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Positronium scattering by atomic hydrogen with inclusion of target excitation channels
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Calculations are reported for positronium~Ps! scattering by atomic hydrogen~H! in the energy range 0–6.5
eV in a coupled-pseudostate approximation in which excitation and ionization channels of both the Ps and the
H are taken into account. The approximation contains an accurate representation of the van der Waals coeffi-
cient. Results are presented for phase shifts, scattering lengths, effective ranges, and various cross sections
including partial wave, total, and ortho-para conversion cross sections. An analysis of the possible spin tran-
sitions is provided and the energy of the positronium hydride~PsH! bound state is determined. Substantial
differences are found from earlier work within the frozen target approximation, now clearly confirming the
importance of target excitation channels. Good agreement is obtained with recent calculations ofS-wave phase
shifts and scattering lengths using the stabilization method. Convergence to the exact binding energy for PsH
appears to be slow. Resonances corresponding to unstable states of the positron orbiting H2 are seen in the
electronic spin singlet partial waves. The importance of the H2 formation channel is discussed.
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I. INTRODUCTION

The development of energy tunable positronium~Ps!
beams@1–15# has fuelled interest in Ps scattering by ato
and molecules@16#. Measurements of total cross sectio
have been made for He, Ar, H2 , and O2 targets@10,13,14#
and also some rough data have been obtained on differe
scattering by He, Ar, and H2 @13,14#. Positronium comes in
two spin states, singlet@called para (p)-Ps# and triplet
@called ortho (o)-Ps#. These states have radically differe
lifetimes, thus o-Ps(1s) has a lifetime of 142 ns while
p-Ps(1s) has a lifetime of 0.125 ns. This lifetime resul
from electron-positron annihilation into photons, predom
nantly two photons in the case ofp-Ps(1s) and three in the
case ofo-Ps(1s). As our notation suggests, it is necessa
also to define the electronic state of the Ps, e.g., 1s, 2s, 2p,
etc. Present day beams consist essentially ofo-Ps in the
ground state, i.e.,o-Ps(1s). In addition to the beam mea
surements, some low-energy cross-section data have
deduced by modeling the annihilation ofo-Ps(1s) in various
gases@4,17–21#.

The simplest Ps-atom system, and a prototype for all o
cases, is Ps-H. Besides relative simplicity, it has the adv
tage that the wave functions of the target, i.e., H, are kno
exactly and so results cannot be clouded by issues of ine
target representation. It has the disadvantage of not b
experimentally amenable now, nor seemingly in the imme
ate future. The earliest theoretical foray into Ps-H scatter
@22# goes back to Massey and Mohr@23# who tried to make
some progress using the first Born approximation~FBA!. A
more recent first Born study is reported in@24#. While Mas-
sey and Mohr realized the importance of electron excha
in low-energy Ps-H elastic scattering, they also apprecia
that this interaction was too strong to be handled within
context of the FBA. A nonperturbative treatment of electr
exchange was made by Fraser@25# who employed the static
exchange approximation. More recent applications of
static-exchange approximation to Ps-H scattering may
1050-2947/2002/65~3!/032517~10!/$20.00 65 0325
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found in @26,27#. Static-exchange is but the simplest form
a coupled-state approximation, see Eq.~2!, in which only the
single term involving the initial states of the Ps and the at
is retained.

S-wave scattering, which is dominant in the limit of ze
impact energy, has received much attention. Thus, Drach
and Houston@28,29# have used the stabilization method@30#
to calculate scattering lengths and effective ranges as we
phase shifts at a few isolated energies. This approach
very recently been updated by Ivanov, Mitroy, and Var
@31#. Scattering lengths have also been calculated by P
@32# using the Kohn variational principle and, again ve
recently, by Adhikari and Mandal@33# using a different
variational functional. In the latter case, however, the var
tional result has been compromised by neglect of an off-s
contribution from a Green’s function.

The S-wave symmetry is also of considerable interest b
cause, in its electronic spin singlet state, it possesses a b
state, positronium hydride~PsH!, and resonance structure
The existence of PsH was first demonstrated theoretically
Ore @34#, the most up-to-date value for its binding energy
1.067 eV@35#. Resonance structure in theS wave was de-
scribed by Drachman and Houston@28#. Drachman@36# went
on to interpret this structure as corresponding to unsta
states of the positron orbiting the H2 ion. This interpretation
explains why resonances are seen only in the electronic
singlet channel~H2 only exists in the singlet state!, it also
implies that resonances should appear inP, D, and higher
waves, which indeed they do@27,35,37–39#. Using the com-
plex coordinate rotation method, Yan and Ho have identifi
threeS-wave resonances@35#, two P-wave resonances@37#
and one resonance in each of theD, F, andG waves@38,39#.
These are but the lowest members of an infinite series
Rydberg resonances in each partial wave converging o
the H2 formation threshold at 6.05 eV as the model
Drachman@36# requires. These series have now been m
explicitly visible in recent scattering calculations by Blac
wood, McAlinden, and Walters@40#. According to Ho@41#
©2002 The American Physical Society17-1
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BLACKWOOD, McALINDEN, AND WALTERS PHYSICAL REVIEW A 65 032517
there should also be series converging to thresholds for
cited ~unstable! H2 formation, e.g., H2 (2s2), while, ac-
cording to Blackwood, McAlinden, and Walters@40#, there
should be series converging to the Ps2 formation threshold at
13.3 eV corresponding to unstable Rydberg orbits of Ps2 ~an
electronic spin singlet! about the proton.

In recent years the main thrust of theoretical work
Ps-atom scattering has been in the direction of coupled-s
methods @16,24,27,42–70#. Here the collisional wave-
function C, is expanded in a product of Ps and atom sta
@see Eq.~2!#. Such methods scale~badly! as the product of
the number of Ps states times the number of atom sta
Since Ps~ionization potential 6.8 eV! is usually a more frag-
ile object than the atom target@e.g., H(1s), ionization poten-
tial 13.6 eV# it has seemed reasonable, at least in the fi
instance, to adopt a frozen target approximation, i.e., to
tain in the expansion forc only those terms involving the
initial atomic statec0 . To complete the picture, the FBA~or
Born-Oppenheimer approximation! would then be used to
take account of collisions in which the atom is excited
ionized @24,27,53,66#. The largest calculation of Ps-H sca
tering within the frozen target framework is the 22~Ps! state
approximation reported by Campbellet al. @27# which in-
cludes pseudostates to represent ionization channels o
Ps. This approximation produces a PsH state with a bind
energy of 0.634 eV, i.e., 60% of the exact value@35#, and
exhibits resonance structure in the electronic spin singleS,
P, D, and higher partial waves, but at energies typically 0
eV higher than the accurate results of Yan and Ho@35,37–
39#. At least at low-impact energies, there is evidence t
this 22 state approximation is close to a converged ans
within the context of the frozen target approximation. If th
is indeed so, then the substantive discrepancies in the
binding energy and the resonance positions clearly poin
the importance of the neglected H states, i.e., to target e
tation @71#, in the expansion forC.

It is the purpose of this paper to investigate the sign
cance of this omission in Ps(1s)1H(1s) scattering in the
low-energy region from 0 to 6.5 eV. In this region real ex
tation of the atom is not possible, but virtual excitation of t
target through the coupled equations can make itself
@16#. Virtual target excitation brings in additional physics,
particular it introduces@72# the van der Waals interaction

2
C6

R6 , ~1!

which is the leading long-range interaction between Ps(s)
and H(1s) at separationR. This interaction requires simulta
neous excitation of the Ps(1s) and the H(1s) to intermediate
p states and is therefore not representable within the fro
target approximation. In atomic unitsC6 has the value
34.784 73@73# and so is relatively large.

This is not the first investigation into target excitatio
effects. Earlier work, most notably by the Calcutta group
Ghosh et al., may be found in@44,46,47,49,51,56,57,64
67,70#, but is on a much smaller scale than that presen
here. Noteworthy are two recent publications by Ghosh
collaborators on target excitation ino-Ps(1s)-He scattering
03251
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@65,66#, these show a substantial drop in the low-energy e
tic cross section~by a factor of two! on the mere addition of
the two eigenstates He(21S) and He(21P). Here, however,
one must ask questions about sensitivity to the use of
proximate wave functions, an issue that was of importa
even in the simpler problem of positron-He scatteri
@74,75#. That issue does not arise in the Ps(1s)-H(1s) sys-
tem studied here.

Throughout this paper we shall use atomic units~a.u.! in
which \5me5e51. The symbola0 will denote the Bohr
radius.

II. THEORY

The coupled-state expansion for Ps-H scattering takes
form

C~Se!5(
a,b

@Gab
~Se!

~R1!fa~ t1!cb~r2!

1~21!SeGab
~Se!

~R2!fa~ t2!cb~r1!#, ~2!

where the sum is over Ps statesfa and H statescb , r p (r i)
is the position vector of the positron~i th electron! relative to
the proton,Ri[(r p1r i)/2 is the Ps~i.e., positron plusi th
electron! center-of-mass coordinate,t i[r p2r i is the Ps in-
ternal coordinate, andSe(50,1) is the total electronic spin
which is conserved in the collision. The positron spin
separately conserved. The statesfa and cb may be either
eigenstates or pseudostates, it is assumed that they sati

^fa~ t!uHPs~ t!ufa8~ t!&5Eadaa8 ,

^fa~ t!ufau~ t!&5daa8 , ~3!

^cb~r !uHH~r !ucb8~r !&5«bdbb8 ,

^cb~r !ucb8~r !&5dbb8 , ~4!

where

HPs~ t![2¹ t
22

1

t
~5!

is the Ps Hamiltonian, and

HH~r ![2
1

2
¹ r

22
1

r
~6!

is the Hamiltonian for the H atom.
The full Hamiltonian for the Ps-H system is

H52
1

4
¹R1

2 1HPs~ t1!1HH~r2!1VPs~R1 , t1 ; r2!

52
1

4
¹R2

2 1HPs~ t2!1HH~r1!1VPs~R2 , t2 ; r1!, ~7!

where
7-2
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VPs~R, t; r ![S 1

UR1
1

2
tU2

1

UR1
1

2
t2rU D

2S 1

UR2
1

2
tU2

1

UR2
1

2
t2rU D ~8!

is the interaction between the Ps and the H atom. Coup
equations for the coefficientsGab

(Se) in Eq. ~2! are obtained by
substituting Eq~2! into the Schro¨dinger equation, with the
Hamiltonian~7!, and projecting withfa(t1)cb(r2), we ob-
tain

~¹R1

2 1pab
2 !Gab

~Se!
~R1!

54 (
a8b8

Uab,a8b8~R1!G
a8b8

~Se!
~R1!14~21!Se

3 (
a8b8

E Lab,a8b8~R1 ,R2!G
a8b8

~Se!
~R2!dR2 ,

~9!

where

pab
2

4
1Ea1«b5E, ~10!

E being the total energy,

Uab,a8b8~R1!

[^fa~ t1!cb~r2!uVPs~R1 , t1 ; r2!ufa8~ t1!cb8~r2!&

~11!

and

E Lab,a8b8~R1 ,R2!G
a8b8

~Se!
~R2!dR2

5E
fixedR1

fa* ~ t1!cb* ~r2!

3~H2E!G
a8b8

~Se!
~R2!fa8~ t2!cb8~r1!dt1 dr2 , ~12!

where the asterisk stands for complex conjugation. The
tential ~11! gives the direct Coulombic interaction betwe
the Ps and the H atom. From Eqs.~8! and~11! it is a simple
matter to see that this potential is zero if the Ps statesfa and
fa8 have the same parity. This has the consequence of w
ening the direct interaction~11! relative to the electron ex
change interaction~12! between the Ps and the H atom, th
interaction has no zero symmetries.

The coupled Eqs.~9! are solved subject to the bounda
conditions@76#

Gab
~Se!

~R1! ——→
R1→`

eip0•R1da,0db,01 f ab
~Se!

~R̂1!
eipabR1

R1
,

~13!
03251
d
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where we assume that the Ps in the statef0 is incident upon
the atom in the statec0 with momentump0 . Then, f ab

(Se) is
the scattering amplitude in the electronic spin stateSe . If the
initial spin state of the Ps~atom! is x0 (z0) and its final spin
state isx ~z!, then it is not difficult to show that the appro
priate scattering amplitude for a transitionf0c0→facb is

gab5
1

2
$^x~p,1!z~2!ux0~p,1!z0~2!&~ f ab

~0!1 f ab
~1!!

2^x~p,1!z~2!ux0~p,2!z0~1!&~ f ab
~0!2 f ab

~1!!%, ~14!

where it is assumed that all spin functions are normaliz
and wherep, 1, and 2 stand for the spin coordinates of t
positron and the two electrons, respectively. The correspo
ing differential cross section is

dsab

dV
5

pab

p0
ugabu2. ~15!

Table I shows the cross section~15! for all possible spin
combinations in the initial and final states. In this table

A[
1

16

pab

p0
u f ab

~0!13 f ab
~1!u2, ~16!

B[
1

16

pab

p0
u f ab

~0!2 f ab
~1!u2, ~17!

C[
pab

p0
u f ab

~1!u2, ~18!

D[
1

4

pab

p0
u f ab

~0!1 f ab
~1!u2. ~19!

Present dayo-Ps beams are spin polarized. The origin
this polarization lies with the positron source, usually Na22

TABLE I. Cross sections for different spin combinations of P
and H.

Initial statea,b Final statea,b
Cross

sectionc

Ps state mPs mH Ps state mPs mH

p 0 61/2 p 0 61/2 A
o 61 71/2 2B
o 0 61/2 B

o 61 61/2 o 61 61/2 C
o 61 71/2 p 0 61/2 2B

o 61 71/2 D
o 0 61/2 2B

o 0 61/2 p 0 61/2 B
o 61 71/2 2B
o 0 61/2 A

ao(p)[ortho ~para!.
bmPs(mH)[spin component of Ps~H!.
cA, B, C, andD are defined in Eqs.~16!–~19!.
7-3
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BLACKWOOD, McALINDEN, AND WALTERS PHYSICAL REVIEW A 65 032517
@13#, which emits highly polarized positrons. To form a P
beam, these positrons are first moderated to much lower
ergies and then passed through some suitable gas, e.g2
@13#, to pick up electrons and form Ps. By virtue of the fa
that the positrons are polarized, the resultanto-Ps beam is
also polarized. However, if this beam is directed at an un
larized H target and if the spin orientations of the Ps and H
the final state are not measured, then from Table I it is e
to show that the appropriate cross sections are@77#

dsab

dV
~o→p!5

1

16

pab

p0
u f ab

~0!2 f ab
~1!u2, ~20!

dsab

dV
~o→o1p!5

1

4

pab

p0
~ u f ab

~0!u213u f ab
~1!u2!, ~21!

dsab

dV
~o→o!5

dsab

dV
~o→o1p!2

dsab

dV
~o→p!, ~22!

where the notationo→p, etc., distinguishes whether the fi
nal state of the Ps is ortho or para. An important point to n
is that results~20! to ~22! are independent of the state
polarization of theo-Ps beam. For the sake of completene
we also note the corresponding cross sections for ap-Ps pro-
jectile

dsab

dV
~p→o!53

dsab

dV
~o→p!, ~23!

dsab

dV
~p→o1p!5

dsab

dV
~o→o1p!, ~24!

dsab

dV
~p→p!5

dsab

dV
~p→o1p!2

dsab

dV
~p→o!. ~25!

In this case the Ps beam cannot be polarized, since it is a
singlet, and the results are independent of the polarizatio
the H target.

We denote the integrated cross sections correspondin
Eqs. ~20!–~25! as sab(o→o1p), etc. The total cross sec
tion, i.e., the cross section for all possible outcomes, is gi
by

s tot5(
a,b

sab~o→o1p!5(
a,b

sab~p→o1p! ~26!

and is the same whether the projectile beo-Ps orp-Ps.
The primary approximation reported in this paper e

ploys nine H states and nine equivalent Ps states in the
pansion~2!, we label it 9Ps9H. The nine H states,cb(r ), are
1s, 2s, and 2p eigenstates and the3s, 4s, 3p, 4p, 3d, and
4d pseudostates of Fonet al. @78#, they satisfy Eq.~4!. The
main function of the pseudostates is to represent ioniza
channels. By rescaling and renormalization according to@79#

fa~ t!5
1

A8
ca~ t/2! ~27!
03251
n-
H

t

-
n
sy

e

,

pin
of

to

n

-
x-

n

we generate an equivalent set of eigenstates and pseudo
of Ps satisfying Eq.~3!. This set of Ps states has previous
been used in frozen target calculations of Ps-H scattering
Campbellet al. @27#, consistent with the notation used abo
we label this frozen target approximation 9Ps1H. It is int
esting to note that in the 9Ps9H approximation the maxim
number of channels for Ps(1s)-H(1s) scattering is 305,
while in the 9Ps1H approximation it is only 16—the prac
cal reason for adopting the frozen target approximation
obvious.

In addition to the 9Ps9H approximation, and forS-wave
scattering only, we have used an even larger approximat
14Ps14H. The 14H states correspond to the 1s, 2s, 3s, to
6s, 2p, 3p to 6p and 3d to 5d states of van Wyngaarde
and Walters@80#, the 14 Ps states are their counterparts fr
Eq. ~27!. These 14 Ps states are a subset of the 22 states
in the frozen target calculations of Campbellet al. @27#, we
label that approximation 22Ps1H.

It should be noted that the 9Ps9H and 14Ps14H appr
mations both incorporate the van der Waals coefficient,C6
534.8 a.u.@73# @see Eq.~1!#, essentially exactly.

The coupled Eqs.~9! have been solved by conversion
partial-wave form, followed by application of theR-matrix
technique@81#.

III. RESULTS

The lowestR-matrix eigenvalue forS-wave scattering in
the electronic spin singlet state gives the PsH binding ene
in the approximation. The calculated energies are show
Table II. Clearly, there is a major improvement in the bindi
energy on including excited states of the target atom,
convergence to the last 10% of the exact energy seems t
slow, compare 9Ps9H and 14Ps14H with the exact resul

Next, we consider scattering at very low energies. In t
regime effective range theory~ERT! should be applicable
For S-wave scattering the ERT expansion takes the form@28#

p0 cot~d0!52
1

a
1

1

2
rp0

21¯ , ~28!

whered0 is theS-wave phase shift,a is the scattering length
andr the effective range. Our results fora andr are given in
Table III for both singlet and triplet scattering. The prese
calculations, 9Ps9H and 14Ps14H, are in very good ag
ment with each other and very close to the scattering leng
obtained by Ivanov, Mitroy, and Varga@31#, but about 15%
smaller than the scattering lengths of the 22Ps1H frozen

TABLE II. PsH binding energies in the different approxima
tions.

Approximation Energy~eV!

9Ps1H 0.543
22Ps1H 0.634
9Ps9H 0.963
14Ps14H 0.994
Exact @35# 1.067
7-4
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get approximation. Page@32#, who gets somewhat large
scattering lengths using the Kohn variational princip
points out that the Kohn principle gives an upper bound
the scattering length. While, strictly speaking, theR-matrix
method that we use here does not guarantee an upper bo
if only because of the Buttle correction approximation@81#,
in actual practice it probably does. We have seen in Tabl
that the 14Ps14H approximation gives a PsH binding ene
that is 7% too small. The significance of this bound state
S-wave singlet scattering is that it corresponds to a pole
the scattering matrix at an impact energy equal to minus
binding energy. The closer this pole to zero energy, i.e.,
smaller the binding energy, the larger the zero energy c
section, i.e., 4pa1

2 , is likely to be, see Fig. 2. We therefor
expect that our 14Ps14H value fora1 , i.e., 4.41a0 , is prob-
ably marginally too large and so we would recommend
value 4.3a0 of Inanov, Mitroy, and Varga@31# as more rea-
sonable. The quite low resulta153.4960.20a0 of Adhikari
and Mandal@33# is not to be regarded as better since,
stated in the introduction, their variational calculation
compromised by the approximation of a Green’s functio
For triplet scattering we recommend our own numb
a252.06a0 .

The effective range valuesr 6 in the 9Ps9H and 14Ps14H
approximations shown in Table III have been obtained
fitting formula~28! to the calculated low-energy phase shif
Various fits have been tried, including higher powers ofp0 ,
but because we do not know the range of validity of Eq.~28!
and because it is difficult to get adequate numerical accu
at low p0 , the resultant numbers, we estimate, are only
curate to about 10%. Forr 1 we get agreement with the muc
earlier estimate, 2.2a0 , of Drachman and Houston@28#, a
number which is smaller than the 22Ps1H frozen target va
of 2.52a0 . By contrast, our present value forr 2 is 12%
larger than that of Drachman and Houston@29#, the latter
agrees very well with the 22Ps1H result.

It is a well-known fact that at a bound-state pole in t
scattering matrix cotd5i @28#. At the polep05 iA4Eb where
Eb is the binding energy. Assuming that the two-term fo
mula ~28! is adequate for extrapolation to the pole, we fi
that,

TABLE III. S-wave scattering lengths~a! and effective ranges
~r! in units of a0 . Electronic spin singlet~triplet! quantities are
denoted by a1 ~2! subscript.

22Ps1H 9Ps9H 14Ps14H Ref.@31# Other

a1 5.20 4.48 4.41 4.3 4.5,a 5.84,b 3.49c

r 1 2.52 2.22d 2.19d ~2.08!e 2.2,a 2.90b

~2.13!e

a2 2.45 2.06 2.06 2.2 2.36,a 2.32,b 2.46c

r 2 1.32 1.47d 1.47d 1.31a

aStabilization calculation of Drachman and Houston@28,29#.
bKohn variational calculation of Page@32#.
c‘‘Variational’’ calculation of Adhikari and Mandal@33#.
dEstimated accuracy 10%.
eCalculated from formula~30! as described in the text.
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Eb5
@~12r /a!2A122r /a#

2r 2 . ~29!

Using the values ofa1 and r 1 given in Table III for the
14Ps14H approximation we obtainEb51.19 eV which is
20% higher than the number actually calculated in the
proximation, see Table II. From Table III we see that t
ratio 2r 1 /a1 is close to unity. The problem is that in thi
situation the formula~29! is very sensitive to the values o
a1 andr 1 . Contrariwise, if we know accuratelyEb and one
of either the scattering length or the effective range, then
~29! gives us an accurate way to getting the third value. No
we have much more confidence in our values fora1 than for
r 1 . Inverting Eq.~29! to read

r 5
aA4Eb21

2aEb
, ~30!

and usingEb from Table II anda1 from Table III we calcu-
late, in the 14Ps14H approximation, that a more accu
value for r 1 in this approximation might ber 152.13 a.u.
Using the exact binding energyEb from Table II and the
preferred scattering length of Ivanov, Mitroy, and Varga fro
Table III, we obtainr 152.08 a.u. These numbers differ b
no more than 5% from the fitted resultr 152.19 a.u. of the
14Ps14H approximation, which is a comforting level
agreement. It should be noted for triplet scattering that
ratio 2r 2 /a2.1, Table III, and so no bound state is possib
according to Eq.~29!, which is indeed the case.

In Fig. 1 we compare our 14Ps14HS-wave phase shifts
@82# for electronic spin singlet and triplet scattering with th
numbers obtained by Ivanov, Mitroy, and Varga@31# and
Drachman and Houston@28,29# who have both used the sta
bilization method. There is good agreement with the ph
shifts of Ivanov, Mitroy, and Varga although our singlet~trip-
let! phase shifts tend to lie marginally lower~higher!. The
phase shifts of Drachman and Houston sit noticeably be
the results of Ivanov, Mitroy, and Varga and the present
per, especially for singlet scattering. While, as noted in c
nection with Table III, theR-matrix method does not guar
antee a rigorous bound, in practice it almost certainly giv
an accurate lower bound on the phase shift.

FIG. 1. S-wave phase shifts for electronic spin singlet and trip
scattering: curves, 14Ps14H approximation; solid triangles, Ivan
Mitroy, and Varga@31#; crosses, Drachman and Houston@28,29#.
7-5
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TABLE IV. S-, P-, andD-wave phase shifts~d0 , d1 , andd2!. d0 has been calculated in the 14Ps14H approximation,d1 andd2 in the
9Ps9H approximation. A superscript1 ~2! indicates singlet~triplet! scattering. Units are radians. Powers of ten are indicated by supersc

p0 ~au! d0
1 d0

2 d1
1 d1

2 d2
1 d2

2

0.05 20.219 20.103 0.26422 20.76324 0.60125 0.41625

0.1 20.434 20.206 0.21321 20.95323 0.14623 0.84824

0.2 20.834 20.414 0.175 20.12221 0.31522 0.11522

0.3 21.178 20.624 0.545 20.45621 0.16521 0.28422

0.4 21.467 20.838 0.908 20.104 0.49521 0.23722

0.5 21.704 21.037 1.068 20.178 0.108 20.46622

0.6 21.890 21.213 1.103 20.247 0.194 20.18521

0.7 22.018 21.367 1.099 20.295 0.302 20.32721
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For future reference, we give in Table IV a tabulation
our S-, P-, andD- wave phase shifts in the incident mome
tum rangep050.05 to 0.7 a.u. Noteworthy is the sign chan
in the tripletD-wave phase shift,d2

2 , indicating a competi-
tion between a net attractive interaction at lowp0 , i.e., large-
impact distance, and a net repulsive interaction at sma
impact distances, i.e., higherp0 .

We turn now to the elastic partial-wave cross sectio
sel

(Se)(J), in the electronic spin singlet and triplet states. O
conventions are such that@see Eqs.~13! and ~15!#

(
J50

`

sel
~Se!

~J!5E u f 00
~Se!u2dV, ~31!

whereJ labels the total orbital angular momentum. Figs.
3, and 4 show results for theS, P, andD waves in the 9Ps9H

FIG. 2. Electronic spin singletS-wave cross section for elasti
scattering. Approximations: solid curve, 9Ps9H; dashed cu
9Ps1H; dash-dot curve, 22Ps1H.
03251
f

er

,
r

,

9Ps1H, and 22Ps1H approximations. Consider Fig. 2
S-wave scattering in the singlet state. Here we see that
zero energy cross section in the 9Ps9H approximation is o
74% of the 22Ps1H frozen target value. This is consist
with the higher PsH binding energy in the 9Ps9H appro
mation, see Table II, which results in the bound-state pole
the scattering matrix being further away from zero impa
energy. At higher energies, Fig. 2~b!, we see a single reso
nance in all three approximations. As described by Dra
man @36# this corresponds to an unstable bound state of
positron orbiting the H2 ion. In the 9Ps9H approximation
this resonance lies at an energyEr , of 4.37 eV@83#, some
0.18 eV below the resonance in the frozen target 22Ps
approximation, but still substantially, by 0.36 eV, above t
first resonance predicted by Yan and Ho@35#. The widthG r ,
of the resonance in the 9Ps9H approximation is 0.10 eV,
corresponding Yan and Ho prediction being 0.095 eV.

e,
FIG. 3. Electronic spin singlet partial-wave cross sections

elastic scattering:~a! P wave; ~b! D wave. Approximations: solid
curve, 9Ps9H; dashed curve, 9Ps1H; dash-dot curve, 22Ps1H.
7-6
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The changes in theP-wave singlet cross section on in
cluding excited target states are even more spectacular,
3~a!. Here we see that the 9Ps9H cross section rises m
more rapidly from threshold than the frozen target cross s
tions and reaches a peak, near 1 eV, over two times la
Again, a single resonance is seen atEr54.66 eV of width
G r50.084 eV. This compares with the frozen target 22Ps
resultEr54.88 eV,G r50.058 eV and the firstP-wave reso-
nance of Yan and Ho @37# with Er54.28 eV, G r
50.044 eV.

In the energy range shown, Fig. 3~b!, theD-wave singlet
cross section is very much dominated by the resonance
the 9Ps9H approximation the resonance is much more
nounced than in the frozen target approximations, its posi
and width areEr55.16 eV,G r50.15 eV. In the 22Ps1H ap
proximation Er55.28 eV, G r50.47 eV while the result of
Ho and Yan@38# is Er54.71 eV,G r50.093 eV.

As pointed out in the Introduction, there should actua

FIG. 4. Electronic spin triplet partial-wave cross sections
elastic scattering:~a! S wave;~b! P wave;~c! D wave. Approxima-
tions: solid curve, 9Ps9H; dashed curve, 9Ps1H; dash-dot cu
22Ps1H.
03251
ig.
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be an infinite series of Rydberg resonances in each sin
partial wave converging on to the threshold for H2 forma-
tion, i.e.,

Ps1H→e11H2 ~32!

at 6.05 eV. In a recent paper@40# the present authors hav
shown this explicitly by adding on to the 22Ps1H froz
target approximation the H2 formation channel~32!. That
only one resonance appears in each partial wave in
present paper and in the frozen target approximations i
cates that the product expansion~2! is, in practical terms,
inadequate for describing the resonant structure. For a pr
description of the resonances explicit inclusion of the H2

formation channel is essential. As shown in@40# the single
resonance of the 9Ps9H approximation would appear to g
an ‘‘average’’ through the resonance structure.

The significance of the H2 formation channel goes
deeper, however. In connection with Table II we have no
the seemingly slow convergence of the present approac
the PsH binding energy, thus the 14Ps14H approximatio
still 7% off the exact value. In@40# it is shown that the mere
inclusion of the H2 channel improves the binding energy
the 22Ps1H approximation by 34% to 0.850 eV. This su
gests that the absence of an explicit representation of the2

formation channel in Eq.~2! may be at the heart of this slow
convergence. Further, it is found that the addition of the H2

channel to the 22Ps1H frozen target approximation produ
a singletP-wave cross section very comparable to that of
9Ps9H approximation shown in Fig. 3~a!.

In short, the results of@40# strongly suggest that the mai
effect of the excited H states in the 9Ps9H approximation
spin singlet scattering is to replicate a virtual H2 channel, a
channel that would be better included explicitly in the a
proximation. This is an avenue for future work. What is ve
satisfying is the way@40# seems to corroborate what is pr
sented here. There is another point concerning spin sin
scattering which may be of some importance and which
not so far been investigated, to the best of our knowled
Besides H2 formation, we also have the possibility of Ps2

formation in singlet scattering. The threshold for this proce
is 13.3 eV. While virtual Ps2 formation may not be as im
portant as H2 formation, it may still be significant and infi
nite series of Rydberg resonances converging on to the2

formation threshold might,a priori, be reasonably expected
This is a matter worthy of investigation.

Let us now look at the spin triplet partial-wave cross se
tions, these are shown in Fig. 4. Here we see a marked
ference between the 9Ps9H numbers and those of the fr
target approximations. There is no obvious physics, such
virtual H2 or Ps2 formation, to which these difference
could be attributed. We have remarked in connection w
the phase shiftd2

2 of Table IV on a competition or cancella
tion between attractive and repulsive interactions. This co
petition would seem to be at the heart of the reduced 9P
cross sections seen in Fig. 4. In the triplet state we expe
repulsive contribution from electron exchange as it tries
prevent two electrons with the same spin occupying the sa

r

e,
7-7
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space. For an attractive interaction the van der Waals po
tial ~1! is an obvious candidate. This potential can
‘‘switched off’’ by setting

U1s1s,npmp~R1!5Unpmp,1s1s~R1!50

in Eq. ~9! for all p-statesnp andmp of the Ps and H atom
respectively. This was found to have an insubstantial ef
on the 9Ps9H cross sections of Fig. 4. Obviously the sit
tion is more complex. Finally, as expected, we see no re
nances in the triplet cross sections in Fig. 4.

In Fig. 5, we show the total cross sections tot of Eq. ~26!.
Below 5.1 eV this is just the elastic cross sections1s1s(o
→o1p). At zero energy this cross section is 30% smaller
the 9Ps9H approximation than in the frozen target appro
mations. Whereas the frozen target cross sections fall rap
and monotonically with increasing impact energy, the 9Ps
cross section exhibits a dip at 0.3 eV and a maximum at
eV. This maximum is clearly a result of the rapid rise a
large peak in theP-wave singlet cross section of Fig. 3~a!.
Above 2 eV there is a fair degree of similarity between t
frozen target and 9Ps9H cross sections except that the
nance structure is a little more pronounced in the 9Ps
approximation, primarily as a result of the largerD-wave
resonance in the singlet cross section of Fig. 3~b!.

Figure 6 shows theo-Ps(1s)→p-Ps(1s) conversion
cross sections1s1s(o→p), see Eq.~20!. The 9Ps9H cross
section is distinguished from the frozen target results b

FIG. 5. Total cross sections tot see Eq.~26!. Approximations:
solid curve, 9Ps9H; dashed curve, 9Ps1H; dash-dot curve, 22P

FIG. 6. Cross section foro-Ps(1s) to p-Ps(1s) conversion.
Approximations: solid curve, 9Ps9H; dashed curve; 9Ps1H, d
dot curve, 22Ps1H.
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much larger peak, coming from the singletP wave of Fig.
3~a!, and larger resonance structure coming from the sin
D wave of Fig. 3~b!.

To complete the picture we show in Fig. 7 the integrat
9Ps9H cross sections corresponding toA, C, andD of Eqs.
~16!, ~18!, and~19! for elastic scattering. These together wi
Fig. 6 @corresponding to Eq.~17!# specify all possible elastic
transitions between spin substates of the Ps and the atom
Table I.

IV. CONCLUSIONS

We have computed cross sections for Ps(1s)-H(1s) scat-
tering in the impact energy range from 0 to 6.5 eV using
coupled-state approximation which includes excited state
both the Ps and the H atom. This is, by far, the largest c
culation so far undertaken within this formalism. With th
exception ofS-wave scattering, where an approximation e
ploying 14 states on each center~14Ps14H! has also been
used, the calculations have been carried out using nine
states and nine H states~9Ps9H!. These nine states may b
described as 1s, 2s, 3s, 4s, 2p, 3p, 4p, 3d, and4d, where
a ‘‘bar’’ indicates a pseudostate, the primary purpose of
pseudostates being to represent ionization channels.

Good agreement has been obtained withS-wave scatter-
ing lengths and phase shifts recently calculated by Ivan
Mitroy, and Varga@31# using the stabilization method, whil
substantial differences are seen from earlier frozen targe
sults. It is clear that inclusion of excited target states is
solutely necessary.

For electronic spin singlet scattering it is found that co
vergence to the exact PsH bound-state energy is slow,
resonance positions are too high compared with the accu
calculations of Yan and Ho@35,37–39#, and that only one
resonance, rather than an infinite Rydberg series, appea
each partial wave. It is shown elsewhere@40# that these de-
fects are due to lack of an explicit representation of the2

formation channel. Whereas H2 formation is implicitly in-
cluded in the expansion~2! when a complete set of states
used, in practice only a finite number of states can be
ployed and the product expansion format is then inadequ
to the task. Much of the effect of excited target states
singlet scattering at low energies seems to be directed

H.

h-

FIG. 7. Integrated cross sections corresponding toA, C, andD
of Eqs.~16!, ~18!, and~19! for elastic scattering: dashed curve,A;
solid curve,C; dash-dot curve,D.
7-8
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wards virtual H2 formation. Another formation channel i
singlet scattering is Ps2, this opens up at 13.3 eV, some 7
eV above H2 formation. While we would expect Ps2 forma-
tion, whether real or virtual, to be less important than H2

formation, it may yet exert a significant enough effect
low-energy Ps-H scattering and, presumably, also has its
series of Rydberg resonances converging on to 13.3 eV
vestigation of this channel is recommended.

For electronic spin triplet scattering there are also la
differences on frozen target calculations but here it is di
cult to pin the differences on to an identifiable physical eff
such as H2 or Ps2 formation which are only possible in
singlet scattering. For triplet scattering there seems to b
cancellation going on between attractive and repulsive p
of the interaction. The repulsive part, presumably, deri
mainly from the electronic antisymmetry which prevents tw
electrons with the same spin from occupying the same p
in space. The attractive part does not appear to come sig
cantly from the van der Waals force which,a priori, would
be the obvious candidate. The physics is unclear.

While the work reported in@40# nicely corroborates wha
n,

T.

s.

r-

ct.

ev

-

th-

in
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has been presented here, neither is complete in itself. T
@40# deals only with singlet scattering and is then only
frozen target approximation, 22Ps1H, with the H2 channel
added. It cannot, therefore, represent target excitation eff
outside real or virtual H2 formation and it tells us nothing
about triplet scattering. On the other hand, the present ca
lations deal clumsily with virtual H2 formation and fail to
produce the correct Rydberg resonance structure conver
on to the H2 formation threshold at 6.05 eV, although the
do give an average through this structure@40#. It is now clear
that a definitive assault on Ps-H scattering should inclu
excited states of both the target and the Ps as well as exp
representation of the H2 formation channel and possibly als
of the Ps2 channel. That is a task for the future.
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