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Decoherence of quantum registers
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The dynamical evolution of a quantum register of arbitrary length coupled to an environment of arbitrary
coherence length is predicted within a relevant model of decoherence. The results are reported for quantum bits
~qubits! coupling individually to different environments~‘‘independent decoherence’’! and qubits interacting
collectively with the same reservoir~‘‘collective decoherence’’!. In both cases, explicit decoherence functions
are derived for any number of qubits. The decay of the coherences of the register is shown to strongly depend
on the input states: We show that this sensitivity is a characteristic ofboth types of coupling~collective and
independent! and not only of the collective coupling, as has been reported previously. A nontrivial behavior
~‘‘recoherence’’! is found in the decay of the off-diagonal elements of the reduced density matrix in the specific
situation of independent decoherence. Our results lead to the identification of decoherence-free states in the
collective decoherence limit. These states belong to subspaces of the system’s Hilbert space that do not get
entangled with the environment, making them ideal elements for the engineering of ‘‘noiseless’’ quantum
codes. We also discuss the relations between decoherence of the quantum register and computational complex-
ity based on the dynamical results obtained for the register density matrix.
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I. INTRODUCTION

When any open quantum system, for example, a quan
computer, interacts with an arbitrary surrounding enviro
ment, there are two main effects that have to be conside
when examining the temporal evolution. First, there is
expected loss of energy of the initial system due to its rel
ation, which happens at the ratet rel

21 wheret rel is the relax-
ation time scale of the system. Second, there is a process
spoils the unitarity of the evolution, the so-called decoh
ence@1#, where the continuous interaction between the qu
tum computer and the environment leads to unwanted co
lations between them in such a way that the computer lo
its ability to interfere, giving rise to wrong outcomes whe
executing conditional quantum dynamics. This phenome
is characterized by a time that defines the loss of unita
~i.e., the departure of coherence from unity!, the decoherence
time tdec. Usually, the time scale for this effect to take pla
is much smaller than the one for relaxation, hence quan
computers are more sensitive to decoherence processes
to relaxation ones. For practical applications in quant
computing there are several different systems that might
vide a long enought rel ; however, what really matters fo
useful quantum information processing tasks~e.g., quantum
algorithms! to be performed reliably is the ratiotgating /tdec.
tgating , the time required to execute an elementary quan
logic gate, must be much smaller thantdec. As a rough
estimate, fault-tolerant quantum computation has b
shown to be possible if the ratiotgating to tdec of a single
qubit is of the order of 1024 @2# ~a qubit is a two-state quan
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tum system, the basic memory cell of any quantum inform
tion processor!.

Decoherence and quantum theory are unavoidably c
nected. Indeed, the ubiquitous decoherence phenomenon
been ultimately associated with the ‘‘frontiers’’ between t
quantum behavior of microscopic systems and the em
gence of the classical behavior observed in macroscopic
jects@1#: roughly speaking, the decoherence timetdec deter-
mines the energy and length scales at which quan
behavior is observed. It generally depends non-trivially
several different factors such as temperature, dimensiona
quantum vacuum fluctuations, disorder, and others wh
origins are less well known~hardware characteristics!. The
time scale for decoherence depends on the kind of coup
between the system under consideration and the envi
ment, in a range that can go frompicoseconds in excitonic
systems@3# up to minutesin nuclear-spin systems@4#.

The discovery of algorithms for which a computer bas
on the principles of quantum mechanics@5# can beat any
traditional computer, has triggered intense research into r
istic controllable quantum systems. Among the main ar
involved in this active research field are ion traps@6#, nuclear
magnetic resonance@7#, quantum electrodynamics cavitie
@8#, Josephson junctions@9#, and semiconductor quantum
dots @10#. The main challenge that we face is to identify
physical system with appropriate internal dynamics and c
responding external driving forces which enables one to
lectively manipulate quantum superpositions and entan
ments. For this to be done, the candidate system should
a sufficiently high level of isolation from the environmen
quantum information processing will be a reality when op
mal control of quantum coherence in noisy environments
be achieved. The various communities typically rely on d
ferent hardware methodologies, and so it is important
clarify the underlying physics and limits for each type
physical realization of quantum information processing s
©2002 The American Physical Society26-1
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tems. As mentioned above, these limits are mainly impo
by the decoherence time of each particular system. Howe
theoretical work has shown that, in addition to quantum er
correcting codes@11,12#, there are two additional ways tha
may potentially lead to decoherence-free or decohere
controlled quantum information processing: one of them
the so-called ‘‘error avoiding’’ approach where, for a give
decoherence mechanism~e.g., collective decoherence, di
cussed below!, the existence of ‘‘decoherence-free’’ su
spaces within the system’s Hilbert space can be exploite
order to obtain a quantum dynamics where the system
effectively decoupled from the environment@13,15#. This ap-
proach requires the system-environment coupling to pos
certain symmetry properties. The other approach is base
‘‘noise suppression’’ schemes, where the effects of unwan
system-bath interactions are dynamically controlled usin
sequence of ‘‘tailored external pulses’’@16,17#. These strate-
gies have motivated much theoretical and experime
work. In particular, there are some recent experimental
sults regarding the engineering of decoherence-free quan
memories@18,19#.

We devote this paper to the study of decoherence o
arbitrary quantum register~QR! of L qubits. In addition to
providing a general theoretical framework for studying de
herence, we examine in detail the two limits where the qu
are assumed to couple~i! independently and~ii ! collectively
to an external~bosonic! reservoir. The reservoir is modelle
by a continuum of harmonic modes. In Sec. II, we show t
the decoherence process is very sensitive to the input s
of the register and give explicit expressions for the cohere
decay functions. We have found that these functions pos
a behavior, which we label ‘‘recoherence’’~or coherence re-
vivals! in the specific case of independent decoherence. T
behavior depends strongly on the temperature and
strength of the qubit-bath coupling. By contrast, for a cert
choice of the QR input, the calculation of the reduced den
matrix leads to the identification of decoherence-free qu
tum states@13,15#, when the qubits are coupled ‘‘collec
tively’’ to the environment, i.e., when the distance betwe
qubits is much smaller than the bath coherence length,
hence, the environment couples in a permutation-invar
way to all qubits. The calculations in this paper were mo
vated by the results of Refs.@20,21#. The present pape
shows that some subtle but important details of these ea
results are incomplete. Particularly, the calculation of
L-QR density matrix reported here leads both to qualitat
results, when analyzing the behavior of coherence decay,
quantitative results, when estimating typical decohere
times: these results emerge forL.1, as discussed in Sec. II
Concluding remarks are given in Sec. IV. We emphasize
the results of this paper are not restricted to a particu
physical system; they are valid for any choice of the qu
system~e.g., photons, atoms, nuclei with spin half, etc.! and
any bosonic reservoir.

II. INDEPENDENT VERSUS COLLECTIVE
DECOHERENCE

Let us consider the general case of aL-QR coupled to a
quantized environment modelled as a continuum of fi
03232
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modes with corresponding creation~annihilation! bath opera-
tor b† (b). Throughout this paper, we will analyze pu
dephasing mechanisms only. We will not consider relaxat
mechanisms where the QR exchanges energy with the e
ronment leading to bit-flip errors. Hence, thenth qubit op-
eratorJn[Jz

n (Jx
n5Jy

n50) @23#. As mentioned earlier, this is
a reasonable approach since decoherence typically occu
a much faster time scale than relaxation. The dynamics of
qubits and the environment can be described by a simpli
version of the widely studied spin-boson Hamiltonian@22#

H5 (
n51

L

enJz
n1(

k
ekbk

†bk1(
n,k

Jz
n~gk

nbk
†1gk

n* bk!, ~1!

where the first two terms describe the free evolution of
qubits and the environment, and the third term accounts
the interaction between them. Here,gk

n denotes the coupling
between thenth qubit and field modes, which in gener
depends on the physical system under consideration. The
tial state of the whole system is assumed to berS(0)
5rQ(0)^ rB(0) ~the superscripts stand for system, qubi
and bath!, i.e., the QR and the bath are initially decoupl
@24#. We also assume that the environment is initially in th
mal equilibrium, a condition that can be expressed as

rB~0!5)
k

rk~T!5)
k

exp~2b\vkbk
†bk!

11^Nvk
&

, ~2!

where ^Nvk
&5@exp(2b\vk)21#21 is the Bose-Einstein

mean occupation number,kB is the Boltzmann’s constant an
b[1/kBT. For the model of decoherence presented here,
clear that we are in a situation where the qubit operatorJz

n

commutes with the total HamiltonianH and therefore, there
is no exchange of energy between qubits and environmen
expected. We will not attempt to perform a group-theore
description for the study of quantum noise control@25#. In-
stead, we study the specific real-time dynamics of the de
in the QR-density-matrix coherences within the model giv
by the Hamiltonian Eq.~1! ~i.e., Abelian noise processes,
the language of Refs.@26,27#!.

In the interaction picture, the quantum state of the co
bined ~qubits plus bath! system at timet is given by
uC(t)& I5UI(t)uC(0)&, whereuC(0)& is the initial state of
the system,UI(t) is the time evolution operator,UI(t)
5T exp@2i/\*o

t HI(t8)dt#, andT is the time ordering operator
For the Hamiltonian~1!, we introduce the notationH5H0

1V, whereH05(n51
L enJz

n1(kekbk
†bk denotes the free evo

lution term andV5(n,kJz
n(gk

nbk
†1gk

n* bk) is the interaction
term. Hence, the interaction picture Hamiltonian is given
HI(t)5U0

†(t)VU0(t), with U05exp(2i/\H0t). A simple cal-
culation gives the result

HI~ t !5(
n,k

Jz
n~gk

neivktbk
†1gk*

ne2 ivktbk!, ~3!

which allows us to calculate the time evolution opera
UI(t). The result is~see Appendix B1 for details!
6-2
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UI~ t !5exp@ iFvk
~ t !#expF(

n,k
Jz

n$jk
n~ t !bk

†2jk*
n~ t !bk%G

~4!

with

Fvk
~ t !5(

n,k
uJz

ngk
nu2

vkt2sin~vkt !

~\vk!
2

,

jk
n~ t !5gk

nwvk
~ t ![gk

n 12eivkt

\vk
. ~5!

This result differs from the one reported in Ref.@20# where
the time-ordering operation for UI(t) was not performed. As
will become clear later, this correction alters the result
calculation of Ref.@20#, and hence changes the results for t
reduced density matrix of an arbitraryL-QR. Based on the
time evolution operator of Eq.~4!, we report here a differen
result for this density matrix and discuss its implications w
respect to those of Ref.@20#.

Unless we specify the contrary, we will assume that
coupling coefficientsgk

n(n51, . . . ,L) are position depen-
dent, i.e., that each qubit couples individually to a differe
heat bath, hence the QR decoheres ‘‘independently.’’ Impli-
cations for the ‘‘collective’’ decoherence case will be d
cussed later. Let us assume that thenth qubit experiences a
coupling to the reservoir characterized by

gk
n5gk exp~2 ik•rn!, ~6!

wherern denotes the position of thenth qubit. It is easy to
see that the unitary evolution operator given by Eq.~4! pro-
duces entanglement between register states and environ
states@20#. The degree of the entanglement produced w
strongly depend on the qubit input states and also on
separationuurm2rnuu between qubits because of the positio
dependent coupling. As we will show later, for some kind
input states, no decoherence occurs at all despite the fac
all of the qubits are interacting with the environment. W
will also identify states with dynamics decoupled from the
mal fluctuations; this fact may be relevant when design
experiments where the involved quantum states have dep
ing times~mainly due to temperature-dependent effects! on a
very short time scale, as in the solid state, for example.
will also see that the above features are key issues w
proposing schemes for maintaining coherence in quan
computers@13#.

Due to the pure dephasing~i.e., Abelian! characteristic of
the noise model considered here, we can calculate ana
cally the functional dependence of the decay of the coh
ences of the QR by taking into account all the field modes
the quantized environment. We shall follow the notation
Ref. @20#. Let us consider the reduced density matrix of t
L-QR: the matrix elements of this reduced operator can
expressed as

r$ i n , j n%
Q ~ t !5^ i L ,i L21 , . . . ,i 1uTrB$rS~ t !%u j L , j L21 , . . . ,j 1&,

~7!
03232
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where$ i n , j n%[$ i 1 , j 1 ; i 2 , j 2 ; . . . ;i L , j L% refers to the qubit
states of the QR and

rS~ t !5UI~ t !rQ~0! ^ rB~0!UI
†~ t !. ~8!

From this expression it becomes clear that the dynamic
the register is completely determined by the evolution ope
tor UI(t). In Eq. ~8!, the initial density matrix of the registe
can be expressed asrQ(0)5r i 1 , j 1

Q (0)^ r i 2 , j 2

Q (0)^ . . .

^ r i L , j L

Q (0), where r i n , j n

Q 5u i n&^ j nu. In this expansion,u i n&
5u6 1

2 & are the possible eigenstates ofJz
n and will be asso-

ciated with the two level qubit statesu1& and u0&, respec-
tively. The eigenvaluesi n56 1

2 and j n56 1
2 . In what fol-

lows, the subscripts of Eq.~7! will be renamed with the
values one and zero to indicate the actual values1

2 and2 1
2 ,

respectively. Hence, we can rewrite Eq.~7! as

r$ i n , j n%
Q ~ t !5TrB@rB~0!UI

†$ j n%
~ t !UI

$ i n%
~ t !#r$ i n , j n%

Q ~0!, ~9!

UI
$ i n%

~ t ![expF i(
k

ugku2s~vk ,t !(
m,n

eik•rmni mi nG
3expF(

n,k
$gkwvk

~ t !i ne2 ik•rnbk
†

2gk* wvk
* ~ t !i neik•rnbk%G , ~10!

and calculate explicitly the decay of the coherences for
L-QR. The result is~see Appendix B2!

r$ i n , j n%
Q ~ t !

5expF2 (
k;m,n

ugku2c~vk ,t !

3cothS \vk

2kBTD ~ i m2 j m!~ i n2 j n!cosk•rmnG
3expF i (

k;m,n
ugku2s~vk ,t !~ i mi n2 j mj n!cosk•rmnG

3expF22i (
k;m,n

ugku2c~vk ,t !i mj n sink•rmnG
3r$ i n , j n%

Q ~0!, ~11!

wherermn[rm2rn is the relative distance between themth
and nth qubits, s(vk ,t)5@vkt2sin(vkt)#/(\vk)

2, and
c(vk ,t)5@12cos(vkt)#/(\vk)

2. In the continuum limit, Eq.
~11! reads

r$ i n , j n%
Q ~ t !5exp@ i $Qd~ t,ts!2Ld~ t,ts!%#

3exp@2Gd~ t,ts ;T!#r$ i n , j n%
Q ~0!, ~12!

where
6-3
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Qd~ t,ts!5E dv I d~v!s~v,t !

32 (
m51,n52

m5” n

L

~ i mi n2 j mj n!cos~vts!, ~13!

Ld~ t,ts!52E dv I d~v!c~v,t ! (
m51
n52

L

i mj n sin~vts!,

~14!

and

Gd~ t,ts;T!5E dv I d~v!c~v,t !cothS v

2vT
D

3H (
m51

L

~ i m2 j m!212 (
m51,n52

m5” n

L

~ i m2 j m!

3~ i n2 j n!cos~vts!J . ~15!

Here, vT[kBT/\ is the thermal frequency~see discussion
below!, vts[k•rmn sets the‘‘transit time’’ t s , and I d(v)
[(kd(v2vk)ugku2[(dk/dv)G(v)ug(v)u2 is the spectral
density of the bath. This function is characterized by a cu
frequencyvc that depends on the particular physical syst
under consideration and setsI d(v)°0 for v@vc @22#. We
see that an explicit calculation for the decay of the coh
ences requires the knowledge of the spectral densityI d(v).
Here, we assume thatI d(v)5advde2v/vc @22#, whered is
the dimensionality of the field andad.0 is a proportionality
constant that characterizes the strength of the system-
coupling. Hence, the functional dependence of the spec
density relies on the dimensionality of the frequency dep
dence of the density of statesG(v) and of the coupling
g(v). In Eq. ~12!, the ‘‘transit time’’ ts has been introduced
in order to express the QR-bath coupling in the freque
domain. This transit time is of particular importance wh
describing the specific ‘‘independent’’ decoherence mec
nism, because of the position-dependent coupling betw
qubits and bath modes. However, in a scenario where
qubits are coupled ‘‘collectively’’ to the same environmen
ts does not play any role~see below!.

The result of Eq.~12! differs in several respects from th
one reported in@20#: the decoherence functionGd(t,ts ;T)
contains additional information about the characteristics
the independent decoherence and the way in which the i
vidual qubits couple to the environment through the positi
dependent terms which are proportional to cos(k•rmn). In
essence, this means that the entanglement of the register
the noise field depends on the qubit separation. Also,
expression for r$ i n , j n%

Q (t) reveals the dynamical facto

:d(t,ts)[Qd(t,ts)2Ld(t,ts), which must be taken into ac
count when determining typical decoherence times for
L-QR.
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It is interesting that the decoherence effects arising fr
thermal noise can be separated from the ones due pure
vacuum fluctuations. This is simply because the aver
number of field excitations at temperatureT can be rewritten
as ^Nv&T5 1

2 exp(2\v/2kBT)cosech(\v/2kBT), and hence
coth(\v/2kBT)5112^Nv&T in Eq. ~15!. The other term
contributing to the decay of the coherences in Eq.~12!,
:d(t,ts), is due purely to quantum vacuum fluctuations. T
separation made above allows us to examine the diffe
time scales present in the~QR plus bath! system’s dynamics.
The fastest time scale of the environment is determined
the cutoff:tc;vc

21 , i.e., tc sets the ‘‘memory’’ time of the
environment. Hence, the vacuum fluctuations will contribu
to the dephasing process only for timest.tc . Also note that
the characteristic thermal frequencyvT[kBT/\ sets another
fundamental time scaletT;vT

21 : thermal effects will affect
the qubit dynamics only fort.tT . Hence, we see that quan
tum vacuum fluctuations contribute to the dephasing proc
only in the regimetc,t,tT . From this identification it be-
comes clear that the qubit dynamics and hence the deco
ence process of our open quantum system will depend on
ratio of the temperature-to-cutoff parametervT /vc and the
spectral functionI d(v). Later, we will analyze how differen
qualitative behaviors are obtained for the decoherence
pending on the relationship between the cutoff and the th
mal frequency. It is worth noticing that the analytical sep
ration between the thermal and vacuum contributions to
overall decoherence process is a convenient property of
pure dephasing~Abelian! model considered here. Furthe
generalizations of this model, e.g., by including relaxati
mechanisms, should make this separation nontrivial beca
the problem becomes no longer exactly solvable.

Next, we analyze the case of ‘‘collective decoherenc
This situation can be thought of as a bath of ‘‘long’’ cohe
ence length~mean effective wavelengthl) if compared with
the separationr mn between qubits, in such a way thatl
@r mn , and hence the product of Eq.~6! has exp(2ik•rn)
'1. Roughly speaking, we are in a situation where all
qubits ‘‘feel’’ the same environment, i.e.,gk

n[gk . A similar
calculation to the one followed in Appendix B gives the fo
lowing result for the decay of the coherences for the case
collective coupling to the reservoir:

r i n , j n

Q ~ t !5expH iQd~ t !F S (
m51

L

i mD 2

2S (
m51

L

j mD 2G J
3expH 2Gd~ t;T!F (

m51

L

~ i m2 j m!G2J r i n , j n

Q ~0!,

~16!

where

Qd~ t !5E dv I d~v!s~v,t !, ~17!

and
6-4
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Gd~ t;T!5E dv I d~v!c~v,t !cothS v

2vT
D . ~18!

Expressions~12! and ~16! are to be compared with thos
reported in Refs.@20# and @21#. Clearly, the result for the
evolution operator UI(t) of Eq. ~4! induces a QR-
environment dynamics different from the one reported
@20#. This fact has been pointed out in Ref.@21# for the
situation of collective decoherence; in this particular ca
our results coincide with theirs. However, we obtain differe
results when considering the situation of independent de
herence: the dynamical factor:d(t,ts) includes additional
information about individual qubit dynamics that cannot
neglected. Indeed, from the results derived in Ref.@21#, the
authors argue that the damping of the independent deco
ence is insensitive to the type of initial states and hence
sensitivity to the input states is only a property of the colle
tive decoherence. As can be deduced from Eqs.~12! and
~16!, we find that this statement is not generally true and t
the sensitivity to the initial states is a property of both c
lective and independent decoherence. This result is parti
larly illustrated for the case of a 2-QR in the next sectio
From the expressions~17! and ~18! we see that for\v
!kBT, the high-temperature environment~high-TE!, the
phase damping factorGd(t;T) is the main agent responsib
for the qubits’ decoherence, while the other dynamical dam
ing factorQd(t) plays a minor role. In this casevc is actu-
ally the only characteristic frequency accessible to the s
tem (vc!vT) and thermal fluctuations always domina
over the vacuum ones. However, when we consider the s
ation vc@vT , the low-temperature environment~low-TE!,
these damping factors compete with each other over
same time scale, andQd(t) now plays a major role in erod
ing the qubits’ coherence. Here there is a much more in
esting dynamic between thermal and vacuum contributi
~see next section!. This shows the difference and the impo
tance of the additional terms of the reduced density ma
reported here when compared with those of Refs.@20,21#.
The above statements will be illustrated in the next secti

So far, the dynamics of the qubits and their coupling
the environment has been discussed in the interaction re
sentation. To go back to the Schro¨dinger representation, re
call rSch(t)5U0(t)r I(t)U0

†(t), with r I(t) as calculated be
fore for the qubits decoherence@Eqs. ~12! and ~16!#. Also,
note that in the Schro¨dinger representation~here denoted
with subindexSch! U0(t) introduces mixing but not deco
herence. Next, we consider some particular cases which
low us to evaluate the expressions~12! and ~16! and hence
give a qualitative picture of the respective decoherence r
for both collective and independent decoherence situatio

III. DIMENSIONALITY OF THE FIELD AND
DECOHERENCE RATES FOR FEW-QUBIT SYSTEMS

In this section, we analyze the qualitative behavior of
decay of the coherences given by Eqs.~12! and ~16! for
single- and two-qubit systems.
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A. Single-qubit case

Here, we consider the case of only one qubit in the pr
ence of a thermal reservoir, as defined in Eq.~2!. Hence, for
both types of coupling@Eqs.~12! and ~16!# we get

r i n , j n

Q ~ t !5exp@2Gd~ t,T!#r i n , j n

Q ~0!. ~19!

By using Eq. ~4!, with d51, it is easy to show that the
populations remain unaffected:r i i

Q(t)5r i i
Q(0), i 50,1. In

general (i 5” j ), the decay of coherences is determined by E
~19!. Here we can identify the main time regimes of dec
herence for different dimensionalities of the field. In wh
follows, we consider the case of reservoirs with both on
dimensional density of states~‘‘Ohmic’’ ! and three-
dimensional density of states~‘‘super-Ohmic’’!, i.e., G(v)
5const andG(v)5v2, respectively, where the frequency
dependent couplingg(v)}Av, as considered in@20#. From
Eq. ~19!, we see that a general solution for the cased51
requires numerical integration~see Appendix A!. However,
for the case where the interplay between thermal and vac
effects is more complex, i.e., the low-TE (vT!vc), we can
solve it analytically. Here we get

G1~ t,T!'c1F2vTt arctan~2vTt !1
1

2
lnS 11vc

2t2

114vT
2t2D G ,

~20!

wherec1[a1 /\2. On the other hand, an exact solution f
the super-Ohmic cased53 @Eq. ~19!# can be found for any
temperatureT. The result is

G3~ t,T!5c3H u2@z~2,u!1z~2,11u!2z~2,u1 ivTt !

2z~2,u2 ivTt !#1
12vc

2t2

@11vc
2t2#2J , ~21!

where z(z,q)5@1/G(z)#*o
`dt@ tz21e2qt/(12e2t)# is the

generalized Riemann zeta function,G(z)5*o
`dttz21e2t is

the Gamma function, andc35a3vc
2/\2.

For the purpose of this paper, we concentrate on the c
L.1 for which we have several results. We leave the ana
sis of theL51 case to Appendix A, where we discuss t
process of identifying typical decoherence times for a sin
qubit, and the interplay between the different decohere
regimes as a function of the temperature.

B. LÄ2 qubit register

Let us analyze the case of two qubits in the presence
the bosonic reservoir discussed in the present paper. U
the same expressions for the density of statesG(v) and for
the frequency-dependent couplingg(v) as above, we will
analyze the coherence decay for several different in
states. We set the qubits at positionsr a andr b with coupling
factors given bygk

n5gke
2 ik•rn, andn5a,b. It is easy to see

that the unitary evolution operator induces entanglement
tween qubit states and field states:UI(t) acts as a conditiona
6-5
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displacement operator for the field with a displacement a
plitude depending on both qubits of the QR, as discusse
more detail in@20#. As we have pointed out previously, it i
this entanglement that is responsible for the decohere
processes described in the present paper. In partic
the case of two qubits has

r i aj a ,i bj b

Q ~ t !5^ i a ,i buTrB$rS~ t !%u j a , j b&.

Next we analyze the register dynamics for the limiting de
herence situations described above. First, let us study
case ofindependent decoherence.

~i! i a5 j a ,i b5” j b :

r i ai a ,i bj b

Q ~ t !5exp@ iQd~ t ! f i ai a ,i bj b
2Gd~ t;T!#3r i ai a ,i bj b

Q ~0!,

where

f i ai a ,i bj b
52i a~ i b2 j b!cosk•rab .

Hence, f 00,015 f 11,105cosk•rab , and f 00,105 f 11,01

52cosk•rab : r i ai a ,i bj b

Q (t) shows collective decay. This re

sult is contrary to the one reported in Ref.@20#.
~ii ! i a5 j a , i b5 j b :

r i ai a ,i bi b
Q ~ t !5r i ai a ,i bi b

Q ~0!;

as expected, the populations remain unaffected.
~iii ! i a5” j a ,i b5” j b :

r i aj a ,i bj b

Q ~ t !5exp@2Gd~ t;T!hi aj a ,i bj b
#r i aj a ,i bj b

Q ~0!,

where hi aj a ,i bj b
52@11( i a2 j a)( i b2 j b)cosk•rab#. Clearly,

h10,105h01,0152@11cosk•rab#, and h10,015h01,1052@1
2cosk•rab#. Hence,r i aj a ,i bj b

Q (t) also shows collective de

cay.
In the above cases, analytic expressions for the corresp
ing decoherence functions can be found. As in Sec. III A,
shall consider two different surrounding environments. In
low-TE regime, the ‘‘Ohmic environment’’ (d51) induces
the following coherence decay~the high-TE requires numeri
cal integration!:

rd51
6 ~ t !'expF2G1~ t,T!6 ic1S 1

2
arctan~vct2!

2
1

2
arctan~vct1!1

vct

11vc
2ts

2D Grd51
6 ~0! ~22!

for i a5 j a , and i b5” j b . For brevity, we have dropped th
subindices of the reduced density matrix, and sett15ts1t,
and t25ts2t. For i a5” j a , and i b5” j b we obtain the result
03232
-
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rd51
6 ~ t !'expF22G1~ t,T!72c1S 1

4 H 2 lnS 114vT
2ts

2

11vc
2ts

2 D
1 lnS 11vc

2t2
2

114vT
2t2

2 D 1 lnS 11vc
2t1

2

114vT
2t1

2 D J
2vT$2tsarctan~2vTts!2t2arctan~2vTt2!

2t1 arctan~2vTt1!% D G rd51
6 ~0!. ~23!

In Figs. 1 and 2, we have plotted the decay of two-qu
coherence due to the coupling to an environment of
Ohmic type@Eqs.~23!#. Here,G1

6(t,T) are defined from Eqs
~23! as rd51

6 (t)5exp@2G1
6(t,T)#rd51

1 (0). From these figures
we can see the variations of the onset of decay when incr
ing the temperature. Figure 1 shows how the departure
coherence from unity changes withts @plot 1 ~i!#, while for
high temperature@plot 1 ~iii !#, there is no variation withts at
all. In the limit of largets ~see Table I!, we recover the onse
of decay of Fig. 6~Appendix A!. Note the difference be-
tween the time scales of plots 1~i! and ~iii !, and how an
estimation of typical decoherence times strongly relies on

FIG. 1. Two-qubit ‘‘independent decoherence’’ due to the co
pling to a reservoir of the Ohmic type (d51) as a function of time
t and the transit timets , for the input states associated wit
G1

1(t,T)( i a5” j a ,i b5” j b). Here,c150.25, and~i! u51023, ~ii ! 100,
and ~iii ! 102. G i

6(t,T), with i 51,3 are defined in the text.
6-6
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DECOHERENCE OF QUANTUM REGISTERS PHYSICAL REVIEW A65 032326
temperature of the environment. Figure 2 shows how
coherence decay shown in Fig. 1 disappears for smallts val-
ues, i.e., for a given temperature, it is possible to find ats
from which there is no decoherence of the two-qubit syste
This interesting behavior occurs only for the density-mat
elementŝ 10uTrB$rS(t)%u01&5^01uTrB$rS(t)%u10&.

In Table I we give some typical two-qubit decoheren
times tdec for an Ohmic environment in terms of the tem
perature, coupling constantsc1, andts . In all of the tables in
this paper, we have taken the beginning of the decohere
process to occur when the reduced density matrix of
whole system exhibits a 2% deviation from the initial con
tion, i.e., when exp@2Gi(t[tdec,T)#50.98. The tables have
been generated from the corresponding decoherence f
tions reported in this paper. Here,t f is defined from
exp@2Gi(t5tf ,T)#50.01, i.e., the difference betweent f and
tdec gives an estimate for the duration of the decohere
process, saytdecay; andtdec

6 , andt f
6 are evaluated from the

respective decoherence functionsG i
6(t,T), with i 51,3. In

order to gain insight into some characteristic time sca
consider, for example, the case of the solid state, wher
many situations the noise field can be identified with
phonon field. Here the cutoffvc can be immediately assoc
ated with the Debye frequencyvD . A typical Debye tem-
perature QD5100 K has vD[vc'1013 s21, so u
[vT /vc'1022T. Hence we can see from Table I~Figs. 1

FIG. 2. Two-qubit ‘‘independent decoherence’’ caused by
coupling to an ‘‘Ohmic environment’’ as a function of timest and
ts , for the input states associated withG1

2(t,T) ( i aÞ j a ,i bÞ j b).
c150.25, and~i! u51023, ~ii ! 100, and~iii ! 102.
03232
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and 2! that for c150.25, vcts50.5, and T50.1 K, the
decoherence process starts attdec

1 '23.5 fs andtdec
2 '43.7

fs, and it lasts for tdecay
1 '10.3 ps ~for tdecay

2 ,
exp@2G1

2(t°`,0.1 K)# saturates above 0.01!. If the
strength of the coupling goes down toc150.01, thentdec

1

'0.2 ps, andtdecay
1 '3.5 ns. In this latter case,tdec

2 , and

TABLE I. Characteristic times for two-qubit independent dec
herencetdec

6 for (d51)-dimensional density of states of the fiel
Different temperature, transit time, and coupling strength values
considered.i a5” j a ,i b5” j b ~see text!.

c1 kBT/\vc vcts vctdec
2 vct f

2 vctdec
1 vct f

1

0.25 1023 0.5 0.436919 saturates 0.235446 103.5
0.25 100 0.5 0.183755 saturates 0.104119 2.059
0.25 1023 104 0.290113 1279.63 0.290113 1279.6
0.25 100 104 0.127778 3.459 01 0.127778 3.4590
0.1 1023 0.5 0.913573 saturates 0.37654 2025.
0.1 100 0.5 0.303135 saturates 0.16504 4.283
0.1 1023 104 0.47316 5669.66 0.473159 5670.1
0.1 100 104 0.203549 7.865 96 0.203549 7.8659
0.01 1023 0.5 saturates saturates 1.45274 35004
0.01 100 0.5 saturates saturates 0.538502 37.27
0.01 1023 104 2.55738 saturates 2.55738 40816
0.01 100 104 0.709492 73.8325 0.709492 73.832

e

FIG. 3. Two-qubit ‘‘independent decoherence’’ due to the sup
Ohmic environmentd53 @Eq. ~25!# as a function of timest andts ,
for the input states associated withG3

1(t,T). c350.25, and~i! u
51023, ~ii ! 100, and~iii ! 102.
6-7
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tdecay
2 are not reported, since the coherence saturates

value above 0.98. From the data reported in Table I, i
clear that the weaker the coupling between the qubits and
environment, the longer the decoherence times and
slower the decoherence process. In addition, the higher
temperature, the faster the qubits decohere, as expe
intuitively.

The effect of the transit time becomes more evident fr
Table I: for largets values, there is no difference betwee
tdec

1 andtdec
2 ~also,tdecay

1 'tdecay
2 ). This is because for large

ts , the contribution due to terms involvingts in Eq. ~23! is
negligible, hence the reduced density-matrixrd51

6 (t)
[rd51(t)'exp@22G1(t,T)# and hence has a similar behavi
to the single-qubit case@Eq. ~19!#. Hence for largets ~e.g.,
ts5104), Figs. 1 and 2 resemble the onset of decay of
single-qubit case~see later Fig. 6! where there is no depen
dence onts . We note that exp@2G1

1(t,T)#„exp@2G1
2(t,T)#… is

the corresponding decay of the coherencesr10,10

5r01,01 „r10,015r01,10…, hence,r10,10
Q (t)5r10,01

Q (t) for large
ts .

By contrast, the super-Ohmicd53 field leads to the fol-
lowing coherence decay:

rd53
6 ~ t !5expF2G3~ t,T!6 ic3S sin@2 arctan~vct2!#

2~11vc
2t2

2 !

2
sin@2 arctan~vct1!#

2~11vc
2t1

2 !

1
2vct cos@3 arctan~vcts!#

~11vc
2ts

2!3/2 D Grd53
6 ~0! ~24!

for i a5 j a , and i b5” j b , and

rd53
6 ~ t !5expF22G3~ t,T!72c3S 2

12vc
2ts

2

@11vc
2ts

2#2

1
12vc

2t1
2

2@11vc
2t1

2 #2
1

12vc
2t2

2

2@11vc
2t2

2 #2

1
u2

2
$2z~2,u2 ivTts!12z~2,u1 ivTts!

2z~2,u1 ivTt1!2z~2,u2 ivTt1!

2z~2,u1 ivTt2!2z~2,u2 ivTt2!% D Grd53
6 ~0!

~25!

for i a5” j a , andi b5” j b . The results of Eqs.~24! and~25! are
exact: no approximations have been made in obtaining th
Therefore, they are valid for any temperature of the envir
ment.

In Figs. 3 and 4, we have plotted the decay of two-qu
coherence due to the coupling to a reservoir with thr
dimensional density of states@Eqs. ~25!#. Some estimates
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for tc and tdecay have been given in Table II. The
decoherence functions G3

6(t,T) are defined as
rd53

6 (t)5exp@2G3
6(t,T)#rd53

6 (0). As we can see, there is
nonmonotonicbehavior for the decay of coherence for low
temperature values, as can be seen from Figs. 3~i!, and 3~ii !.
The decay given by the functionsG3

1(t,T) ~Fig. 3! and
G3

2(t,T) ~Fig. 4! saturates to a particular value, which
fixed by the strength of the coupling and the temperature
the reservoir: the lower the temperature, the slower the
cay, and the higher the residual coherence. Some estim

for these saturation valuese2G3
6(t f

6 ,T) are shown in Table II.
From Fig. 4, it is possible to find smallts values for which
the onset of decay does not change in time and cohere
remains unaffected. This result is very different from t
case of Fig. 3, where coherence either vanishes~at high tem-
peratures! or saturates to a residual coherence value~at low
temperatures!. Also, note that while nothing happens to th
onset of decay of Fig. 4, the coherence decay is amplifie
the case of Fig. 3, for smallts values. From Figs. 3~i! and
3~ii ! and Figs. 4~i! and 4~ii !, we see that there is saturation
the decay in the presence of anontrivial coherence process
However, for high temperatures@Figs. 3~iii ! and 4~iii !# there
is a monotonic behavior where no saturation occurs at all
the residual coherence vanishes. We note that the nonm
tonic behavior reported here for the low-temperature reg
is not just a characteristic of high-dimensionality fields:
also occurs for thed51 field, as can be seen from Figs. 1~i!

FIG. 4. Two-qubit ‘‘independent decoherence’’ due to the sup
Ohmic environmentd53 as a function of timest and ts for the
input states associated withG3

2(t,T). c350.25, and~i! u51023,
~ii ! 100, and~iii ! 102.
6-8
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TABLE II. Characteristic times for two-qubit independent decoherencetdec
6 for (d53)-dimensional

density of states of field.i aÞ j a ,i bÞ j b .

c3 vT /vc vcts vctdec
1 vct f

1
e2G3

1(t f
1) vctdec

2 vct f
2

e2G3
2(t f

2)

0.25 1023 0.5 0.1292 sat. 0.477 0.10818 sat. 0.771
0.25 102 0.5 0.01338 0.20 0.01 0.01522 0.24 0.01
0.25 1023 102 0.11738 sat. 0.6065 0.11738 sat. 0.6065
0.25 102 102 0.01421 0.22 0.01 0.01421 0.22 0.01
0.01 1023 0.5 0.79957 sat. 0.971 sat. sat. 0.989
0.01 102 0.5 0.066994 1.51 0.01 0.07645 sat. 0.449
0.01 1023 102 9.7767 sat. 0.9802 9.7767 sat. 0.9802
0.01 102 102 0.07124 sat. 0.01831 0.07124 sat. 0.01832
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and 2~i!. We believe that this purely quantum-mechanic
phenomenon is associated with an interplay between
quantum vacuum and thermal fluctuations of the system
the quantum character of the field. The system underg
dynamics where the environment manages to ‘‘hit back’’
the qubits in such a way that the coherences then exhib
effective revival before vanishing~at high temperatures! or
saturating to a residual value~at low temperatures!. An es-
sential feature of the model studied here is the fact that
QR and bath are assumed to be initially uncorrelated.
future work, we will analyze the behavior of these ‘‘recohe
ences’’ with more general initial conditions, where the init
state of the combined system is allowed to contain so
correlations between the bath and the QR~see also Ref.
@28#!. Such studies will help to clarify the origins of thi
‘‘recoherence effect’’ and also the effectiveness of decoh
ence as a function of the initial conditions. We note that th
is a previous work by Huet al. @30# where the study of
quantum Brownian motion in a general environment giv
rise to a similar behavior~although in a different context! to
the one reported here for the ‘‘recoherences.’’ A more
tailed analysis of the physical implications of this interesti
behavior of the coherence decay is intended to be addre
elsewhere@31#.

It is interesting that the dynamics of coherences depen
strongly on the strength of the coupling. It can be seen fr
Table II and Fig. 5 that~i! the coherences saturate~sat.! to a

FIG. 5. Two-qubit ‘‘independent decoherence.’’d53, coupling
strengthc350.01, and~i!,~iii ! u51023, and~ii !,~iv! u5102.
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very high ‘‘residual value’’ and show less than a 2% dec
for weak coupling~e.g., c350.01) and low temperature
(T50.1 K). This result is to be compared with thed51
case where the coherences always vanish for longts ; ~ii !
even at high temperatures (T5104 K), where the coher-
ences vanish, and weak coupling, we find the appearanc
the ‘‘recoherence effect’’ discussed above. This makes m
evident the role of the QR-bath coupling: recoheren
should appear only under certain conditions imposed by
strengthc3 ~hence by the spectral density! and the tempera-
ture. These conditions can be directly obtained from the
coherence functions reported in this paper. Typicaltdec

6 times
for this (d53)-dimensional environment are given in Tab
II. From these we can conclude that the two QR decohere
time scales are shorter, and the decoherence process o
faster, than in the single-qubit case.

We now analyze how the above results are affected w
we consider the situation ofcollective decoherence, as given
by Eq. ~16!. The reduced density matrix for the two qub
system now reads r i aj a ,i bj b

Q (t)5exp$iQd(t)@((m5a
b im)2

2((m5a
b jm)2#%exp$2Gd(t;T)@(m5a

b (im2jm)#2%riaja ,ibjb
Q (0). In

particular, we find

~i! i a5 j a ,i b5” j b : r i ai a ,i bj b

Q (t)5exp@iQd(t)fiaia ,ibjb
8

2Gd(t;T)#riaia ,ibjb
Q (0), where f i ai a ,i bj b

8 52i a( i b2 j b). Hence

f 00,018 5 f 11,108 51, and f 00,108 5 f 11,018 521. The corresponding
decoherence rates are

rd51
6 ~ t !'exp$2G1~ t,T!6 ic1@vct1arctan~vct !#%rd51

6 ~0!,

rd53
6 ~ t !5expF2G3~ t,T!6 ic3

3S 2vct2
sin@2 arctan~vct !#

11vc
2t2 D Grd53

6 ~0!

~26!

for the Ohmic environment and the (d53)-dimensional den-
sity of states, respectively.

~ii ! i a5 j a ,i b5 j b : r i ai a ,i bi b
Q (t)5r i ai a ,i bi b

Q (0): asexpected,

the populations remain unaffected.
~iii ! i a5” j a ,i b5” j b :
6-9
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r i aj a ,i bj b

Q ~ t !5exp@2Gd~ t;T!hi aj a ,i bj b
8 #r i aj a ,i bj b

Q ~0!,

wherehi aj a ,i bj b
8 5( i a1 i b2 j a2 j b)2. Then,h10,108 5h01,018 54,

andh10,018 5h01,108 50. Obviously, the corresponding decohe
ence rates are

rd51
2 ~ t !5rd51

2 ~0!,

rd51
1 ~ t !'exp@24G1~ t,T!#rd51

1 ~0! ~27!

for the (d51)-dimensional field, and

rd53
2 ~ t !5rd53

2 ~0!,

rd53
1 ~ t !'exp@24G3~ t,T!#rd53

1 ~0! ~28!

for the (d53)-dimensional field. Hence, regarding the inp
states, the case ofcollective decoherenceshows two very
well defined situations.

~a! A set of input states that shows no decoherence at
despite the fact that the qubits are interacting with the en
ronment. This is because under the specific situation of
lective coupling there is a set of initial qubit states that do
not entangle with the bosonic field and hence the states
serve their coherence. These states are the so-c
‘‘coherence-preserving’’ states and, for the case of a 2-Q
the corresponding reduced density-matrix elements
^10uTrB$rS(t)%u01&, and ^01uTrB$rS(t)%u10&. As studied in
more detail in Ref.@13# ~where relaxation effects are als
included!, this result can be used as an encoding strate
where an arbitraryL-QR can be decoupled from its environ
ment provided that every single qubit of the register can
encoded using two qubits: e.g., using the simple encod
~though not the most efficient one! u0&°u01&, and
u1&°u10&. It turns out that this procedure is ensured even
relaxation effects are included in the Hamiltonian~1! @13#.
Hence in the specific situation of collective decoherence
can find, for arbitraryL, a decoherence-free subspace~DFS!
CLPH ^ L ~the Hilbert spaceH5HQR^ HB) that does not
get entangled with the environment, and hence, the
should evolve without decoherence. Besides quantum e
correction codes, this is currently one of the most outsta
ing results in the battle against decoherence@13#, particularly
because of its relevance to maintaining a coherent q
memory in quantum information processing.

~b! The other two input states have the decay of coh
enceŝ 11uTrB$rS(t)%u00& and^00uTrB$rS(t)%u11&: these give
a situation of ‘‘superdecoherence’’@20#, where the qubits are
collectively entangled, and hence, these matrix elements
the fastest decay for the coherences. This means that w
there is a subspace which is robust against decoherenc
discussed above, the remaining part of the Hilbert space
strongly entangled with the environment. This superdeco
ence situation is illustrated in Fig. 6 for the case of reservo
with one- and three-dimensional density of states. The ab
process of calculating explicit results for the decay of a
coherence associated with the coupling of aL-QR to a
bosonic reservoir, for both types of coupling~independent
and collective!, can be carried out for anyL.2 using the
03232
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general formulas Eqs.~12! and ~16!. In so doing, we can
obtain an estimate of typical decoherence times for a
with an arbitrary number of qubits. We should point out th
if no schemes for controlling the errors induced by the de
herence phenomenon are used@11–17#, tdec establishes an
upper bound to the duration of any reliable quantum comp
ing process.

IV. DISCUSSIONS AND CONCLUDING REMARKS

We have revisited a model of decoherence based upon
one previously studied by Leggettet al. @22# in connection
with the tunneling problem in the presence of dissipatio
and used later by Unruh@32# and Palmaet al. @20# for de-
scribing the decoherence process of a quantum register
have presented here a more complete description of this
ter problem, which provides the following results. The dec
herence rates of the density-matrix elements are corre
derived, leading to quantitative results for both independ
and collective decoherence situations. As discussed her
no error correcting/preventing strategies are used, this
implications for an estimation of decoherence time scales
which the quantum memory of a QR can be maintained
any reliable computation~we note, however, there has been
recent proposal by Beigeet al. regarding the use of dissipa
tion to remain and manipulate states within a DFS@14#!. Our
results agree with those reported in@21# for the case of col-
lective decoherence but they are different to the ones
ported there for the case of independent decoherence: in
@21#, it is argued that independent decoherence, as opp
to collective decoherence, is insensitive to the qubit in
states. Here, we have shown instead that both cases are
sensitive to the input states and that both of them show
lective decay.

FIG. 6. Two-qubit ‘‘collective decoherence’’ for~i! d51
‘‘Ohmic environment’’@Eq. ~27!#, and~ii ! d53 ‘‘super-Ohmic en-
vironment’’ @Eq. ~28!#, as a function of time and the temperatu
u[vT /vc . c15c350.25, and i a5” j a , and i b5” j b . Gd

1(t,T)(d
51,3) is defined using Eqs.~27! and ~28!.
6-10
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In the specific situation of independent decoherence
have found a nontrivial behavior in the decay of the o
diagonal elements of the reduced density matrix. Here,
coherences experience an effective revival before they e
vanish or saturate to a residual value. This behavior depe
on the temperature of the environment and depends stro
on the strength of the coupling: the coherence dynamics
different in the weak and strong coupling regime. Also, th
are important qualitative differences between the Ohmid
51 and the super-Ohmic environmentd53, which is ulti-
mately linked to the spectral density of the bath. In t
former case the coherence is always lost, while in the la
the coherence generally saturates to a residual value whi
fixed by the temperature and strength of the coupling
only vanishes in the high-TE. By contrast, in the case
collective decoherence, we have identified QR input sta
that allow the system to evolve in a decoherence-free fa
ion, the so-called coherence-preserving states. We note
DFS’s do not exist in the specific situation of independ
qubit decoherence. We also note that our attention has b
drawn to a dynamical-algebraic description that unifies
currently known quantum errors stabilization procedu
@27# ~see also Refs.@16,26#!. Within the framework of a sys-
tem formed by a collection ofL uncorrelated clusters of sub
systems where each cluster fulfills the requirements of
lective decoherence, Zanardi has shown that noise
subsystems can be built@27#.

From the point of view of complexity analysis~and with-
out including any strategy for the stabilizing of quantum
formation!, we should ask how the results reported in t
present paper affect those of Ref.@20#. We must identify the
coherences that are destroyed more rapidly: from Eqs.~12!
and~16! it is easy to see that the coherences with the fas
decay are given by the matrix elementsr$0n,1n% andr$1n,0n% .

These off-diagonal elements decay as exp@2Gd(t;T)f(L)#,
with

f ~L !5L12 (
m51,n52

m5” n

L

~ i m2 j m!~ i n2 j n!cos~vts!, ~29!

for the limit of independent qubit decoherence, and
exp@2L2Gd(t;T)# for the collective decoherence case. Hen
it is clear that for both cases, the longer the QR cohere
length, the faster the coherence decay. Despite the fact
the results of Palmaet al. @20# are not the same as ours,
turns out that both sets of results lead to the same unwelc
exponential increase of the error rate. We note that the re
of Eq. ~29! is in general different from the one reported
@20#. We also note that the coherence decay for the cas
collective decoherence coincides with that of@20# only for
the fastest off-diagonal element decay: if we consider diff
ent density-matrix elements, the results of Ref.@20# no
longer coincide with ours. If the information reported in o
paper is used for an estimation of the actual decohere
time associated with any given off-diagonal density-mat
element~coherence!, the results are in general quite differe
from the ones reported in@20#.
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We have shown how a bosonic environment destroys
coherences of an arbitrary quantum register. In doing so,
have identified DFS states that are invariant under the c
pling to such an environment. This result could be of cruc
importance for improving the efficiency of quantum alg
rithms, for example. We believe that the engineering
DFS’s will become intrinsic to the designs of future quantu
computation architectures. There was a recent experime
demonstration of decoherence-free quantum memo
@18,19#. This has been achieved foronequbit, by encoding it
into the DFS of a pair of trapped9Be1 ions: in this way,
Kielpinski et al. have demonstrated the immunity of a DF
of two atoms to collective dephasing@18#. Prior to this ex-
periment with trapped ions, Kwiatet al. demonstrated the
robustness of a DFS for two photons to collective noise@19#.
Robust quantum memories seem therefore to be well on t
way, both theoretically and experimentally, to overcomi
the main obstacle to quantum information processing
namely, decoherence.

ACKNOWLEDGMENTS

We are grateful to L. Viola for a critical reading of th
manuscript. J.H.R. acknowledges H. Steers for continu
encouragement and G. Hechenblaikner for stimulating d
cussions. J.H.R. is grateful for financial suppport from t
Colombian Government Agency for Science and Technolo
~COLCIENCIAS!. L.Q. was partially supported by
COLCIENCIAS under Contract No. 1204-05-10326. N.F
thanks EPSRC for support.

APPENDIX A: SINGLE-QUBIT DECOHERENCE

The decoherence rates for a single qubit coupled to a
ervoir with d51, andd53 density of states are@Eq. ~19!#

G1~ t,T!5
a1

\2E dve2v/vc
12cos~vt !

v
cothS v

2vT
D

~A1!

G3~ t,T!5
a3

\2E dvve2v/vc@12cos~vt !#cothS v

2vT
D .

~A2!

In Sec. III A, we gave the analytic solutions to these in
grals. However, we did not perform a full analysis of tho
results. We start here by recalling that the solution found
the integral~A1! was an approximate one, valid only for th
low-TE (vT!vc): a general solution to this integral require
numerical integration. The second integral was solved a
lytically for any temperature valueT ~without making any
approximation!. In these calculations, note that the consta
couplingad changes its units with the dimensionality of th
field: @a1#5@(eV)2s2#, @a3#5@(eV)2s4#, etc.

We first analyze the cased51. In the low-TE, Eq.~20!
leads to the identification of three main regimes for the de
of the coherences:~a! a ‘‘quiet’’ regime, for which t,tc ,
andG1(t,T)'c1vc

2t2/2; ~b! a ‘‘quantum’’ regime, wheretc

,t,tT , and G1(t,T)'c1 ln(vct); and ~c! a ‘‘thermal’’ re-
6-11
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gime, for which t@tT , and G1(t,T)'2c1vTt. These re-
gimes have also been discussed in Refs.@20,32# and can be
easily identified in Fig. 7 for several different temperatur
In Fig. 7~i! we have plotted Eq.~19! as a function ofvct for
several different temperatures and ford51. Since the deco-
herence effects arising from thermal noise can be separ
from the ones due to quantum vacuum fluctuations, we h
also plotted these partial contributions in order to see th
effects over the time scales involved in the decoherenc
the single qubit@Eq. ~A1!#. It can be seen that for a give
value of the temperature parameteru, a characteristic time
for which we start observing deviation of coherence fro
unity is determined by the shortest of the two time scalestc

andtT , and that this value is increased when decreasing
temperatureT, as expected. From Fig. 7~ic!, it can clearly be
seen that at low temperatures, the quantum vacuum fluc
tions play the major role in eroding the qubit coheren
while the contribution due to thermal fluctuations plays
minor role. From this plot, we can see the three main regim
indicated above: a quiet (t,tc), a quantum (tc,t,tT), and
a thermal (t.tT) regime. In this limit of low-TE,tc is the
characteristic time that signals the departure of cohere
from unity. Here, the qubit dynamics shows a competit
between contributions arising from vacuum and thermal fl

FIG. 7. ~i! Decoherence of a single qubit for an ‘‘Ohmic env
ronment’’ as a function oft ~in units of vc!. The contributions
arising from the separate integration of thermal„exp@2GT(t)#… and
vacuum„exp@2GV(t)#… fluctuations are shown as dotted curves.c1

50.25, ~a! u[vT /vc51, ~b! 1022, ~c! 1025. If vc is the Debye
cutoff, u'1022T ~see text!: the decoherence shown corresponds
T5100 K, T51 K, and T51 mK, respectively.~ii ! Coherence
decay for~a! u51025, ~b! 1022, ~c! 102. c150.25. Here, time is
given in units of the thermal frequencyvT[kBT/\.
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tuations: even at thermal time scales, the contribution to
decoherence due to vacuum fluctuations remains import

In the case of the high-TE, the decay due to thermal no
@see dashed line in Fig. 7~ia!# becomes more important tha
the vacuum fluctuation contribution@33# and the start of the
decoherence process is ruled bytT . Similar conclusions can
be obtained from Fig. 7~ii !, where the decay of coherence h
been plotted as a function of time but in units of the therm
frequencyvT for several different temperatures.

TABLE III. Single-qubit decoherence times for different tem
peratures, and coupling strengthci( i 51,3); for d51 ~Ohmic!, and
d53 ~super-Ohmic! dimensional density of states of the field.

d ci vT /vc vctdec e2G i (tdec) vct f e2G i (t f )

0.25 1025 0.418831 0.98 273950.34 0.01
0.25 1.0 0.181611 0.98 6.39891 0.01

d51 0.1 1025 0.705612 0.98 1153307.91 0.01
0.1 1.0 0.291365 0.98 15.19703 0.01
0.01 1025 7.47367 0.98 14346140.39 0.01
0.01 1.0 1.09604 0.98 147.12606 0.01

0.25 1025 0.167969 0.98 saturates 0.77880
0.25 1.0 0.154762 0.98 saturates 0.5641
0.25 102 0.020104 0.98 0.318417 0.01

d53 0.1 1025 0.275766 0.98 saturates 0.90483
0.1 1.0 0.251550 0.98 saturates 0.7953
0.1 102 0.031791 0.98 0.546769 0.01
0.01 102 0.101012 0.98 saturates 0.13533

FIG. 8. Decoherence of a single qubit for~i! d51, and~ii ! d
53, as a function of time~in units of the cutoffvc) and the tem-
perature parameteru[vT /vc . c15c350.25. If vc is the Debye
cutoff, the range of coherence decay goes from a few mK up to~a!
104 K @plot ~i!# and ~b! 1.53103 K @plot ~ii !#.
6-12
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We can see from Table III and Fig. 7 thattdecay is com-
parable totc for the high-TE, and totT for the low-TE.
Indeed, if we assumevc to be the Debye cutoff (vc
;1013 s21), we obtain from Table III that forc150.25, and
T51 mK, the decoherence process starts attdec'41.9 fs
and lasts fortdecay'27.4 ns ~for d51). Here, vT51.3
31011T'1.33108 s21, hencetT;8 ns is of the same or
der of magnitude astdecay. For the super-Ohmic environ
mentd53 (c3 andT as before! we obtaintdec'16.8 fs. In
this case, the coherences saturate to a residual value, a
discuss below@see Table III and Fig. 8~ii !#. From Table III,
we can also see the effects of the high-TE: the qubit de
heres several orders of magnitude faster than in the low
case. For example, forT5100 K, kBT.\vc(\vc
56.58 meV), and we obtaintdec'18.1 fs, andtdecay'0.6
ps (c150.25,d51). A similar behavior is also observed i
thed53 case. In Table III we can appreciate the effect of
coupling strength on the decoherence time scales. Lec1
50.01 (d51), hence, for~i! T51 mK, tdec'0.75 ps, and
tdecay'1.4 ms; for ~ii ! T5100 K, tdec'0.11 ps, and
tdecay'14.6 ps. Hence the weaker the coupling between
qubit and the environment, the longer the decoherence ti
and the slower the duration of the decoherence process.
result also holds for the cased53, as can be seen from Tab
III. All of the above analysis concerning the different r
gimes for the decay of the coherences presented here i
plicitly illustrated in the three-dimensional plots of Fig. 8.

Next, we analyze the decoherence behavior of the sin
qubit when coupling to the super-Ohmicd53 reservoir. The
corresponding decoherence function is given by Eq.~21!. As
can be seen from Fig. 8~ii ! and Table III, this case shows a
interesting behavior for the coherence decay: once the en
the ‘‘quiet’’ regime has been reached, the coherences de
to either zero, as in the case of Fig. 8~i!, or saturate to a
particular value determined by the temperature param
vT /vc . Here we can identify the particular temperatu
value for which no saturation occurs at all and the expec
decoherence takes place. In Table III, we give some sat
tion values for different temperatures and coupling streng
c3. For c350.1, and 0.25, the temperature value for whi
any residual coherence vanishes falls in the interval 10,u
,100 ~high-TE!. Apparently, these residual values shown
Fig. 8~ii ! and Table III vanish when additional frequenc
modes associated with the three-dimensionality of the fi
are taken into account@20#. Even if this is not the case
surely the effects of relaxation mechanisms would mark
extent of these residual values.

APPENDIX B: TIME EVOLUTION AND THE REDUCED
DENSITY MATRIX

In this appendix, we give details of the main steps f
lowed in the calculation of the reduced density matrix giv
by Eq. ~15!.

1. The time evolution operatorUI „t…

Since Eq. ~3! gives HI(t)5(n,kJz
n(gk

neivktbk
†

1gk*
ne2 ivktbk), we have that
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UI~ t !5T expF2
i

\Eo

t

(
k

gk~eivkt8Jz
kbk

†1e2 ivkt8Jz
†kbk!dt8G ,

~B1!

where we have introduced the shorthand notationJz
k

5(ne2 ik•rnJz
n . Hence, we can rewrite Eq.~B1! as @34#

UI~ t !5expF(
k

gkwvk
~ t !Jz

kbk
†G

3T expF2
i

\Eo

t8
dt8(

k
e2 ivkt8

3expS 2(
k8

gk8wvk8
~ t8!Jz

k8bk8
† D gkJz

†kbk

3expS (
k8

gk8wvk8
~ t8!Jz

k8bk8
† D G . ~B2!

It is easy to show that the calculation of the product given
the last two lines of Eq.~B2! gives the result

gkJz
†k@bk1gkwvk

~ t !Jz
k#. ~B3!

Hence, the following expression forUI(t) arises:

UI~ t !5expS (
k

gkwvk
(t)Jz

kbk
†DexpS 2(

k
gkwvk

* (t)Jz
†kbkD

3expH 2
i

\(
k

ugkJz
ku2E

o

t

dt8wvk
~ t8!e2 ivkt8J

5expH(
k

gk@wvk
~ t !Jz

kbk
†2wvk

* ~ t !Jz
†kbk#J

3expH (
k

ugkJz
ku2F i t

\2vk

2
wvk

* ~ t !

\vk
1

uwvk
~ t !u2

2 G J ,

~B4!

where we have used the resulteA1B5eAeBe2[A,B]/2, which
holds for any pair of operatorsA,B that satisfy@A,@A,B##
505@B,@A,B## @as in the case of Eq.~B4!#. It is straight-
forward to see that Eq.~B4! gives the final result

UI~ t !5expF i(
k

ugku2
vkt2sin~vkt !

~\vk!
2

Jz
†kJz

kG
3expF(

k
$Ak

†~ t !2Ak~ t !%G , ~B5!

whereAk(t)5gk* wvk
* (t)Jz

†kbk .

2. The reduced density matrix of aL-qubit register

We start by using the result forUI(t) in order to calculate
the decay of the coherences, i.e
TrB@rB(0)UI

†$ j n%(t)UI
$ i n%(t)#, with UI

$ i n%(t) as defined in Eq.
~10!. In so doing, we first compute the operator algebra
6-13
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the productUI
†$ j n%(t)UI

$ i n%(t) by taking into account the ex
pression~B5!. The result gives

UI
†$ j n%

~ t !UI
$ i n%

~ t !5expF i(
k

ugku2
vkt2sin~vkt !

~\vk!
2

3(
m,n

~ i mi n2 j mj n!cosk•rmnG
3expF i(

k
ugkwvk

~ t !u2

3(
m,n

i mj n sink•rmnG
3expF(

k
~skbk

†2sk* bk!G , ~B6!
on
r

l

03232
where we have setsk[gkwvk
(t)(m( i m2 j m)exp(2 ik•rm).

From the above equation, note that the first two exponen
terms commute, hence we only have to take the trace o
the third term. By doing this~see, e.g., Ref.@29#!, we obtain
the result

TrBFrB~0!expH(
k

~skbk
†2sk* bk!J G

5)
k

expF2ugku2
12cos~vkt !

~\vk!
2

cothS \vk

2kBTD
3(

m,n
~ i m2 j m!~ i n2 j n!cosk•rmnG , ~B7!

from where Eq.~11! arises immediately.
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