of adiaba
potential curves in the inner zone.
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TABLE IV. Energy-pooling rate constants ratiosknl
j 1 , j 2/k5s

3/2,3/2 at
T5640 K.

j 1 j 2 nl Present Ref.@5#

3/2,3/2 4D 2.2 2.2
3/2,3/2 4F 0.23 0.83
1/2,1/2 5S 1.1 3.2
1/2,1/2 4D 2.2 3.2
1/2,1/2 4F 0.24 2.6
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dashed—with set II.
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M. S. Milos̃ević, and F. de Tomasi, Phys. Rev. A54, 1372
~1996!.
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