
PHYSICAL REVIEW A, VOLUME 65, 032511
Spin dynamics of dense alkali-metal atoms
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The free induction signals of dense Rb atoms are observed with an injection-seeded power laser diode. The
decay rate of signals is found to depend on the number density of Rb atoms, the static magnetic field, the
electron spin polarization, and the pulse area of the oscillating magnetic field. We note that the observed
broadening of the magnetic resonance line, appearing at high polarization and large pulse area, is the key to
understanding the spin dynamics of the precessing atoms which interact with each other. The feature of
broadening is quantitatively interpreted by numerically calculating, in a wide range of parameters, the nonlin-
ear Liouville equation that includes the spin-exchange interaction between Rb atoms.
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I. INTRODUCTION

The alkali-metal atom in a glass cell is one of the famil
atoms used in spectroscopic studies. High-density alk
metal atoms have gained extensive applications such as
polarization of noble-gas atoms for medical imaging, a
polarized target in high-energy physics, and in the NMR
spin-transferred atoms@1#. Recently it was demonstrated th
the group velocity of a light pulse can be reduced to zero
dense Rb vapor in a glass cell@2#. To prolong the atomic
coherence time for storing light information, it is importa
to study the spin dynamics of dense atoms. There are a n
ber of studies on the spin behavior of optically polariz
atoms@3# such as longitudinal spin relaxation slowed by t
spin-exchange interaction@4–8#, spin exchange with othe
species@9–11#, and spin relaxation due to the alkali-met
dimers@12,13#. The line narrowing of dense atoms by spi
exchange interaction@14# is the pioneering work, and th
study of polarized atoms in a pressurized noble gas@15# is
the experimentally and theoretically comprehensive work
lated to this paper. These works were, however, perform
under the condition of low polarization or weak rf fie
where an analytical solution can be obtained. In previo
work on dense Rb atoms@16#, we found that the decay tim
of the free induction~FI! signal depends on the rf pulse are
and that the amplitude of the spin echo decreases at l
pulse area. The results could not be explained by the
proximation of low polarization or weak rf field for the mu
tilevel atom. If such a spin dynamics of dense atoms is qu
titatively interpreted, we can measure the diffusion of ato
interacting with each other near the surface where the e
tric and magnetic fields affect the spin behavior@17,18#.

The broadening of the magnetic resonance line deri
from the FI signal, presented in the experimental results
not caused by intense rf and light fields because FI sig
are detected after turning off these fields except for a w
probe light. Around the magnetic field of 10 G, the linewid
of polarized atoms at high density and with large pulse a
is broader than that at low polarization. Since the remarka
application of dense polarized atoms is spin transfer to o
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atoms such as noble-gas atoms, it is important to reduce
longitudinal decay rate. This is one of the reasons why
strange behavior of precessing spins has not been studie
solving the nonlinear Liouville equation.

In this paper we present the spin dynamics of de
alkali-metal atoms caused by the spin-exchange interact
The decay rate of FI signals was observed to depend
various experimental parameters: the number density of
atomsNRb, the static magnetic fieldB0, the electron spin
polarizationP, and the rf pulse areau. In contrast to the case
of low temperature, the rate was found to depend drastic
on B0 , P, andu at high temperature. In order to study th
feature of the precessing spin of dense atoms, we introd
the spin interaction between Rb atoms in the Liouville eq
tion as in previous work@7,14,15#. In the interaction term of
a like-atom collision, the density operator appears non
early. Because of the difficulty in analytically solving th
nonlinear equation for a wide range of parameters, FI profi
of the Rb ground state are numerically obtained withou
linear approximation. As a result of numerical integration
the Liouville equation, the time evolution of Zeeman coh
ence is quantitatively interpreted by the spin exchange in
action between Rb atoms. As the spin-exchange is the in
action known to dephase the coherence as well as to ind
line narrowing of polarized atoms, we study the effect of t
spin-exchange interaction, as a whole, on the spin dynam
of dense atoms. Details of the calculation and its coding
a computer program are described in the Appendixes.

II. EXPERIMENT

We observed FI signals of Rb atoms optically pump
with an injection-seeded high-power laser diode. In ma
experiments such as the optical polarization of the nuc
spin of noble-gas atoms, a high-power laser diode is use
pump the dense alkali-metal atoms. The linewidth of t
free-running laser diode is, however, several nanomet
This is so broad that the optical pumping of alkali-me
atoms is not effective unless the buffer gas pressure and
cell temperature are controlled to match the atomic linewi
to the laser bandwidth. The spin relaxation time is shorte
under this condition. Therefore the narrowing of the hig
power laser diode is an effective way to polarize den
©2002 The American Physical Society11-1
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alkali-metal atoms. There are many techniques for narrow
the power laser diode@19–26#. We used a combination of a
external cavity diode as master laser and an injection-see
power laser to pump Rb atoms. Injection seeding is a p
tical method to obtain the same frequency from the array
emitters in a high-power laser diode.

A. Power laser diode

The master laser is a single-stripe diode laser@27# with
the external cavity shown in Fig. 1, which consists of
aspheric lens (f 54.5 mm), a cylindrical lens~15 mm!, and
a transmission grating~1800 lines/mm! in Littrow configu-
ration. The cavity length is approximately 35 mm. There
four beams obtained from the output grating. The zero
order transmission is the main output of the master lase
80% of the incoming intensity. The zeroth-order reflecti
~1%! is used as the probe beam. The first-order reflec
~3%! is fed back to the laser diode. This weak reflection
enough for the narrowing if we monitor the two-dimension
image of the first-order transmission~0.5%! as it depends on
the position of the emitter and the oscillation waveleng
For example, the oscillation wavelength depends on the
sition of the broad-area emitter if the cavity length is m
aligned. We compared various gratings to obtain the b
conditions in the reflectivity and dispersion. The reflecti
gratings make it easy to align the external cavity, but
could not find a noticeable refinement of the linewidth. T
angle of the transmission grating, the temperature, and
electric current of the laser diode should be carefully c
trolled for tuning of both modes of the laser diode and e
ternal cavity to the RbD1 line. There are, however, advan
tages in using the transmission grating. The first one is
we can align any optics at the operating current without
cidental feedback to destroy the laser diode. The secon
that the intense output can be obtained within safety c

FIG. 1. Experimental setup to observe FI signal with master
power lasers. The power laser is seeded by the output of the m
laser with the external grating. The spatial modes of master
power lasers at the optical isolator are schematically shown in
inset. LD is the laser diode, TG the transmission grating, CL
cylindrical lens, and AL an aspheric lens. The transmission of
probe beam is detected by an avalanche photodiode, whose o
voltage is averaged by the digital oscilloscope.
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straints. The third is that the optical path of the output
insensitive to the alignment of the grating in the Littro
configuration.

The above-mentioned advantages make it easy to in
the output of the master laser into the power laser of
double-stripe emitter@28#. It is hard to make a perfect matc
of spatial modes between the master and power laser be
Thus we used a single aspheric lens~6.2 mm! in front of the
power laser. The overlapping of beams is schematic
shown in the inset of Fig. 1. The single stage of optic
isolation at230 dB is enough to avoid the coupling of la
sers for our system. A Faraday isolator was also used to
up the amplified laser beam. The spectrum of the fr
running power laser is asymmetrically broadened near
D1 line, originating from the unseparated lines of indepe
dent emitters. We could see a sharp line when the po
laser was seeded, which indicates that the master laser is
injected to both emitters. The linewidth of the seeded pow
laser was estimated to be 46 GHz by measuring the
shape of pressure-broadened absorption of Rb atom
100 °C sealed with He gas at 97 kPa in a glass cell.

B. Free induction decay

The pump beam coming from the power laser was cir
larly polarized and propagated along thez axis, as shown in
Fig. 1. The pulse width of pump light was typically 250ms
shaped by a mechanical chopper. The collision rate was
high in dense Rb atoms that the local spin temperature
established within the pulse duration. The circularly pol
ized probe beam came from the master laser along they axis,
and was continuously irradiated on the glass cell (22322
322 mm3) which was filled with Rb metal,4He ~90 kPa!,
and N2 ~5 kPa! at room temperature. The cell temperatureT
was controlled by blowing hot air and varied between 60
and 120 °C. We estimated the densityNRb from the vapor
pressure atT @29#. The density is the most ambiguous one
the parameters controllable in our experiment. It is, howev
important in this paper to point out how the linewidth
dense atoms depends on the pulse area and the polariz
aroundB0510 G. Therefore, we leave the detailed cons
eration of the determination of atom density.

The rf pulse consisted of 5–7 cycles at defined phase
various frequencies from 90 kHz to 5 MHz, and was appl
to the Rb cell by a two-turn coil driven by a 100 W amplifie
The coil is large enough to produce a homogenous magn
field, and itsQ value is so low that we can apply the recta
gular envelope of the rf pulse to obtain the pulse area d
nitely. The transmission of the probe light was detected by
avalanche photodiode. The amplified signal was typically
eraged over 500 times by a digital oscilloscope. Figure
shows the pulse sequence and a raw FI signal oscillatin
Larmor frequency. In the analog system we used no narr
band filters distorting the amplitude and phase. After digit
ing, every signal was processed with a computer as the d
tal filter and frequency converter. In the following analys
we neglect the side effects of strong absorption, that Rb
oms are inhomogeneously pumped in the glass cell, and
the optically detected FI signal is distorted by saturation.
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III. RESULTS

Figure 3 shows the observed FI signals induced by th
field of various pulse areasu. The frequency of amplitude
modulation is equal to the difference of Zeeman frequenc
and the modulation depth depends on the number of rel
transitions. The signal induced by the smalleru has the
longer decay time. Theu dependence of the decay time w
absent at low temperature or low polarization. It is conv
nient for more analysis that we convert FI signals to Zeem
spectra by Fourier transform~FT! as shown in Fig. 4. There
is a sharp line atu50.025p originating from the pumped
level uMF5F&. The broad transitions atu5p/2 are resolved
into large lines for the hyperfine levelsuF53& and small
lines for uF52&. These are much broader than the line au
50.025p. We could select the dependence of the linewid
on rf intensity from the rf power broadening by detecting t
free precession. Since the rf pulse inducing the precessio
85Rb atoms consists of only several cycles, the detuning
each Zeeman transition can be neglected, compared with
bandwidth of the rf spectrum. For87Rb atoms the rf field is
almost off resonant, and its spin stays along thez axis. As
shown in Fig. 5, we confirmed that no artifacts such as
distortion of the line shape, the decrease of the signal am

FIG. 2. Pulse sequence to obtain FI signals. The pump puls
shaped by a mechanical chopper. The rf pulse is delayed by 20ms
from the end of the pump pulse. The FI decay~FID! is observed by
monitoring the transmission of cw probe light. These are not on
same time scale.

FIG. 3. The normalized envelopes of FI signals at various pu
areasu, observed atB0510.5 G. I P51 W, T5110 °C. These en-
velopes are obtained from the in-phase and out-of-phase signa
digital phase-sensitive detection.
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tude, and the phase shift of the precession appear in FI
nals induced by a short rf pulse at anyu value. The reso-
nance lines are unresolved because the Zeeman splittin
B052.7 G is of the same order as the broadening aT
5118 °C. We can see theu dependence of the FT line shap
and frequency, whose 2p period is explained by the period
icity of dQ0

K (u) in Eq. ~A7!.
In the analysis of linewidth, we fitted Lorentzian curves

the FT spectrum obtained experimentally or theoretica
For simplicity we use the same width for a single set of t
parameters that characterize the spin dynamics of Rb at
as follows.

Number density NRb. The decay rate of the FI signal in
creases at high temperature. The density of Rb atoms
pends drastically on the temperature@29#, but the mean ve-
locity and cross section of collisions change slightly. T
relaxation due to the buffer gas and wall collisions is le
effective on theT dependence of the linewidth, although th
pressure broadening of Zeeman transitions is dominan
low temperature. Therefore, theT dependence of the line
width is caused by the Rb density changing the collision r
between Rb atoms.

is

e

e

of

FIG. 4. Zeeman spectra obtained by Fourier transform of the
signal shown in Fig. 3. The stars indicate the line foruF53&, the
asterisks foruF52&.

FIG. 5. The observed FT spectra depending on the pulse aru
at B052.7 G, I P51 W, andT5118 °C. Zeeman transitions over
lap in the linewidth. The rf pulse is taken over five cycles from
1.262 MHz oscillator.
1-3
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ISHIKAWA, KOJIMA, HASEGAWA, AND TAKAGI PHYSICAL REVIEW A 65 032511
Magnetic field B0. The FT linewidth forB0510 G was
broader than that for 0.2 G for dense Rb atoms as show
Fig. 6. This seems contrary to the fact that the spin relaxa
rate of gaseous atoms is generally decreased by increaseB0
because the Larmor frequency moves out of the spectrum
effective field fluctuations by the collisions. For the alka
metal atoms in a noble gas at atmospheric pressure, thB0
dependence of the relaxation rate due to the fluctuating
turbation is very slight in the range ofB0 in our experiment
@3#. As described below, the broadening is due to the splitt
of Zeeman frequencies, i.e., the modulation of coheren
r61

1 .
Polarization P. Figure 7 shows the pump-powerI P de-

pendence of FT spectra at smallu. The initial polarization
was determined by the powerI P. There are broad resonanc
lines from the Zeeman transition caused by weak pump
i.e., at smallP. On the other hand, we can see a narrow l
at largeP. This is consistent with the line narrowing of th
cw magnetic resonance of alkali-metal atoms in a noble
@10#. Except for the strong relaxation due to the nuclear s
of noble-gas atoms, those results correspond to our exp
ment at largeP and smallu. At largeu, the linewidth weakly
depends onP and is rather broader at largeP than at smallP
aroundB0510 G, as described below.

rf pulse areau. In addition to the remarkableu depen-
dence of the FT linewidth shown in Fig. 4, it is noted that t

FIG. 6. The observed FT spectra at various magnetic fieldsB0 at
I P51 W, T5110 °C, andu5p/2. The frequency is measure
from the center of the resonance lines.

FIG. 7. Pump power dependence of the observed FT spectru
B0510.5 G, T5110 °C, andu50.075p. The amplitude of each
spectrum is not to scale.
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FT spectrum atu5p/2 in Fig. 4 is similar in shape to that a
small P in Fig. 7, which gives a hint on understanding th
spin dynamics. In both cases there is a beat of oscillation
the signal, originating from many transition frequencies.

We observed FI signals by changing the above mentio
parameters. Figure 8 shows the contour map of the FT l
width which becomes broader on increasingNRb, B0, and
u (,p/2) values. In the case of largeP, we can see a re
markableu dependence of the linewidth. The width is near
proportional toNRb at fixed B0 , u, and P values. TheB0
dependence of the width atP;0.9 (I P51 W) is larger than
that at P;0.45 (I P50.19 W). In particular, at NRb
;1.531012 cm23, B0;10 G, P;0.9, andu;p/2, the line
is slightly broader than that atP;0.45. The spin-exchang
interaction induces not only narrowing but also broaden
for polarized atoms. On the other hand, the resonance l
of unpolarized atoms are broad and depend weakly onu at
any NRb andB0 values.

IV. DISCUSSION

Figure 9 shows the FI profiles at various pulse are
which were numerically calculated from the coupled equ
tions ~A11! and ~A12!, and are in good accordance with th
observed signals shown in Fig. 3. The optically detected
nals are proportional to the component^Sy& as explained by
Eq. ~B2!, which can be obtained from the state multipole
shown in Eq.~C8!. The componentsr(FF)Q

1 (F52 and 3,
Q561), which express the FI signals, are coupled w
other components ofDK50,61 and DQ50,61 by the
spin-exchange interaction. After the spin temperature
raised by the rf pulse, theQ50 components of85Rb and
87Rb atoms decay to a new equilibrium together with pha
relaxation of the85Rb atoms. Therefore, the FI signal and t

at

FIG. 8. The contour map of FT linewidth at various values
B0 , NRb, andu. The solid lines are the linewidths observed at~a!
I P51 W and ~b! I P5190 mW. The dashed lines are calculated
~a! P50.9 and~b! P50.45. The FI signals were observed at t
points indicated by the solid circles in the left column of row~a!,
where the atom densities are obtained from the temperatures
110, 100, 90, 78, and 64 °C. The contour is the interpolation
observed or calculated values, and the number on the map is
linewidth ~kHz!.
1-4
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SPIN DYNAMICS OF DENSE ALKALI-METAL ATOMS PHYSICAL REVIEW A 65 032511
longitudinal relaxation should not be expressed by a sin
exponential decay, although other relaxation processes
as diffusion are negligible. However, we approximately fitt
Lorentzian curves to the FT spectrum to obtain the linewid

The linewidths calculated atP50.9 are fitted to the ob-
served FT lines as shown in Fig. 10. There are three par
eters to describe the spin interactions as mentioned in
pendix A: the cross section of the spin-exchange collis
between Rb atomŝsex&, the spin relaxation collision be
tween Rb atomŝsSS&, and the spin-relaxation due to th
buffer gas^sNS&. The parameters obtained by the fitting a
listed in Table I. The value of̂sex& is in accordance with
that in Ref. @3#, and much larger than the other cross s
tions. These parameters would become more accurate b
ducing the error inNRb and the residual inhomogeneity o
the magnetic field. When we set the value of^sex& to zero in
the calculation, theu dependence of the linewidth disap
pears. Therefore, the observed spin dynamics is due to
spin-exchange interaction. As shown in Eqs.~A8! and~A10!,
^sSS& and ^sNS& appear in a combination of the rate 1/TSS
11/TNS, at which the state multipoler1 relaxes to the
w1(F8F)Q

K state. We explain here qualitatively theu depen-

FIG. 9. The normalized FI profiles calculated atT5110 °C,
B0510.5 G,P50.9, ^sex&53.5310218 m2, ^sSS&55310221 m2,
andTNS510 ms.

FIG. 10. The linewidth of FT spectra from the observed~dotted
symbols! and calculated~solid lines! FI signals for several tempera
tures (°C). The magnetic field is~a! 0.21 G,~b! 5.1 G, and~c! 10.5
G. The parameters used in the calculation areP50.9, ^sex&
53.5310218 m2, ^sSS&55310221 m2, and TNS510 ms. The
line observed at low temperature is broadened by the inhom
neous magnetic field.
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dence at certainB0 andP values. The obvious feature of th
spin-exchange mainly comes from the second term of
~A8!, which atu5p/2 has no effect on the spin relaxatio
even at largeP because the time average ofu^S&u becomes
small because of the modulation at the splitting frequency
Zeeman transitions. Since the modulation frequency is p
portional to the square of the magnetic field, the linewid
depends onB0. This situation can be applied to the case
small P, where the spin of a colliding atom is in a rando
direction at anyu value, i.e.,u^S&u is small on the average.

Finally, we present the contour maps of calculated lin
width as the dashed line in Fig. 8. When the Larmor f
quency is near the collision rate of spin exchange 1/Tex, as
reported in Ref.@14#, the line becomes narrow as the dens
increases@30#. In our case, however, the Larmor frequency
much larger than 1/Tex}NRb. Therefore, the contour line
are equidistant along the axis ofNRb. The broadening atu
5p/2 is more sensitive to the densityNRb than that atu
;0. Because the effectiveu^S&u is small under the conditions
of large magnetic field and small polarization, the spin rela
ation can be quantitatively explained by the first term of E
~A8!. By substituting Eq.~C4! into Eq. ~A8!, the relaxation
rate is approximately equal to (3/4)(1/TNS11/TSS11/Tex)
;3/4Tex. The linewidth 3/4pTex53.3 kHz obtained from
Table I agrees with the width at 10 G and 110 °C shown
Fig. 8. The observed and calculated contour maps are
good accordance with each other, but we can see a disc
ancy between them at smallP and largeNRb. This is because
the initial polarization by the weak pump was inhomog
neous in the cell under strong absorption, whereas FI pro
were calculated at a fixed polarization over the densi
shown in Fig. 8.

V. CONCLUSION

We observed the FI signals of dense Rb atoms, and
tained the dependence of the decay rate onB0 , P, andu. The
experimental results were quantitatively interpreted as
intrinsic dynamics of highly polarized multilevel atoms u
der the influence of the spin-exchange interaction. The t
evolution of atomic coherence was obtained by numerica
integrating the nonlinear Liouville equation. The cross s
tion of the spin-exchange collision, which was measured
be 3.5310218 m2 by fitting the calculated dependence
the linewidth onB0 , P, u, andNRb, is consistent with the
previously reported values@3#. From this work we obtained
the useful information, for example, of how to measure

e-

TABLE I. The cross sections of spin interaction between
atoms. These were obtained by fitting the calculated linewidth to
observed one.̂NbufvsNS& was fixed at the averaged relaxation ra
due to both buffer gases4He and N2.

Cross section (m2) Collision rate at 110 °C (ms21)

^sex& 3.5310218 NRb̂ v&^sex& 13.8
^sSS& 5310221 NRb̂ v&^sSS& 0.02

^NbufvsNS& 0.1
1-5
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diffusion coefficient or magnetic resonance images. In s
experiments, the small pulse area and strong polarization
reasonably suitable for dense alkali-metal atoms because
relaxation by spin-exchange collision becomes smaller t
other physical processes.

The dense Rb atoms can be optically polarized byP
;0.9 at less than 120 °C with an injection-seeded hi
power laser diode, and can be optically detected with
master laser. However, the light absorption is too strong
detect the FI signal at higher temperatures. We are plan
to detect such signals by Faraday rotation of the probe l
or magnetic detection by pickup coils, and to use a m
powerful and narrower laser diode for pumping Rb atoms
a thin glass cell.
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APPENDIX A: LIOUVILLE EQUATION

Here we show an outline of the theory, reflecting on t
experimental conditions. Our notation in this paper follo
that used in Ref.@15#. When the alkali-metal atoms are fre
from collisions, the Hamiltonian of each atom in the grou
state is@31#

H05AI•S1gJmBSzB01gImBI zB0 , ~A1!

where a static magnetic fieldB0 is applied along thez axis,A
is the constant of hyperfine coupling between the nuc
spin I and the electron spinS, gJ is theg factor of the ground
state electron,gI is theg factor of the nuclear magnetic mo
ment, andmB is the Bohr magneton. We treat the spin d
namics of the ground state by the state multipoler(F8F)Q

K of
the density operator, which is the irreducible tensor of or
K with 2K11 components,Q52K, . . . ,K, and is related
to the operator in theuFMF& representation as follows@32–
34#:

r~F8F !Q
K5~21!F82M8A2K11

3S F8 F K

M 8 2M 2QD r~F8M 8,FM !,

~A2!

where F8 and F are the total angular momenta of the R
atom, and the right hand side is summed over the axial c
ponentsM 8 and M. If we optically pump the atoms suffi
ciently long to realize an equilibrium, the spin temperature
well defined to describe the population in the ground st
@9,15,35#. Therefore, the nonzero components of the init
state are
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r0~FF !0
K5

~21!F2M

ZIZS
A2K11S F F K

M 2M 0 D ebM,

~A3!

whereb is the parameter of spin temperature, andZJ is the
partition function,

ZJ5
sinh@~2J11!b/2#

sinh~b/2!
. ~A4!

The electron-spin polarizationP is expressed usingb as

P5
^Sz&

S
5tanhS b

2 D , ~A5!

where^O& is the trace Tr(rO). The initial components for
the optically pumped atoms can be obtained from Eqs.~A3!
and ~A5! by giving the polarizationP in the numerical cal-
culation.

The pulse of rf magnetic field is applied after the optic
pulse. The interaction Hamiltonian with the rf field is

H15gJmB2B1Sx cos~vt !, ~A6!

where 2B1 is the amplitude of the rf field oscillating alon
the x axis. The rf pulse makes the state multipoler8(F8F)Q

K

nutate in the frame rotating at the angular frequencyv of the
rf field. The spin relaxation is slow enough to be neglec
during the rf pulse. When the pulse duration is sufficien
short, the bandwidth of the rf spectrum becomes much la
than the splittings of Zeeman frequencies. Therefore, th
field is resonant with all the Zeeman transitions and the ti
evolution of the state multipole is a simple rotation as@34#

r8~F8F !Q
K5d~F8,F !e2 i (p/2)QdQ0

K ~Vt !r0~FF !0
K ,

~A7!

whered(F8,F) is the Kronecker delta function anddQQ8
K (u)

is the reduced rotation matrix,V5gB1, andg is the gyro-
magnetic ratio of each hyperfine level. We applied a rf pu
whose duration is an integer multiple of the oscillation p
riod, sor(F8F)Q

K5r8(F8F)Q
K at the end of the pulse.

Next, we consider the spin interaction between alka
metal atoms and buffer gas atoms. The mean collision rat
spin interaction is smaller than the Larmor frequency a
larger than the spin relaxation rate in our experiment. Si
the collision is instantaneous compared with the time evo
tion of free atoms in a magnetic field, the density operator
of colliding atomsi and j changes toPi j rPi j

† by a single
collision of spin exchange, wherePi j 51/212Si•Sj @7#. The
effect of collisions is introduced in the Liouville equation a
the relaxation term. We use the rubidium atoms85Rb (I
55/2) and87Rb (I 53/2) in natural abundance. The forme
is resonant with the rf field, hereafter indicated by a subsc
1. The latter is off resonant and indicated by a subscrip
For 85Rb atoms, the spin interaction is expressed as@3,15#
1-6
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R15~w12r1!S 1

TNS
1

1

TSS
1

1

Tex
D1

4w1^Sj&•S1

Tex,1j
,

~A8!

where the second term is summed overj 51 and 2, the rate
1/TNS shows the spin relaxation due to the buffer gases4He
and N2, 1/TSS5NRb̂ vsSS& is the rate of spin relaxation du
to the collisions between Rb atoms,v is the relative velocity
of a colliding pair, andsSS is the cross section. We assum
that TNS and TSS have the same values for bo
isotopes.Tex is the collision time of the spin-exchang
interaction, where 1/Tex51/Tex,1111/Tex,12, 1/Tex,i j
5@A j #^vsex& i j , @A j # is the number density of atom Aj , and
sex is the cross section. The operatorw j is the part of the
density operator without electron-spin polarization@15#, and
is expressed by

w j5
1

4
r j1Sj•r jSj . ~A9!

The initial polarization of85Rb atoms, expressed by the sp
temperature, is reduced by the rf pulse to a new equilibri
including both 85Rb and 87Rb atoms coupled by the secon
term of Eq. ~A8!. For 87Rb atoms the spin interaction i
expressed as follows:

R25H ^S1z&
Tex,21

2^S2z&S 1

TNS
1

1

TSS
1

1

Tex,21
D J 4w2S2z ,

~A10!

where ^S2x& and ^S2y& are neglected because no suble
coherence of87Rb atoms is induced by the rf field, and^S1x&
and ^S1y& are neglected because the polarization transfe
transverse components is ineffective between isotopes
different Larmor frequencies. From the detailed balance
equilibrium,^vsex&12 is equal tô vsex&21. If we assume that
^vsex&115^vsex&12[^vsex&, we may express@85Rb#Tex,11
5@87Rb#Tex,125NRbTex. The collision rate depends on th
cell temperature through the number density of Rb ato
NRb, the relative velocityv, and the cross sectionsex.

After the irradiation of the rf pulse, the density operator
85Rb atoms follows the Liouville equation,

d

dt
r1~F8F !Q

K5
1

i\
@H0 ,r1#1R1 . ~A11!

This is the ordinary differential equation system. There
included 144 independent componentsr1(F8F)Q

K . The irre-
ducible components of the above-mentioned operators
obtained in Appendix C. The HamiltonianH0 mixes
r1(F8F)Q

K of DF50,61, DK50,61, andDQ50. The spin
interaction R1 nonlinearly mixes the components ofDF
50,61, DK50,61, andDQ50,61. Thereforer1(F8F)Q

K

are coupled with each other, and all of them have to
calculated for85Rb atoms. On the other hand, the right ha
side of Eq.~A10! is assumed to include onlyQ50 compo-
nents because the coherence that can be induced by the
03251
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resonant rf pulse and the collision with85Rb atoms is negli-
gible. Therefore we will succeed in solving the problem
we obtain only eight components for87Rb atoms,

d

dt
r2~FF !0

K5R2 . ~A12!

Both Eqs. ~A11! and ~A12! are coupled with each othe
through thê Sj&•Si term of the spin-exchange interaction.

APPENDIX B: OPTICAL DETECTION

The probe beam of wavelengthl resonant with theD1
line is circularly polarized and propagated along they axis.
We detect the transmission of probe light. The signal is p
portional to the absorption cross section,

s5
8p2^FM um†u f m&^ f mumuF8M 8&

«0hl~DP1DL!
r~F8M 8,FM !,

~B1!

where«0 is the dielectric constant in vacuum, and the rig
hand side is summed overF8,M 8,F,M for the ground state
and overf andm for the excited state. The buffer gas pre
sure is high enough to disturb the atomic coherence rela
to the excited state, and the Zeeman splitting is much sma
than the linewidths of the laserDL and pressure broadenin
DP . Therefore, we obtain

s5
l2

2p

DN

DP1DL
S 1

2
1^Sy& D , ~B2!

where the natural linewidth DN516p3um jJu2/
3«0hl3, m jJ is the reduced matrix element of the electr
dipole moment, andj and J are the total electron angula
momenta of the excited and ground states, respectively.
neglected high-frequency components because we are i
ested in the oscillation around the Larmor frequency. T
optically detected signal is proportional to the component
the electron spin along the propagation of the probe be
and is equivalent to the induced voltage of the pickup c
used in the usual magnetic resonance experiments.

APPENDIX C: CODING OF LIOUVILLE EQUATION
AS IRREDUCIBLE TENSOR

We straightforwardly solved the nonlinearly coupled d
ferential equations~A11! and ~A12! by using the fourth-
order Runge-Kutta method for numerical integration. A
though we observed FI signals around Larmor frequenc
less than 5 MHz, each step of the time evolution is set at
ns in the calculation, which is smaller than the period
phase rotation by hyperfine interaction. Since the differen
equations are nonlinearly coupled through the spin-excha
interaction between Rb atoms, we cannot use the rota
wave approximation for the splitting frequency of the hype
fine levels. For example, it takes 4 h tocalculate a FI signal
of 1 ms duration under our circumstances~Pentium III 800
MHz andVISUAL C11!.
1-7
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We obtain here the irreducible components of the den
operator~state multipole! and interaction operators used
the text. The density operator satisfies the following ba
relation @32–34#:

(
F

A2F11r~F,F !0
05(

FM
r~FM ,FM !51, ~C1!

when all atoms are in the ground state and the numbe
atoms is conserved. By using Eq.~C1! and the symmetry of
the state multipole, we tested the accuracy of the results
tained numerically.

The time evolution of the state multipole is described
the Liouville equation,
e
io

ra
o

a
a

a-

03251
ty

ic

of

b-

i\
d

dt
r~F8F !Q

K5 (
F9K8Q8K9Q9

~21!Q1F1F8

3A~2K11!~2K811!~2K911!

3S K8 K9 K

2Q8 2Q9 QD H K8 K9 K

F F8 F9
J

3@H~F8F9!Q8
K8r~F9F !Q9

K9

2r~F8F9!Q8
K8H~F9F !Q9

K9 #, ~C2!

where~ ! means the 3-j symbol, and$ % the 6-j symbol for
the coupling of angular momenta.

The Hamiltonian of free atoms is well known in th
uFMF& representation. Therefore the irreducible compone
can be obtained by the same relation as Eq.~A2!,
H0~F8F !Q
K5 (

M8M
~21!F82M8A2K11S F8 K F

2M 8 Q MDH0~F8M 8,FM !

5d~F8,F !d~K,0!d~Q,0!A2F11
A

2\
@F~F11!2J~J11!2I ~ I 11!#

1d~K,1!d~Q,0!gJmB

B0

A3\
~21! I 1J111F8AJ~J11!~2J11!~2F11!~2F811!H F8 F 1

J J I J
1d~K,1!d~Q,0!gImB

B0

A3\
~21! I 1J111FAI ~ I 11!~2I 11!~2F11!~2F811!H F8 F 1

I I J J , ~C3!
e.

g
e
ny
where we substituteJ for S as the ground state of th
alkali-metal atoms. The first term is the hyperfine interact
which is diagonal forF and the monopole (K50). The sec-
ond and third terms are, respectively, the Zeeman inte
tions of electron and nuclear spin, which mix the comp
nentsr(F8F)Q

K of DF50,61, DK50,61, andDQ50. We
should not neglect the mixing ofDK561 by the magnetic
field, because the mixing leads to the splitting of Zeem
transitions and the observed linewidth depends on the m
netic field.

For spin relaxation by buffer gas collision^sNS& and col-
lision with alkali-metal atomŝsSS&, the state multipole re-
laxes to the statew j depending only on the nuclear-spin p
rameter@15#. From Eq.~A9!,

w j~F8F !Q
K5

1

4
r j~F8F !Q

K

2 (
F9F-

~21!F81F91KJ~J11!~2J11!

3A~2F11!~2F811!~2F911!~2F-11!

3H F- F9 K

F8 F 1 J H F8 F9 1

J J I J H F- F 1

J J I J
n

c-
-

n
g-

3r j~F9F-!Q
K , ~C4!

and w j is a linear combination of the state multipol
We should take account of all components for85Rb
atoms, and some of the componentsw2(F8F)Q50

K for 87Rb
atoms.

For the spin-exchange interaction̂sex&, the second
term of Eq. ~A8! can be positive or negative accordin
to the relative direction of electron spins in th
colliding atoms. The following are the results after ma
calculations:

~^S1&•S1!~F8F !Q
K5 (

F9F-
d~K,1!

3~21!F81F9
J~J11!~2J11!

3

3A~2F11!~2F811!~2F911!~2F-11!

3H F9 F- 1

J J I J H F8 F 1

J J I J
3r1~F9F-!Q

1 , ~C5!
1-8
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~4w1^S1&•S1!~F8F !Q
K5 (

K8Q8K9Q9F9
S K9 K8 K

Q9 Q8 2QD H K9 K8 K

F8 F F9
J ~21!F82F2Q

3A~2K11!~2K811!~2K911!4w1~F8F9!Q8
K8~^S1&•S1!~F9F !Q9

K9 , ~C6!

~4w jSjz!~F8F !Q
K5 (

K8F9
S 1 K8 K

0 Q 2QD H 1 K8 K

F8 F F9
J H F9 F 1

J J I J
3~21!F82F1F92Q1J1I 11A~2K11!~2K811!J~J11!~2J11!~2F11!~2F911!4w j~F8F9!Q

K8 . ~C7!
y
y

th
pl
th

to

is
or
For 85Rb atoms, Eq.~A8! and Eqs.~C3!–~C7! are substi-
tuted into Eq.~A11!. For 87Rb atoms, theQ50 components
of Eqs.~A10!, ~C4!, and~C7! are substituted into Eq.~A12!.
Both sets of equations are nonlinear differential equation s
tems. When we detect the resonance signal induced b
weak rf field, the analytical solution can be obtained by
approximation of using the linear terms. However, we ap
a rf p/2 pulse in the experiment, so we cannot neglect
higher order of the density operator.

The optically detected signal is oscillating in proportion
d

er

t.

nn

er

a-

ys

03251
s-
a

e
y
e

^Sy& as shown in Eq.~B2!. Because sublevel coherence
induced for 85Rb atoms, the component around the Larm
frequency is

^Sy&5
i

A6
(
F

~21!F1J2I~2F11!AJ~J11!~2J11!

3H F 1 F

J I J J @r1~FF !21
1 1r1~FF !1

1#. ~C8!
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