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Decoherence of quantum registers
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The dynamical evolution of a quantum register of arbitrary length coupled to an environment of arbitrary
coherence length is predicted within a relevant model of decoherence. The results are reported for quantum bits
(qubity coupling individually to different environmeniSindependent decoherencg’and qubits interacting
collectively with the same reservdifcollective decoherence)’ In both cases, explicit decoherence functions
are derived for any number of qubits. The decay of the coherences of the register is shown to strongly depend
on the input states: We show that this sensitivity is a characteristioibftypes of couplingcollective and
independentand not only of the collective coupling, as has been reported previously. A nontrivial behavior
(“recoherence’) is found in the decay of the off-diagonal elements of the reduced density matrix in the specific
situation of independent decoherence. Our results lead to the identification of decoherence-free states in the
collective decoherence limit. These states belong to subspaces of the system’s Hilbert space that do not get
entangled with the environment, making them ideal elements for the engineering of “noiseless” quantum
codes. We also discuss the relations between decoherence of the quantum register and computational complex-
ity based on the dynamical results obtained for the register density matrix.
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[. INTRODUCTION tum system, the basic memory cell of any quantum informa-
tion processor

When any open quantum system, for example, a quantum Decoherence and quantum theory are unavoidably con-
computer, interacts with an arbitrary surrounding environ-nected. Indeed, the ubiquitous decoherence phenomenon has
ment, there are two main effects that have to be considereiseen ultimately associated with the “frontiers” between the
when examining the temporal evolution. First, there is anquantum behavior of microscopic systems and the emer-
expected loss of energy of the initial system due to its relaxgence of the classical behavior observed in macroscopic ob-
ation, which happens at the ratg] wherer,, is the relax-  jects[1]: roughly speaking, the decoherence timg. deter-
ation time scale of the system. Second, there is a process th&ines the energy and length scales at which quantum
spoils the unitarity of the evolution, the so-called decoherPehavior is observed. It generally depends non-trivially on
ence[ 1], where the continuous interaction between the quang,everal different factors such as temperature, dimensionality,

tum computer and the environment leads to unwanted corrélu@ntum vacuum fluctuations, disorder, and others whose

lations between them in such a way that the computer |Ose%rigins are less well knowthardware charactgrist&:sThe .
its ability to interfere, giving rise to wrong outcomes when time scale for decoherence depends on the kind of coupling

. " . : between the system under consideration and the environ-
executing conditional quantum dynamics. This phenomenon

. . . X .. ..ment, in a range that can go fropicoseconds in excitonic
is characterized by a time that defines the loss of unitarit 9 g e

. . 3éystemiS] up to minutesin nuclear-spin systenig].
(i.e., the departure of coherence from ujitjne decoherence The discovery of algorithms for which a computer based
time 74¢.. Usually, the time scale for this effect to take place

) : on the principles of quantum mechanids| can beat any
is much smaller than the one for relaxation, hence quantumgagitional computer, has triggered intense research into real-

computers are more sensitive to decoherence processes thafic controllable guantum systems. Among the main areas
to relaxation ones. For practical applications in quantumnyolved in this active research field are ion trgfk nuclear
computing there are several different systems that might promagnetic resonancg?], quantum electrodynamics cavities
vide a long enoughr,¢; however, what really matters for [8], Josephson junctionf9], and semiconductor quantum
useful quantum information processing tasksy., quantum  dots[10]. The main challenge that we face is to identify a
algorithms to be performed reliably is the ratiQating/ 7qec- ~ physical system with appropriate internal dynamics and cor-
Tgating. the time required to execute an elementary quantumesponding external driving forces which enables one to se-
logic gate, must be much smaller thag,.. As a rough lectively manipulate quantum superpositions and entangle-
estimate, fault-tolerant quantum computation has beements. For this to be done, the candidate system should have
shown to be possible if the ratigy,ing 10 74¢c Of @ single  a sufficiently high level of isolation from the environment:
qubit is of the order of 10* [2] (a qubit is a two-state quan- guantum information processing will be a reality when opti-
mal control of quantum coherence in noisy environments can
be achieved. The various communities typically rely on dif-

*Electronic address: j.reina-estupinan@physics.ox.ac.uk ferent hardware methodologies, and so it is important to
"Electronic address: Iquiroga@uniandes.edu.co clarify the underlying physics and limits for each type of
*Electronic address: n.johnson@physics.ox.ac.uk physical realization of quantum information processing sys-
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tems. As mentioned above, these limits are mainly imposediodes with corresponding creatigmnihilation bath opera-

by the decoherence time of each particular system. Howevetor b (b). Throughout this paper, we will analyze pure
theoretical work has shown that, in addition to quantum errotlephasing mechanisms only. We will not consider relaxation
correcting code$11,12, there are two additional ways that mechanisms where the QR exchanges energy with the envi-
may potentially lead to decoherence-free or decoherencgeonment leading to bit-flip errors. Hence, théh qubit op-
controlled quantum information processing: one of them iseratorJ"=J} (J3=J37=0) [23]. As mentioned earlier, this is
the so-called “error avoiding” approach where, for a given g reasonable approach since decoherence typically occurs on
decoherence mechanisfe.g., collective decoherence, dis- a3 much faster time scale than relaxation. The dynamics of the
cussed beloyy the existence of “decoherence-free” sub- qubits and the environment can be described by a simplified

spaces within the system’s Hilbert space can be exploited ifersjon of the widely studied spin-boson Hamilton[@2]
order to obtain a quantum dynamics where the system is

effectively decoupled from the environmdii,15. This ap- L
proach requires the system-environment coupling to possess H= >, ,J0+ >, ebib,+ >, I%(gibl+gi*by), (1)
certain symmetry properties. The other approach is based on n=1 K n.k

“noise suppression” schemes, where the effects of unwanted , , i
system-bath interactions are dynamically controlled using Avhere the first two terms describe the free evolution of the

sequence of “tailored external pulsel’6,17). These strate- qubits and .the environment, and the third term accounts for
gies have motivated much theoretical and experimentdhe interaction between them. Hetg, denotes the coupling
work. In particular, there are some recent experimental rebetween thenth qubit and field modes, which in general
sults regarding the engineering of decoherence-free quantufigpends on the physical system under consideration. The ini-
memorie18,19. tial state of the whole system is assumed to @¥0)

We devote this paper to the study of decoherence of afF p(0)®p®(0) (the superscripts stand for system, qubits,
arbitrary quantum registelQR) of L qubits. In addition to and bath, i.e., the QR and the bath are initially decoupled
providing a general theoretical framework for studying deco{24]. We also assume that the environment is initially in ther-
herence, we examine in detail the two limits where the qubitgnal equilibrium, a condition that can be expressed as
are assumed to coup(® independently andi) collectively :
to an externalbosoni¢ reservoir. The reservoir is modelled . 17 &XP(— Bhabby)
by a continuum of harmonic modes. In Sec. Il, we show that p (0)—1;[ Pk(T)_E[ 1TH(N,) 2
the decoherence process is very sensitive to the input states “
of the regist_er and give explicit expressions for th_e coherencgnare (N, )=[exp(Bhiw)—1]"" is the Bose-Einstein
decay functions. We have found that these functions possess K . )

a behavior, which we label “recoherencédr coherence re- mean occupation numbég is the Boltzmann's constant anql .
vivals) in the specific case of independent decoherence. Thi§ = L/keT. For the model of decoherence presented here, itis
behavior depends strongly on the temperature and th€/€ar that we are in a situation where the qubit operafor
strength of the qubit-bath coupling. By contrast, for a certairfommutes with the total Hamiltonia and therefore, there
choice of the QR input, the calculation of the reduced densityS "0 exchange of energy between qubits and environment, as
matrix leads to the identification of decoherence-free quangXPected. We will not attempt to perform a group-theoretic
tum states[13,15, when the qubits are coupled “collec- description for the study of quantum noise con{i2b]. In-
tively” to the environment, i.e., when the distance betweerStéad, we study the specific real-time dynamics of the decay
qubits is much smaller than the bath coherence length, anl the QR-density-matrix coherences within the model given
hence, the environment couples in a permutation-invariany the Hamiltonian Eq(1) (i.e., Abelian noise processes, in
way to all qubits. The calculations in this paper were moti-the language of Ref$26,27)).

vated by the results of Ref§20,21. The present paper In the m_teractlon picture, the quan?um st_ate pf the com-
shows that some subtle but important details of these earlidfin®d (qubits plus bath system at timet is given by
results are incomplete. Particularly, the calculation of the ¥ (1))i=U,(1)[¥(0)), where[¥(0)) is the initial state of
L-QR density matrix reported here leads both to qualitativéN® System,U,(t) is the time evolution operatorJ(t)
results, when analyzing the behavior of coherence decay, arid T €XH —i/%H(t")dt], andT is the time ordering operator.
quantitative results, when estimating typical decoherenc&0r the Hamiltonian(1), we introduce the notatiokl =H,
times: these results emerge for 1, as discussed in Sec. Ill. +V, whereHo=3[_; e,J0+ Sy exbiby denotes the free evo-
Concluding remarks are given in Sec. IV. We emphasize thattion term andV=2n,kJ2(gEbI+ gg* by) is the interaction
the results of this paper are not restricted to a particulaterm. Hence, the interaction picture Hamiltonian is given by
physical system; they are valid for any choice of the qubitH,(t)zug(t)VUO(t), with Uy=exp(—i/fiHgt). A simple cal-
system(e.g., photons, atoms, nuclei with spin half, gmd  culation gives the result

any bosonic reservoir.

IIl. INDEPENDENT VERSUS COLLECTIVE H(t)= 2( J0(gre' Kby + gy "e Kby, 3
DECOHERENCE m

Let us consider the general case of QR coupled to a which allows us to calculate the time evolution operator
quantized environment modelled as a continuum of fieldJ,(t). The result is(see Appendix B1 for details
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_ where{i,,jnt={i1,j1;i2.j2; .. .;i ..} refers to the qubit
U.<t>=eX|c[|<1>,1,k<t>]exp[nEk I - & (Db states of the QR and
@ P51 =U,(1)p2(0) @ pB(0)UL(1). ®)

with
From this expression it becomes clear that the dynamics of
wit—Sin(w,t) the register is completely determined by the evolution opera-

@wk(t)=§( RACHE : tor U,(t). In Eq.(8), the initial density matrix of the register

2
() can be expressed a$Q(0)=pa'jl(0)®p?2’jz(0)® .
1 el ®pi? ;(0), where p? ; =[ip)(jn|. In this expansion]iy)

&) =0Ke,, (D=0 ooy (5)  =|*1) are the possible eigenstatesJjfand will be asso-

ciated with the two level qubit statdd) and |0), respec-

This result differs from the one reported in REZ0] where  tively. The eigenvalues,=+3 andj,==*3. In what fol-
thetime-ordering operation for [t) was not performedds  lows, the subscripts of Eq(7) will be renamed with the
will become clear later, this correction alters the resultingvalues one and zero to indicate the actual valiesid -3,
calculation of Ref[20], and hence changes the results for therespectively. Hence, we can rewrite K@) as
reduced density matrix of an arbitrabyQR. Based on the o 5 i i o
time evolution operator of Eq4), we report here a different i i (D=Tre[p>(0)U M (U ™ () ]pg5 1(0), (9)
result for this density matrix and discuss its implications with
respect to those of Reff20]. _ _

Unless we specify the contrary, we will assume that the Ul{'”}(t)zexp{i; |gk|zs(wk,t)z ek mnj min}

coupling coefficientsgf(n=1, ... L) are position depen- mn
dent i.e., that each qubit couples individually to a different it
heat bath, hence the QR decoherasdependently Impli- xex;{% {gkpu, (Dine™ by

cations for the “collective” decoherence case will be dis-

cussed later. Let us assume that thie qubit experiences a . o
coupling to the reservoir characterized by ~ Ok P, (D€ by} |, (10
gk=gkexp(—ik-ry), (6)

and calculate explicitly the decay of the coherences for the

wherer, denotes the position of theth qubit. It is easy to L-QR. The result i4see Appendix BP

see that the unitary evolution operator given by E.pro- 0
: i AR
duces entanglement between register states and environméit, in}
states[20]. The degree of the entanglement produced will
strongly depend on the qubit input states and also on the =ex;{— > lgul2e(wy,b)
separation|r,—r,|| between qubits because of the position- kim,n

dependent coupling. As we will show later, for some kind of o
input states, no decoherence occurs at all despite the fact that cotl-( _k> (im=im)(in—in cosk- rmn}
all of the qubits are interacting with the environment. We 2kgT

will also identify states with dynamics decoupled from ther-

mal fluctuations; this fact may be relevant when designing Xex;{i z 19|2S(wi ) (imin =i mi n)COSk'an}
experiments where the involved quantum states have dephas- K;m,n

ing times(mainly due to temperature-dependent effeotsa

very short time scale, as in the solid state, for example. We Xex;{—Zi > |gk|2c(wk,t)imjnsmk.rmn}

will also see that the above features are key issues when K;m,n

roposing schemes for maintaining coherence in quantum
gorr?pute?s[m]. ’ | X pgn i (0): 1D
Due to the pure dephasirige., Abelian characteristic of

the noise model considered here, we can calculate analytivherer,,,=r,—r, is the relative distance between tireh
cally the functional dependence of the decay of the coherand nth qubits, s(wy,t)=[wyt—sin(wd)l/(fiw)? and
ences of the QR by taking into account all the field modes of(wy,t) =[ 1 - cos) V(hw)?. In the continuum limit, Eq.
the quantized environment. We shall follow the notation of(11) reads
Ref.[20]. Let us consider the reduced density matrix of the
L-QR: the matrix elements of this reduced operator can be pg i (D=exdi{O4(t,t) — Ag(t,t)}]
expressed as

xexd —Ta(t.ts;Dpd j4(0), (12
PR O=Ciea, il Tl O i1, ),

(7)  where
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It is interesting that the decoherence effects arising from
®d(tuts):f do l4(0)s(w,t) thermal noise can be separated from the ones due purely to
vacuum fluctuations. This is simply because the average
. S number of field excitations at temperatdrean be rewritten
X2 71272 (imin=imin)cogwts), (13)  as(N,)1=% exp(~fiw/2ksT)cosechf w/2kgT), and hence
mdn cothfiw/2kgT)=1+2(N, )7 in Eq. (15). The other term
contributing to the decay of the coherences in Etp),
L Ny(t,tg), is due purely to quantum vacuum fluctuations. The
Ad(t,ts)=2J do l4(w)c(w,t) 2 i mlnSin(wty), separation made above allows us to examine the different
rr?:,j time scales present in tH®R plus bath system’s dynamics.
(14  The fastest time scale of the environment is determined by
the cutoff; 7.~ wgl, i.e., 7. sets the “memory” time of the
and environment. Hence, the vacuum fluctuations will contribute
to the dephasing process only for tintesr. . Also note that
1) the characteristic thermal frequeney=kgT/% sets another
Fd(t:ts;T):f do |d(w)C(w,t)COt”< Z_wT) fundamental time scale;~ w7 *: thermal effects will affect
. . the qubit dynamics only for> 1. Hence, we see that quan-
o, o tum vacuum fluctuations contribute to the dephasing process
X 2 (im=Jm)*+2 _2_ (im=Jm) only in the regimer.<t< 7. From this identification it be-
m=1 m=1n=2 . .
m# comes clear that the qubit dynamics and hence the decoher-
ence process of our open quantum system will depend on the
X(in—jn)cos(wts)} _ (15) ratio of the tgmperature—to—cutoff parametef/wC and the
spectral function 4(w). Later, we will analyze how different
qualitative behaviors are obtained for the decoherence de-
pending on the relationship between the cutoff and the ther-
mal frequency. It is worth noticing that the analytical sepa-
ration between the thermal and vacuum contributions to the
ﬁoverall decoherence process is a convenient property of the
Mhure dephasingAbelian) model considered here. Further
rTgtzgneralizations of this model, e.g., by including relaxation
mechanisms, should make this separation nontrivial because
the problem becomes no longer exactly solvable.
Next, we analyze the case of “collective decoherence.”
This situation can be thought of as a bath of “long” coher-
;ﬁ’\ce lengtimean effective wavelengtk) if compared with

Here, wt=kgT/% is the thermal frequencysee discussion
below), wts=k-r,, sets the‘transit time” t¢, andly(w)
=3 8(w— 0|9y *=(dk/dw)G(w)|g(w)|? is the spectral
density of the bath. This function is characterized by a cut
frequencyw, that depends on the particular physical syste
under consideration and sétf{ w)—0 for o> w. [22]. We
see that an explicit calculation for the decay of the coher
ences requires the knowledge of the spectral detg{iy).
Here, we assume thaj(w)= agw’e™ /c [22], whered is
the dimensionality of the field andy>0 is a proportionality
constant that characterizes the strength of the system-b
coupling. Hence, the functional dependence of the spectr
density relies on the dimensionality of the frequency depen
dence of the density of statés(w) and of the coupling

g(w). In Eq. (12), the “transit time”t; has been introduced calculation to the one followed in Appendix B gives the fol-

:jnor%rgi(ra\r El9hi§ X{)r;enssittg;fiz_g?thafggﬁg?%rén ;gzrféiquig%%wmg result for the decay of the coherences for the case of
y P P collective coupling to the reservoir:

describing the specific “independent” decoherence mecha-
nism, because of the position-dependent coupling between . 5 . 5
qubits and bath modes. However, in a scenario where the 0 i ) i
qubits are coupled “collectively” to the same environment, Pin,jn(t):exf’| '®d(t)[( 2:1 'm) _<m—l Jm) H
t, does not play any rolésee below.
The result of Eq(12) differs in several respects from the p{ {
Xexp —Ty(t;T)

e separatiorr ,,, between qubits, in such a way that

rmn. and hence the product of E() has expik-r,)
~1. Roughly speaking, we are in a situation where all the
qubits “feel” the same environment, i.egg=g, . A similar

one reported iM20]: the decoherence functiofiy(t,ts;T)
contains additional information about the characteristics of
the independent decoherence and the way in which the indi- (16
vidual qubits couple to the environment through the position-

dependent terms which are proportional to &esf,)). In \\hare

essence, this means that the entanglement of the register with

the noise field depends on the qubit separation. Also, the

expression for pgn‘jn}(t) reveals the dynamical factor @d(t):j do 14(@)s(w,1), (17)
Ny(t,ts)=04(t,ts) — Aqy(t,ts), which must be taken into ac-

count when determining typical decoherence times for the

L-QR. and

2
]pi‘i,jnm),

L
> (i im)

m=1
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Here, we consider the case of only one qubit in the pres-
ence of a thermal reservoir, as defined in E). Hence, for
both types of couplingEgs.(12) and(16)] we get

(H=ext —Tq(t, p? ; (0). (19

@ A. Single-qubit case
Fd(t;T)=J dw Id(w)c(w,t)cotl-<g> (18
T

Expressiong(12) and (16) are to be compared with those o
reported in Refs[20] and[21]. Clearly, the result for the Pi i,
evolution operatorU,(t) of Eq. (4) induces a OR-

environment dynamics different from the one reported inBy using Eq.(4), with d=1, it is easy to show that the
[20]. This fact has been pointed out in R¢R1] for the Ppopulations remain unaffectedi?(t)=p(0), i=0,1. In
situation of collective decoherence; in this particular casegeneral {#]), the decay of coherences is determined by Eq.
our results coincide with theirs. However, we obtain different(19). Here we can identify the main time regimes of deco-
results when considering the situation of independent decdierence for different dimensionalities of the field. In what
herence: the dynamical factdty(t,t) includes additional follows, we consider the case of reservoirs with both one-
information about individual qubit dynamics that cannot bedimensional density of stateg*Ohmic”) and three-
neglected. Indeed, from the results derived in R21], the  dimensional density of statgssuper-Ohmic”), i.e., G(w)
authors argue that the damping of the independent decoherconst andG(w) = w?, respectively, where the frequency-
ence is insensitive to the type of initial states and hence thdependent coupling(w) = \w, as considered if20]. From
sensitivity to the input states is only a property of the collec-Eq. (19), we see that a general solution for the casel

tive decoherence. As can be deduced from E@8 and requires numerical integratiofsee Appendix A However,
(16), we find that this statement is not generally true and thafor the case where the interplay between thermal and vacuum
the sensitivity to the initial states is a property of both col-effects is more complex, i.e., the low-T{<w;), we can
lective and independent decoherence. This result is particusolve it analytically. Here we get

From the expressiongl7) and (18) we see that foriw 1 1+ w§t2
<kgT, the high-temperature environmeftigh-TE), the I (t,T)~¢y) 2ortarctan2ort) + 51 1+aw2i2) |
phase damping factdry(t; T) is the main agent responsible T
ing factor®4(t) plays a minor role. In this case, is actu-  wherec;=a;/42. On the other hand, an exact solution for
ally the only characteristic frequency accessible to the systhe super-Ohmic casg=3 [Eq. (19)] can be found for any
tem (w.<w7) and thermal fluctuations always dominate temperaturel. The result is
ation w.> w7, the low-temperature environme@low-TE),

these damping factors compete with each other over the F3(t,T)=c3( 0°[4(2,0)+ (2,14 6) = {(2,0+i wrt)
same time scale, anéy(t) now plays a major role in erod-

larly illustrated for the case of a 2-QR in the next section.

- ) ' (20
for the qubits’ decoherence, while the other dynamical damp-
over the vacuum ones. However, when we consider the situ-

ing the qubits’ coherence. Here there is a much more inter- 1— w2t?
esting dynamic between thermal and vacuum contributions —02,0—-iwt) |+ ————1, (21)
(see next sectignThis shows the difference and the impor- 1+ wﬁtz]2

tance of the additional terms of the reduced density matrix
reported here when compared with those of RE28,21.  where {(z,q)=[11(2)]/5dt[t* e %/ (1-e "] is the
The above statements will be illustrated in the next sectiongeneralized Riemann zeta functiofi(z)=f7dtt* e ! is

So far, the dynamics of the qubits and their coupling tothe Gamma function, and3=a3w§/h2.
the environment has been discussed in the interaction repre- For the purpose of this paper, we concentrate on the case
sentation. To go back to the Scinger representation, re- L>1 for which we have several results. We leave the analy-
call psCh(t)=U0(t)p,(t)U8(t), with p(t) as calculated be- sis of theL=1 case to Appendix A, where we discuss the
fore for the qubits decoheren¢E&gs. (12) and (16)]. Also,  process of identifying typical decoherence times for a single
note that in the Schringer representatiothere denoted qubit, and the interplay between the different decoherence
with subindexSch Ug(t) introduces mixing but not deco- regimes as a function of the temperature.
herence. Next, we consider some particular cases which al-
low us to evaluate the expressiofi®) and (16) and hence B. L=2 qubit register
give a qualitative picture of the respective decoherence rates

for both collective and independent decoherence situations, Let us gnalyze the case of tW(.) qubits in the presence .Of
the bosonic reservoir discussed in the present paper. Using

the same expressions for the density of st@é&) and for
the frequency-dependent coupliggw) as above, we will
analyze the coherence decay for several different input
states. We set the qubits at positionsandr,, with coupling

In this section, we analyze the qualitative behavior of thefactors given bygf=gye '*"n, andn=a,b. It is easy to see
decay of the coherences given by E¢$2) and (16) for  that the unitary evolution operator induces entanglement be-
single- and two-qubit systems. tween qubit states and field stateg(t) acts as a conditional

IIl. DIMENSIONALITY OF THE FIELD AND
DECOHERENCE RATES FOR FEW-QUBIT SYSTEMS
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displacement operator for the field with a displacement am-

plitude depending on both qubits of the QR, as discussed in =
more detail in[20]. As we have pointed out previously, it is ,': e
. . . S—’ \
this entanglement that is responsible for the decoherence te \\\\&‘\‘&\‘\\g{‘\i\\\\\g\\\& R
. . . DR ’l
processes described in the present paper. In particular, S \\&‘\\\i‘\‘\\“\%\\}\“‘f
the case of two qubits has o
X
o
—(i i S P
PEja,ibjb(t)—<'a:'b|TrB{P (O}Hjaib)-
Next we analyze the register dynamics for the limiting deco-
herence situations described above. First, let us study the E \
W
case ofindependent decoherence = “\“\ e “‘\
D= ivdin: + ‘\\‘\\\““‘\\\\\\ L
M 1a=Jarlo# Jo ol \\\{%\‘\\“‘“‘\\W\\\\\\\\\\“\\\\\\\
S il \\ IR
o) \\\\\\\\\““\ L e
P i, (O=exdi®uOF i ~Ta(t;T)IXpS i 5.(0), 3 A
where
fii g, = 2lalip—jp)COSK-Tqp. = “\\“\\\\\%
= “\\\\w\\\m\\ \\\
W \\\\
" \\\\\\\\g\\\\\\\\m\ \\\\\\\\\\\\\\\
_ _ _ I
Hence, fopo="f cosk-ra,, and f f M 1 ‘\\\\\\\\\\“\ i
B 90,0(1? 11,10~ ab : 00,20~ '11,01 1, \\\\\\\\%\\ \\\\\ \\\\\\\\\\ \
=—COoSK-I,p: piaia'ibjb(t) shows collective decay. This re- % \\\\\\\\\
sult is contrary to the one reported in REZ0]. o

(i) ia=Ja, ip=]p"

pQ'av'bib(t):pgia"bib(o);

as expected, the populations remain unaffected.
(i) ia#FjaripFip:

=exg — Tt Dhij_i5.10% ;.(0),

Q
piaja,ib]b alaiblp
where hiaja,ibjb=2[1+(ia—ja)(ib—jb)cosk~rab]. Clearly,
10,267 No1,01= 2[1+coSk-Tap], and higor=hoy16=2[1
—cosk-r4p]. Hence,p&allbjb(t) also shows collective de-

cay.

In the above cases, analytic expressions for the correspond-

FIG. 1. Two-qubit “independent decoherence” due to the cou-
pling to a reservoir of the Ohmic typel&1) as a function of time
t and the transit timet;, for the input states associated with
TS (tT)(a#]a.ip#]b). Here,c;=0.25, and(i) =103, (ii) 10°,
and (jii) 10%. " (t,T), with i =1,3 are defined in the text.

1+4w%§>

1
pi_i(t)~ex 2FﬁnT)12q<4 2n< o
c*s

1+ wgtz_
> +In

|
1+4th,

1+ wgti
1+ 4w3t?

— w{2tarctari2w+ts) —t_arctai2wt )

ing decoherence functions can be found. As in Sec. IIl A, we

shall consider two different surrounding environments. In the

low-TE regime, the “Ohmic environment’d=1) induces
the following coherence decdthe high-TE requires numeri-
cal integration:

1
p(]:l(t)wexp{ =TI (t, T+ ic1< éarctamwct,)

pa-1(0) (22

1 ot ) .t
—zarctanw +—
2 o 1+w§t§

for i,=j,, andi,#j,. For brevity, we have dropped the
subindices of the reduced density matrix, andtsetts+t,
andt_=t,—t. Fori,#j,, andi,#j, we obtain the result

—t+aNﬂam2wTh)}) pg-1(0). (23

In Figs. 1 and 2, we have plotted the decay of two-qubit
coherence due to the coupling to an environment of the
Ohmic type[Egs.(23)]. Here,I'; (t,T) are defined from Egs.
(23) aspy_(t) =exd —T; (t,T)]p4_,(0). From these figures
we can see the variations of the onset of decay when increas-
ing the temperature. Figure 1 shows how the departure of
coherence from unity changes with[plot 1 (i)], while for
high temperaturgplot 1 (iii )], there is no variation witl at
all. In the limit of larget (see Table)l, we recover the onset
of decay of Fig. 6(Appendix A). Note the difference be-
tween the time scales of plots (1) and (iii), and how an
estimation of typical decoherence times strongly relies on the
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> N\ Different temperature, transit time, and coupling strength values are

= N consideredi # | 4,ip# ], (See text

L W g

% Q&&w\‘\w ) €1 kgTlhowe octs  wcTgec wcly wcTJec “"cthr

()
025 103 0.5 0.436919 saturates 0.235446 103.507
0.25 16 0.5 0.183755 saturates 0.104119 2.05958
025 10°% 10 0.290113 1279.63 0.290113 1279.64

—_ 025 160 10" 0.127778 3.45901 0.127778 3.45901

= 01 10% 05 00913573 saturates 0.37654 2025.75

= RN

i R 0.1 10 0.5 0.303135 saturates 0.16504 4.28334

[ WSS

o “\\\\\\\\\%&%&&\\&%%@%ﬁy 01 10°% 10° 047316 5669.66 0.473159 5670.15

< “\}&Q&&\\\\\\\\\\\‘.ﬁi’;};ﬁéfll,{},ﬂgg’l’ 01 10  10° 0.203549 7.86596 0.203549 7.86596

ol

o [ 001 10° 05 saturates saturates 1.45274 35004.7
0.01 16 0.5 saturates saturates 0.538502 37.2732
0.01 103 10* 255738 saturates 2.55738 40816.8
001 10  10* 0.709492 73.8325 0.709492 73.8325

PHYSICAL REVIEW 85 032326

TABLE |. Characteristic times for two-qubit independent deco-
herencerg,, for (d=1)-dimensional density of states of the field.

W AL
\\Q&kx\\‘{ﬁ\‘g“"‘ln}ﬁlnﬂzzg
R

R 7
e 7/
bt ‘

i and 2 that for ¢;=0.25, w:t;=0.5, andT=0.1 K, the
R
X

gt

A //,115;;;;1/,7::::,, decoherence process startsmgf~23.5 fs andry,~43.7

N f d it lasts for t© .. ~103 f -

N s, and it lasts for tiecey=10.3 ps (for tgecqy

P iy exd —1I'; (t—»,0.1 K)] saturates above 0.D1 If the
strength of the coupling goes down ¢g=0.01, thenr .,

— + — . —

~0.2 ps, andjec,,~3.5 Ns. In this latter caserye., and

J
J

l
XX

exp[-I; (t.T)]

FIG. 2. Two-qubit “independent decoherence” caused by the
coupling to an “Ohmic environment” as a function of timesand
ts, for the input states associated wiki (t,T) (ia#ja,ipF]b)-
¢,=0.25, and(i) =103, (i) 10°, and(iii) 10%.

temperature of the environment. Figure 2 shows how the
coherence decay shown in Fig. 1 disappears for stpatl-
ues, i.e., for a given temperature, it is possible to find a
from which there is no decoherence of the two-qubit system.
This interesting behavior occurs only for the density-matrix
elements/ 10/ Trg{pS(t)}|01) = (01 Trg{ pS(t) }|10).

In Table | we give some typical two-qubit decoherence
times 74¢. for an Ohmic environment in terms of the tem-
perature, coupling constantg, andtg. In all of the tables in
this paper, we have taken the beginning of the decoherence
process to occur when the reduced density matrix of the
whole system exhibits a 2% deviation from the initial condi-
tion, i.e., when exp-T'(t=74e., T)]=0.98. The tables have
been generated from the corresponding decoherence func- i)
tions reported in this paper. Heré; is defined from
exd —I'j(t=t;,T)]=0.01, i.e., the difference betweep and
Tqec gives an estimate for the duration of the decoherence
process, saYgecay: and T4ec, @ndt; are evaluated from the
respective decoherence functioRis (t,T), with i=1,3. In
order to gain insight into some characteristic time scales, .
consider, for example, the case of the solid state, where in Ot d
many situations the noise field can be identified with the ©
phonon field. Here the cutoth, can be immediately associ-
ated with the Debye frequenayp. A typical Debye tem-
perature ®p=100 K has wp=w.~10" s, so 4
=w1/w.~10"2T. Hence we can see from TablgFigs. 1

exp[-I5* (t.T)]

exp[-I5" (t,T)]

X
N
i
R
‘\\‘:\\\‘83‘33\‘88\\83\\\\\\ N
aaNIaAt N
RRRHuHHHInH
SRS E LRSI
RO SR EUERERSSARRTY N
WSSt R
AR
R CREISOTRARNS
R
S ‘3‘:“‘8‘
R

exp[-I3" (t,T)]

FIG. 3. Two-qubit “independent decoherence” due to the super-
Ohmic environment= 3 [Eq. (25)] as a function of timesandts,
for the input states associated will (t,T). c;=0.25, and(i)
=103, (i) 10°, and (iii) 10%.
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tyecay @re not reported, since the coherence saturates to a
value above 0.98. From the data reported in Table I, it is
clear that the weaker the coupling between the qubits and the
environment, the longer the decoherence times and the
slower the decoherence process. In addition, the higher the
temperature, the faster the qubits decohere, as expected
intuitively. N >

The effect of the transit time becomes more evident from Wt 8“1*~0 5 wls
Table I: for largetg values, there is no difference between
Tdec AN Tgec (IS0, t e cay=tgecay - THis is because for large
ts, the contribution due to terms involvirlg in Eq. (23) is

22508

T

exp[-I3™ (1, T)]
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e \\\\\\\ 1117 00y 01 s
et 72200070 004y g 7o
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negligible, hence the reduced density-matrpx_,(t) T \}}}\‘}3‘\‘\}}3\\:&!&:&\ i
H . V] It ety
=py=1(t)~exd —2I'y(t,T)] and hence has a similar behavior [T 02| % 5
to the single-qubit casgEq. (19)]. Hence for large (e.g., o) 104 5
X
o

ts=10%, Figs. 1 and 2 resemble the onset of decay of the
single-qubit casésee later Fig. fwhere there is no depen-
dence orts. We note that e{p-T'; (t,T)](exd —I'; (t,T)]) is

the corresponding decay of the coherencesg g

=po1,01 (P10,01=P01,10: henceﬁ?o,l&t)zp?om(t) for large
ts

(t.T]

IR
22 oo
IR

"0
BB
LRAL

-I3

By contrast, the super-Ohmit=3 field leads to the fol-
lowing coherence decay:

R
2%
o

expl

sin 2 arctariwgt )]
2(1+ w?t?)

pi_s()=exg —T(t,T)=icy

sin 2 arctafwt )] FIG. 4. Two-qubit “independent decoherence” due to the super-
- >3 Ohmic environmentd=3 as a function of times andtg for the
2(1+ wct?) input states associated wilhy (t,T). ¢3=0.25, and(i) =103,

(i) 1P, and(iii) 107,
N 2wt cog 3 arctaiowts) |

pa—3(0) (29

(14 0?t2)%? for 7. and tgecay have be+en given in Table Il. The
decoherence functions I';(t,T) are defined as
fori,=j,, andip,#j,, and pa—3(t)=exd —T5(t,T)]ps_s(0). As we can see, there is a
nonmonotonidehavior for the decay of coherence for low-
. 1- o?t? temperature values, as can be seen from Figs. and 3ii).
pa=3z(t)=expg —2I3(t, T)+2¢3| — ——5— The decay given by the functionEj (t,T) (Fig. 3 and
[1+ cts] I'; (t,T) (Fig. 4 saturates to a particular value, which is
1— w2t? 1— w2t? fixed by the strength of the coupling and the temperature of
+ cr 4 ¢ the reservoir: the lower the temperature, the slower the de-
1+ w2t21? 2[1+w?it?]? cay, and the higher the residual coherence. Some estimates
P for these saturation values '3 (' - are shown in Table 1.
+={24(2,0—iwqts) +2£(2,0+1 wrts) From Fig. 4, it is possible to find small values for which
2 the onset of decay does not change in time and coherence
—02,0+iwt,)—L(2,0—iwrt,) remains unaffected. This result is very different from the

case of Fig. 3, where coherence either vanighesigh tem-
. peraturesor saturates to a residual coherence vahtdow
—{(2,0+iort )—{(2,0—-iwrt )} | |pg-3(0) temperatures Also, note that while nothing happens to the
onset of decay of Fig. 4, the coherence decay is amplified in
(25)  the case of Fig. 3, for smatl values. From Figs. ® and
3(ii) and Figs. 4i) and 4ii), we see that there is saturation of
fori,#ja, andi,#jp. The results of Eq924) and(25) are  the decay in the presence ohantrivial coherence process.
exact: no approximations have been made in obtaining thentdowever, for high temperaturéfigs. Jiii) and 4iii )] there
Therefore, they are valid for any temperature of the environis a monotonic behavior where no saturation occurs at all and
ment. the residual coherence vanishes. We note that the nonmono-
In Figs. 3 and 4, we have plotted the decay of two-qubittonic behavior reported here for the low-temperature regime
coherence due to the coupling to a reservoir with threeis not just a characteristic of high-dimensionality fields: it
dimensional density of statd€qs. (25)]. Some estimates also occurs for thel=1 field, as can be seen from Figsi)1
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TABLE Il. Characteristic times for two-qubit independent decoherengg for (d=3)-dimensional
density of states of field ;# j,,ip#]p-

C3 wrlw; cls wCT(;rec wctf+ efr’;(t:) WcTgec wcly e st)
0.25 103 0.5 0.1292 sat. 0.477 0.10818 sat. 0.771
0.25 16 0.5 0.01338 0.20 0.01 0.01522 0.24 0.01
0.25 103 10 0.11738 sat. 0.6065 0.11738 sat. 0.6065
0.25 16 107 0.01421 0.22 0.01 0.01421 0.22 0.01
0.01 108 0.5 0.79957 sat. 0.971 sat. sat. 0.989
0.01 1G 0.5 0.066994 1.51 0.01 0.07645 sat. 0.449
0.01 103 10 9.7767 sat. 0.9802 9.7767 sat. 0.9802
0.01 16 10 0.07124 sat. 0.01831 0.07124 sat. 0.01832

and 2i). We believe that this purely quantum-mechanicalvery high “residual value” and show less than a 2% decay
phenomenon is associated with an interplay between thfor weak coupling(e.g., c3=0.01) and low temperatures
quantum vacuum and thermal fluctuations of the system an¢T=0.1 K). This result is to be compared with tle=1

the quantum character of the field. The system undergoesase where the coherences always vanish for kng(ii)
dynamics where the environment manages to “hit back” ateven at high temperature§ € 10* K), where the coher-

the qubits in such a way that the coherences then exhibit a@nces vanish, and weak coupling, we find the appearance of
effective revival before vanishingat high temperatur¢or  the “recoherence effect” discussed above. This makes more
saturating to a residual valuat low temperaturgsAn es-  evident the role of the QR-bath coupling: recoherences
sential feature of the model studied here is the fact that thehould appear only under certain conditions imposed by the
QR and bath are assumed to be initially uncorrelated. Irstrengthc; (hence by the spectral densitgnd the tempera-
future work, we will analyze the behavior of these “recoher-ture. These conditions can be directly obtained from the de-
ences” with more general initial conditions, where the initial coherence functions reported in this paper. Typkat@l: times
state of the combined system is allowed to contain somgor this (d=23)-dimensional environment are given in Table
correlations between the bath and the Qdee also Ref. || From these we can conclude that the two QR decoherence
[28]). Such studies will help to clarify the origins of this time scales are shorter, and the decoherence process occurs
“recoherence effect” and also the effectiveness of decoherfaster, than in the single-qubit case.

ence as a function of the initial conditions. We note that there \we now analyze how the above results are affected when
is a previous work by Huwet al. [30] where the study of e consider the situation @bllective decoherencas given
quantum Brownian motion in a general environment givesyy Eq. (16). The reduced den5|ty matrix for the two qubit
rise to a similar behaviofalthough in a different contexto  gystem now  reads p° ] iD= expliOO[(ZP _im?

the one reported here for the “recoherences.” A more de- " 2
tailed analysis of the physical implications of this interesting (Zmeal m) TeXR—T'o(t T)[E ~a(im— Jm)]z}p' 'bib(o)' In

behavior of the coherence decay is intended to be address@élr'“CUh"lr we find
elsewherd 31]. . _ .
It is interesting that the dynamics of coherences depend so (1) =Jasio# o Pigia: 'blb(t) exfi®4Of, iy,
strongly on the strength of the coupling. It can be seen front La(t; T)]P. S0, (0), where f| diaeipip— 2lalin—b)- Hence
Table Il and Fig. 5 thati) the coherences saturdtat) toa  f{, ;= f11le 1, andfyg = f11,01 —1. The corresponding
decoherence rates are

a] a’

£ pa-1(D~exp{—T'y(t,T) *ic,[ w t+arctatwct) ]} pg_4(0),
Io

% P:J:s(t):exl{ —I5(t, T)xics

5 D
o (26
% for the Ohmic environment and thd € 3)-dimensional den-

sity of states, respectively
(i) ia=jain=io: P, i1, (D =P, i,i,(0): @sexpected,
FIG. 5. Two-qubit “independent decoherencei&s, coupling  the populations remain unaffected

strengthcy=0.01, and(i),(iii) 6=10"3, and(ii),(iv) 6=10". (i) iaFjasipFip:
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andhjg o= hgy 1=0. Obviously, the corresponding decoher-
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exp[-I;* (t,T)]

Pa=1(1) =pg=1(0),
i (~exd — 4Tyt T)pis(0)  (27)
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Pa—3(1)=pgy—3(0),

pa—s(t)~exg —4T5(t,T)]pd_5(0) (28)

exp[-T5"(t,T)]

for the (d=3)-dimensional field. Hence, regarding the input
states, the case afollective decoherencshows two very
well defined situations. Ot " o5 9

(a) A set of input states that shows no decoherence at all,
despite the fact that the qubits are interacting with the envi- FIG. 6. Two-qubit “collective decoherence” fori) d=1
ronment. This is because under the specific situation of col:Ohmic environment’[Eqg. (27)], and(ii) d=3 “super-Ohmic en-
lective coupling there is a set of initial qubit states that doegironment” [Eq. (28)], as a function of time and the temperature
not entangle with the bosonic field and hence the states pré=wr/w;. €1=c5=0.25, andiz#j,, andi,#j,. I'q(t,T)(d
serve their coherence. These states are the so-calledl.3) is defined using Eq$27) and(28).
“coherence-preserving” states and, for the case of a 2-QR .
the corresponding reduced density-matrix elements argeneral formulas Eqd12) and (16). In so doing, we can

S S S Obtain an estimate of typical decoherence times for a QR
g]lgrlr%{é a(ilt)i}|"1| Oéé'f Eilrg <(3vlr|1-(la-:z{fr) el(etlz(}eltligzw‘ eAf?ecS::gd;s :I;lrllso with an arbitrary number of qubits. We should point out that

included, this result can be used as an encoding strateg if no schemes for controlling the errors induced by the deco-

where an arbitrary.-QR can be decoupled from its environ- ¥ﬁuereerlck?oSQSTSE?SSrgt:gnujfa:n_lrﬂe’IiaT(lj)Té eifr?tllljsnh]isogn ut-
ment provided that every single qubit of the register can be PP y q P

encoded using two qubits: e.g., using the simple encodinéjng process.
(though not the most efficient ope|0)—|01), and
|1)—|10). It turns out that this procedure is ensured even if
relaxation effects are included in the Hamiltoniéln [13]. We have revisited a model of decoherence based upon the
Hence in the specific situation of collective decoherence onene previously studied by Leggett al. [22] in connection
can find, for arbitraryL, a decoherence-free subspddD&S)  with the tunneling problem in the presence of dissipation,
C_LeH®" (the Hilbert spaceH="Hor®Hg) that does not and used later by Unruf82] and Palmaet al. [20] for de-
get entangled with the environment, and hence, the QRcribing the decoherence process of a quantum register. We
should evolve without decoherence. Besides quantum errdfave presented here a more complete description of this lat-
correction codes, this is currently one of the most outstandter problem, which provides the following results. The deco-
ing results in the battle against decoherefis, particularly  herence rates of the density-matrix elements are correctly
because of its relevance to maintaining a coherent qubiderived, leading to quantitative results for both independent
memory in quantum information processing. and collective decoherence situations. As discussed here, if
(b) The other two input states have the decay of coherno error correcting/preventing strategies are used, this has
ences(11 Trg{p>(t)}|00) and(00 Tra{p>(t)}|11): these give  implications for an estimation of decoherence time scales for
a situation of “superdecoherencg20], where the qubits are which the quantum memory of a QR can be maintained in
collectively entangled, and hence, these matrix elements giveny reliable computatiofwe note, however, there has been a
the fastest decay for the coherences. This means that whitecent proposal by Beiget al. regarding the use of dissipa-
there is a subspace which is robust against decoherence @sn to remain and manipulate states within a OE8]). Our
discussed above, the remaining part of the Hilbert space getesults agree with those reported[1] for the case of col-
strongly entangled with the environment. This superdecohetiective decoherence but they are different to the ones re-
ence situation is illustrated in Fig. 6 for the case of reservoirgorted there for the case of independent decoherence: in Ref.
with one- and three-dimensional density of states. The abov@1], it is argued that independent decoherence, as opposed
process of calculating explicit results for the decay of anyto collective decoherence, is insensitive to the qubit input
coherence associated with the coupling ofLeéQR to a states. Here, we have shown instead that both cases are very
bosonic reservoir, for both types of coupliitndependent  sensitive to the input states and that both of them show col-
and collectivg, can be carried out for any>2 using the lective decay.

IV. DISCUSSIONS AND CONCLUDING REMARKS
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In the specific situation of independent decoherence we We have shown how a bosonic environment destroys the
have found a nontrivial behavior in the decay of the off-coherences of an arbitrary quantum register. In doing so, we
diagonal elements of the reduced density matrix. Here, thbave identified DFS states that are invariant under the cou-
coherences experience an effective revival before they eithgaing to such an environment. This result could be of crucial
vanish or saturate to a residual value. This behavior dependsiportance for improving the efficiency of quantum algo-
on the temperature of the environment and depends stronghthms, for example. We believe that the engineering of
on the strength of the coupling: the coherence dynamics a®FS’s will become intrinsic to the designs of future quantum
different in the weak and strong coupling regime. Also, therecomputation architectures. There was a recent experimental
are important qualitative differences between the Ohdhic demonstration of decoherence-free quantum memories
=1 and the super-Ohmic environmetht=3, which is ulti- [18,19. This has been achieved fonequbit, by encoding it
mately linked to the spectral density of the bath. In theinto the DFS of a pair of trappedBe’ ions: in this way,
former case the coherence is always lost, while in the latteKielpinski et al. have demonstrated the immunity of a DFS
the coherence generally saturates to a residual value which & two atoms to collective dephasii@8]. Prior to this ex-
fixed by the temperature and strength of the coupling angberiment with trapped ions, Kwiatt al. demonstrated the
only vanishes in the high-TE. By contrast, in the case ofrobustness of a DFS for two photons to collective ngis#.
collective decoherence, we have identified QR input stateRobust quantum memories seem therefore to be well on their
that allow the system to evolve in a decoherence-free fashway, both theoretically and experimentally, to overcoming
ion, the so-called coherence-preserving states. We note théite main obstacle to quantum information processing—
DFS’s do not exist in the specific situation of independentamely, decoherence.
qubit decoherence. We also note that our attention has been
drawn to a dynamical-algebraic description that unifies the ACKNOWLEDGMENTS
currently known quantum errors stabilization procedures - )
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coherences that are destroyed more rapidly: from ELp. APPENDIX A: SINGLE-QUBIT DECOHERENCE
and(16) it is easy to see that the coherences with the fastest
decay are given by the matrix elemept{gnyln} andp{ln,on}-
These off-diagonal elements decay as [exi(t;T)f(L)],
with

The decoherence rates for a single qubit coupled to a res-
ervoir with d=1, andd=3 density of states afdq. (19)]

1—coq wt) ?‘( ) )
—F cot|

w

Iyt T)=ﬂf dwe™ /v
. h? 207

L
(A1)
fL=L+2 > (im=im(in=jn)codots), (29

m#n

— a3 —wlo w
F3(t,T)—ﬁf dowe [1—coq wt)]cot Z_wT .

for the limit of independent qubit decoherence, and as (A2)

exfd —L24(t;T)] for the collective decoherence case. Hence,

it is clear that for both cases, the longer the QR coherencl Sec. lllA, we gave the analytic solutions to these inte-
length, the faster the coherence decay. Despite the fact thétals. However, we did not perform a full analysis of those
the results of Palmat al. [20] are not the same as ours, it results. We start here by recalling that the solution found for
turns out that both sets of results lead to the same unwelconiBe integral(Al) was an approximate one, valid only for the
exponential increase of the error rate. We note that the resu@W-TE (or<w.): a general solution to this integral requires
of Eq. (29) is in general different from the one reported in numerical integration. The second integral was solved ana-
[20]. We also note that the coherence decay for the case dytically for any temperature valug (without making any
collective decoherence coincides with that[@0] only for ~ approximatioi. In these calculations, note that the constant
the fastest off-diagonal element decay: if we consider differcoupling ay changes its units with the dimensionality of the
ent density-matrix elements, the results of REI0] no  field: [a;]=[(eV)?s?], [az]=[(eV)?s*], etc.

longer coincide with ours. If the information reported in our ~ We first analyze the cas#=1. In the low-TE, Eq.(20)
paper is used for an estimation of the actual decoherendeads to the identification of three main regimes for the decay
time associated with any given off-diagonal density-matrixof the coherencesa) a “quiet” regime, for whicht<r,
element(coherencg the results are in general quite different and Fl(t,T)~Clw§t2/2; (b) a “guantum” regime, wherer,
from the ones reported ir20]. <t<r7r, andI'{(t,T)~c, In(wt); and (c) a “thermal” re-
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1 - TABLE lll. Single-qubit decoherence times for different tem-
o~ ® peratures, and coupling strengtlfi =1,3); ford=1 (Ohmig), and
- 08 the'ma"z__ d=3 (super-Ohmig dimensional density of states of the field.
t‘: 0.6 —Ti(74ed —T(tg)
[ d G owrlo; wTgee € i7de wcts e illf
|
'5'_ 0.4 uantum%"’- 0.25 10° 0.418831 0.98 273950.34 0.01
é 0.2 il 025 1.0 0.181611 0.98 6.39891 0.01
0 ' d=1 01 10° 0.705612 0.98 1153307.91 0.01
102 10° 102 104 108 01 1.0 0.291365 0.98 15.19703 0.01
ot 0.01 10° 7.47367 098 14346140.39 0.01
0.01 1.0 1.09604 0.98 147.12606 0.01
1 -
1
E 0.8 ® 0.25 10° 0.167969 0.98 saturates  0.778801
; @) )\ (© 025 10 0.154762 0.98  saturates 0.564132
(— 06 025 16 0.020104 0.98 0.318417 0.01
Lo04 d=3 0.1 10° 0.275766 0.98 saturates  0.904837
& 0.1 10 0.251550 0.98 saturates  0.795339
o 02 01 1¢ 0.031791 0.98 0.546769 0.01
0 001 16 0.101012 0.98 saturates  0.135331
107 10° 10® 107" 10
ot

tuations: even at thermal time scales, the contribution to the
decoherence due to vacuum fluctuations remains important.

In the case of the high-TE, the decay due to thermal noise
[see dashed line in Fig(id)] becomes more important than
the vacuum fluctuation contributid33] and the start of the
decoherence process is ruled By. Similar conclusions can
be obtained from Fig. (1), where the decay of coherence has
been plotted as a function of time but in units of the thermal
frequencyw for several different temperatures.

FIG. 7. (i) Decoherence of a single qubit for an “Ohmic envi-
ronment” as a function oft (in units of w;). The contributions
arising from the separate integration of thernfeg —I'(t)]) and
vacuum(exd —I'\(t)]) fluctuations are shown as dotted curves.
=0.25,(a) #=wr/o.=1, (b) 1072, (c) 10 °. If w. is the Debye
cutoff, §~10"2T (see text the decoherence shown corresponds to
T=100 K, T=1 K, andT=1 mK, respectively(ii) Coherence
decay for(a) =105, (b) 102, (c) 10°. ¢;=0.25. Here, time is
given in units of the thermal frequenay;=kgT/%.

gime, for whicht>7;, and I'¢(t,T)~2c,w+t. These re- “\‘\\‘“‘\
gimes have also been discussed in RE26,32 and can be
easily identified in Fig. 7 for several different temperatures.
In Fig. 7(i) we have plotted Eq19) as a function ofwt for
several different temperatures and b+ 1. Since the deco-
herence effects arising from thermal noise can be separated
from the ones due to quantum vacuum fluctuations, we have
also plotted these partial contributions in order to see their

effects over the time scales involved in the decoherence of

R
Q'Q' X Q’

|

e
——

TR

“ " ‘ “M “\‘\M“&
‘ KK

L

A

exp[-T; (t,T)]

the single qubifEq. (Al)]. It can be seen that for a given — (ii) —

value of the temperature paramet&ra characteristic time - '\e\\\\“‘tﬁ“‘i%*“\‘i“ifti?:':':«..

for which we start observing deviation of coherence from £ 08 ‘a{\\\\\\“;‘a\\\;{{3\t}%‘}{i:&ti:fzizfzf'é'{lﬁ;,,;ﬁa,,m,
unity is determined by the shortest of the two time scales 2 06 \\\\\}Q\\\\‘}&%\St%&éiEgi:ﬁ?{g‘é%%ﬁ%%’é’
and 1, and that this value is increased when decreasing the -é_' 8-‘; m&&%&&&&t""%ﬁﬁ
temperaturdl, as expected. From Fig(i@), it can clearly be X o i i
seen that at low temperatures, the quantum vacuum fluctua- O 404 104

tions play the major role in eroding the qubit coherence,
while the contribution due to thermal fluctuations plays a
minor role. From this plot, we can see the three main regimes
indicated above: a quiet{ 7;), a quantum ¢, <t<r7), and FIG. 8. Decoherence of a single qubit f6y d=1, and(ii) d
a thermal (> 71) regime. In this limit of low-TE,7. is the =3 as a function of timéin units of the cutoffw,) and the tem-
characteristic time that signals the departure of coherencgerature parametef=w/w.. ¢;=c3=0.25. If w, is the Debye
from unity. Here, the qubit dynamics shows a competitioncutoff, the range of coherence decay goes from a few mK ug)to
between contributions arising from vacuum and thermal fluc40* K [plot (i)] and(b) 1.5x 10° K [plot (ii)].

315 0

@t
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We can see from Table Il and Fig. 7 thgt..., is com- i [t ot Kt ot 1k
parable tor, for the high-TE, and tor; for the low-TE. U|(t)=TeXF{—gJ > g€t Jkpl+ el JTkp ) dt |,
Indeed, if we assumew. to be the Debye cutoff ¢ oK (B1)
~10" s 1), we obtain from Table Il that foc, =0.25, and
T=1 mK, the decoherence process starts@i~41.9 fs  where we have introduced the shorthand notatidh

and lasts fortgecay~27.4 ns(for d=1). Here, wr=13 =3 e-ikm3" Hence, we can rewrite E4B1) as[34]
X101T~1.3x10° s 7!, hencer;~8 ns is of the same or-

der of magnitude asyecqy. FOr the super-Ohmic environ- _ ket
mentd=3 (cz andT as beforgwe obtainry,~16.8 fs. In Ui(t)=ex zk: Ik P, (1) Iz

this case, the coherences saturate to a residual value, as we

discuss belowsee Table Il and Fig. @)]. From Table Il P, ot
we can also see the effects of the high-TE: the qubit deco- xXTexp -+ . dt zk: e

heres several orders of magnitude faster than in the low-TE

case. For example, forT=100 K, kgT>%w. (fiw. oot "

=6.58 meV), and we obtaimye~18.1 fs, andigecay~0.6 ><exp( — 2 Ok Pu, (1)} bk')gk‘]z by

ps (c;=0.25d=1). A similar behavior is also observed in K’

thed=3 case. In Table Il we can appreciate the effect of the )

coupling strength on the decoherence time scales.clet Xex;u(z gk/<pwk,(t’)J'Z‘ bl” (B2
=0.01 d=1), hence, fo(i) T=1 mK, 74.~0.75 ps, and K’

tgecay=1.4 us; for (i) T=100 K, 74¢¢~0.11 ps, and
tyecay=14.6 ps. Hence the weaker the coupling between th
qubit and the environment, the longer the decoherence timdg¢
and the slower the duration of the decoherence process. This 93 by+ g, (1)I4]. (B3)
result also holds for the case=3, as can be seen from Table Kz LTk T SkF ol Mz

[ll. All of the above analysis concerning the different re- Hence, the following expression fai (t) arises:

gimes for the decay of the coherences presented here is ex-

plicitly illustrated in the three-dimensional plots of Fig. 8.
=exp| 2 G, (0I0) | exp = 2 gegl, (132D

{ is easy to show that the calculation of the product given by
last two lines of Eq(B2) gives the result

Next, we analyze the decoherence behavior of the singléJl(t)
gubit when coupling to the super-Ohnde= 3 reservoir. The
corresponding decoherence function is given by @4d). As [ ko (o o Cieut!
can be seen from Fig.(i8) and Table lll, this case shows an Xexp — gEK: [spp Jodt Py (t)e 1k
interesting behavior for the coherence decay: once the end of
the “quiet” regime has been reached, the coherences decay ket x i
to either zero, as in the case of Figi)8 or saturate to a =ex Ek: Il @0, () Izb— @5, (1) 77Dy ]
particular value determined by the temperature parameter

wt/w;. Here we can identify the particular temperature it e (1) @, (D]
value for which no saturation occurs at all and the expected Xexp > |gkd4|? >~ SRR ,
decoherence takes place. In Table Ill, we give some satura- k hlw, ok 2

tion values for different temperatures and coupling strengths (B4)

c3. Forcz=0.1, and 0.25, the temperature value for which
any residual coherence vanishes falls in the intervat 80 Wwhere we have used the rese , which
<100 (high-TE). Apparently, these residual values shown inholds for any pair of operator&,B that satisfy[A,[A,B]]
Fig. 8ii) and Table Ill vanish when additional frequency =0=[B,[A,B]] [as in the case of EqB4)]. It is straight-
modes associated with the three-dimensionality of the fieldorward to see that EqB4) gives the final result

are taken into accour[20]. Even if this is not the case, )

surely the effects of relaxation mechanisms would mark the Ut =exdi | |2wkt—3|n(wkt) K K
extent of these residual values. (H=exgi " el (hwy)? z vz

ft+B= cAeBa[ABI2

APPENDIX B: TIME EVOLUTION AND THE REDUCED Xex;{E {AE(t)—Ak(t)}}, (B5)
DENSITY MATRIX K

In this appendix, we give details of the main steps fol-whereA,(t) =gy gpfok(t)\]lkbk.
lowed in the calculation of the reduced density matrix given

by Eq. (15). 2. The reduced density matrix of aL-qubit register
. . We start by using the result fat,(t) in order to calculate
1. The time evolution operatorU, (t) the decay of the coherences, ie.
Since Eq. (3 gives H()==,,Jd%gredb]  Tra[pB0)U; U ()ui™ (1)1, with Ul'(t) as defined in Eq.
+gi"e '¥'b,), we have that (10). In so doing, we first compute the operator algebra for
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the productlJ;r{j“}(t)Ul{i"}(t) by taking into account the ex- Where we have set=0x¢,, (1) Zm(im—jm)exp(—ik-ry).

pression(B5). The result gives

wkt— Sln( wkt)
(hwy)?

Ul’r{in}(t)ufi”}(t) = exr{ [ ; |9ul?
X E (Imin=Jmin)cosk- rrnn‘|
m,n
<e)i a0

x> imjnsink~rmn}
m,n

X exp[; (obl— a:bk)}, (B6)

From the above equation, note that the first two exponential
terms commute, hence we only have to take the trace over
the third term. By doing thigsee, e.g., Ref29]), we obtain

the result

TrB{pB(O)eXp[ ; (O’kbl_O': bk)]}

1_C01wkt) |—< ﬁwk)
=11 exp —|g./? cot
Il ‘{ 9 s M 2T

x> (im_jm)(in_jn)COSk'rmnl! (B7)

from where Eq.11) arises immediately.
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