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Radiative emission due to atomic self-dressing in QED

G. Compagno and D. Valenti
Istituto Nazionale di Fisica della Materia and Dipartimento di Scienze Fisiche ed Astronomiche dell’Universita` di Palermo,

Via Archirafi 36, I-90123 Palermo, Italy
~Received 26 October 2000; published 5 February 2002!

We study the radiative emission due to the self-dressing of a two-level atom, initially in its bare ground state,
interacting with the zero-point electromagnetic field. Evolution in time leads to the formation of a dressed
ground state of lower energy. This energy difference between bare and dressed ground state is taken into
account by the emission of real photons. In order to describe this aspect of the self-dressing process we study
the transition probability amplitude from the initial bare state to an asymptotic state consisting of the atom in
its dressed ground state plus some real photons. Adopting nonperturbative techniques based on the resolvent
method we find that the bare-dressed transition occurs at the lowest order with the emission of two photons.
The spectral distribution obtained shows that there is a probability for emission of photons at frequency of the
order of the atom’s transition frequency.
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I. INTRODUCTION

Description of interaction between atoms and electrom
netic field is to some extent an open problem. In particu
there are difficulties associated with the dynamical desc
tion of excited states when one wants to take into acco
also the virtual cloud of the field@1–4#. In fact the photons
of this cloud are due to the same interaction that is resp
sible for the decay and they may not be clearly distinguis
from the real photons emitted during the decay. The desc
tion of the interaction is instead well defined if one consid
the total system, atom plus field, in its ground state. T
equilibrium state, named dressed, is represented by an
tended structure formed by the bare atom surrounded b
stationary cloud of virtual photons that it emits and reabso
@5–7#. The presence of this virtual cloud is responsible
phenomena such as the Casimir effect@8#, Lamb shift@9# and
mass renormalization@10# in QED, the shift of energy levels
@11–13#, and decaylike behavior@14# of an exciton interact-
ing with the vibration modes of a crystal lattice and mod
cation of the polaron mass@15# in solid state physics.

It must however be observed that such a state may
difficult to obtain in practice because any external pertur
tion must induce a readjustment of the virtual cloud arou
the atom and this must occur in a finite time. The oth
extreme is that the atom completely deprived of its virtu
cloud is named bare. Of course it is doubtful if such a st
may be obtainable in principle since most of the interactio
between the atom and the external world are mediated by
exchange of virtual quanta present in the cloud.

Between these two extremes of completely bare
dressed source it is presumedly more realistic to envis
intermediate situations where the virtual cloud of the sou
is not the same as in equilibrium because it has been
turbed in some way. Then one must expect that the dre
source should regain its equilibrium configuration and t
the physical properties of such a source should change.

One is led then to consider the evolution from bare
dressed state that is of self-dressing. This evolution has b
studied using perturbation theory for times of the order
1050-2947/2002/65~3!/032106~6!/$20.00 65 0321
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l /c ( l linear dimension of virtual cloud andc light speed!
showing traces of the process of virtual cloud formati
around the source@16#. Self-dressing has been studied for
model consisting of a two-level atom interacting with th
electromagnetic field by using techniques based on
theory of subdynamics@17# and for the Friedrichs mode
@18#. It has been predicted that in the evolution from the b
to the dressed system a real photon is emitted. This photo
essentially resonant with the atom’s transition and thus
an energy much larger than the difference between the
and dressed energy levels. Moreover the analysis of the
lution of the photon density generated during the se
dressing has been shown to be relevant in the causality p
lem @19#. The prediction of real photons’ appearance duri
the self-dressing of the ground state has led to study
process by using standard quantum-mechanics nonpertu
tive techniques based on van Hove’s resolvent theory@5,20#.
This has been applied to the analysis of the time evolution
the permanence amplitudeAa(t) in the initial bare state. It
has been shown that the evolution can be decomposed in
time scales: the first, of the order of the inverse transit
frequencyv0

21, corresponds to the formation of the virtu
cloud around the source@21#; the secondta* corresponds to a
decaylike process from the higher bare energy level to
lower dressed one and is much larger than the timeg21 of
real photon emission from the excited state@22#. These two
time scales correspond to the physical distinction that, wh
the virtual cloud’s photons remain localized around the ato
real photons, emitted in the self-dressing process, are for
by wave packets with a frequency spread of the order
Ga* /\5ta*

21 and are localized in a region of dimensionl
;c\/Ga* . Because these photons propagate at velocityc, for
times t.\/Ga* , they are localized far from the atom. Th
characteristic permits to use the approximation useful to
scribe the dynamics of self-dressing. In fact states formed
dressed ground states plus real photons are used to repr
the asymptotic states in scattering theory@20#.

Here we apply the van Hove theory to study the fo
under which the energy excess is eliminated and obtain
©2002 The American Physical Society06-1
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energy spectrum emitted during the self-dressing of
ground state of a two-level atom interacting with the elect
magnetic field. In particular we shall study the transition a
plitude from the initial bare ground state to a final state c
stituted by the dressed atom@23–25,16# plus a certain
number of real photons.

II. VAN HOVE THEORY OF RESOLVENT:
REAL PHOTONS SPECTRUM

The atom-field system is taken as a two-level atom in
acting with the electromagnetic field within the electric d
pole approximation. The Hamiltonian is given by@23#

H5H01V, ~1!

where

H05HA1HF5\v0Sz1\(
k j

vkak j
† k jak j ~2!

represents the unperturbed Hamiltonian and

V5(
k j

~ek jak jS11ek j* ak j
† k jS21ek jak j

† S11ek j* ak jS2!

~3!

the atom-field interaction. The atom is treated by the ps
dospin formalism,v0 is the atom’s transition frequency
vk is the frequency of the field plane mode of wave vec
k and polarizationj ( j 51,2), ak j (ak j

† ) are photon anni-
hilation ~creation! operators in the mode k j ;
ek j52 i (2pv0

2)/(L3vk)
1/2mW 21•êk j is the atom-field coupling

constant @21# with L3 the quantization volume,mW 21 the
matrix element of the electric dipole operator between
bare atomic states, andêk j the polarization vector ofk j
mode. The atomic states areus&, with s 5 a ~lower!, b
~higher!, and the field statesu$nk j%&, where$nk j% represents a
photon distribution withnk j photons in thek j mode. The
bare eigenstates of the HamiltonianH0 are us,$nk j%&5us&
^ u$nk j%& where ^ indicates the tensor product. The ener
eigenstates ofH0 with eigenvaluesEa and Eb are uca

0&
5ua,$0k j%& and ucb

0&5ub,$0k j%& representing, respectively
the atom in its lower and higher energy state with the field
its vacuum state. Because, as explained previously, one
pects that the transition from the initial atomic bare st
with energyEa to the final dressed atomic state with ener
Ea* may occur with the emission of real photons, we sh
study the transition amplitudêca ;$nk j%uU(t,0)uca

0&, where
U(t,0) is the unitary time evolution operator. It must be o
served that the statesuca ;$nk j%& are not exact eigenstates
H, however it is possible to show that they can be used
asymptotic states to study the photon emission process@20#.
In fact they can be used to describe wave packets where
photons are localized far from the atom@19#. As said in the
introduction this is what one expects in our case for tim
longer than the decay timeta* @22#. Moreover the state
u$nk j%;ca& has, with enough accuracy, the energyEa*
1(knk\vk . The final atomic stationary dressed state, r
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resenting the atom-field system at the equilibrium and
photons, may be expressed by using the Brillouin-Wign
expansion@26# as

uca&5AZuca
0&1Qauca&5AZuca

0&1uc a
'&

5AZF uca
0&1S Qa

Ea* 1 ih2QaH0Qa

VPa

1
Qa

Ea* 1 ih2QaH0Qa

V
Qa

Ea* 1 ih2QaH0Qa

VPa

1••• D uca
0&G ~4!

with Pa5uca
0&^ca

0u projector on the subspace associated
the nondegenerate bare eigenvalueEa , Qa512Pa projector
on the orthogonal subspace anduc a

'&5Qauca& component
of uca& orthogonal touca

0&, Z is the normalization constant
By using the resolvent operator we may express the tr

sition amplitude from the initial bare state to a final sta
with the atom in its dressed ground state and$nk% photons as

^ca ;$nk j%uU~ t,0!uca
0&

5
1

2p i EC
dẑ ca ;$nk j%uG~z!uca

0&e2 i (z/\)t, ~5!

where G(z)51/(z2H) is the resolvent operator@20# and
C5C11C2 is the integration contour in the complex
plane made by linesC1 immediately above andC2 below
the real axis and followed, respectively, from right to left a
from left to right. At first we consider the probability ampl
tude that the dressing occurs with the emission of only o
real photon; this amounts to putu$nk j%&5uk j & in Eq. ~5!,
which leads to calculate the amplitude^ca ;k j uG(z)uca

0&
[^ca ;uak jG(z)uca

0&. Because of the form of the Hamil
tonian it is possible to show that

ak jG~z!5G~z2\v!ak j1G~z2\v!Vk j
† G~z! ~6!

with

Vk j
† 5@ak j ,V#5ek j* S21ek jS1 . ~7!

Thus

^ca ;k j uG~z!uca
0&5^cau$G~z2\v!ak j

1G~z2\v!Vk j
† G~z!%uca

0&

5^cauG~z2\v!Vk j
† G~z!uca

0&. ~8!

Due to the form of interaction~3! the right-hand side of
Eq. ~8! vanishes and from Eq.~5! the corresponding prob
ability amplitude becomes

^ca ;k j uU~ t,0!uca
0&50. ~9!
6-2
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Thus the transition from the bare ground state to
dressed state may not occur with the emission of only
real photon. We then consider the amplitude of transit
when two photons are emitted, that isu$nk j%&5uk j ,k8 j 8&.
We must calculate ^ca ;k8 j 8,k j uG(z)uca

0&
[^ca ;uak8 j 8ak jG(z)uca

0&. Applying two times Eq.~6! we
get

^cauak8 j 8ak jG~z!uca
0&

5^cau$G~z2\v2\v8!ak8 j 8

1G~z2\v2\v8!Vk8 j 8
† G~z2\v!%ak j uca

0&

1^cau$G~z2\v2\v8!ak8 j 8

1G~z2\v2\v8!Vk8 j 8
† G~z2\v!%Vk j

† G~z!uca
0&

~10!

and taking into account thatak j uca
0&50, the matrix element

of resolvent corresponding to the transition from the b
ground state with no photons to the dressed ground state
two real photons becomes

^cauak8 j 8ak jG~z!uca
0&

5^cauG~z2\v2\v8!Vk j
† G~z2\v8!Vk8 j 8

† G~z!uca
0&

1^cauG~z2\v2\v8!Vk8 j 8
† G~z2\v!Vk j

† G~z!uca
0&.

~11!

The two terms appearing in the right-hand side of~11!
may be obtained each from the other by exchangingv with
v8 andk j with k8 j 8. We shall then limit the calculations t
only one of the terms; in particular we shall fix our attenti
to the first one.

Sinceuca& is an exact eigenstate of total Hamiltonian
we get

^cauG~z2\v2\v8!Vk j
† G~z2\v8!Vk8 j 8

† G~z!uca
0&

5
1

z2Ea* 2\v2\v8
^cauVk j

† G~z2\v8!Vk8 j 8
† G~z!uca

0&.

~12!

Using the definition~7! for Vk j
† , the matrix element in the

last term of Eq.~12! becomes

^cauVk j
† G~z2\v8!Vk8 j 8

† G~z!uca
0&

5ek j* ek8 j 8^cauca
0&^cb

0uG~z2\v8!ucb
0&^ca

0uG~z!uca
0&

5AZek j* ek8 j 8^cb
0uG~z2\v8!ucb

0&^ca
0uG~z!uca

0&, ~13!

where^cauca
0&5AZ andS15ucb

0&^ca
0u, S25uca

0&^cb
0u have

been used. Substituting Eq.~13! in Eq. ~12! we get
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^cauG~z2\v2\v8!Vk j
† G~z2\v8!Vk8 j 8

† G~z!uca
0&

5AZek j* ek8 j 8

1

z2Ea* 2\v2\v8
^cb

0uG~z2\v8!ucb
0&

3^ca
0uG~z!uca

0&. ~14!

Thus we are left to calculate the quantitiesGa(z)
5^ca

0uG(z)uca
0& and Gb(z2\v8)5^cb

0uG(z2\v8)ucb
0&.

Ga(z) is connected to the permanence amplitude of rema
ing in the bare stateuca

0&. The nonperturbative calculation o
Ga(z), performed by application of the Van Hove techniqu
introduces both the effect of decay and that of dressing,
it is given for z5E1 ih ~with h infinitesimal positive! by
@22,27#

Ga~z!5
1

z2Ea2Ra~z!

5
1

z2„Ea1Da* 2 i ~Ga* /2!…
5

1

z2Ea* 1 i ~Ga* /2!
,

~15!

whereRa(z) is the matrix element

^ca
0uR~z!uca

0&5Da* 2 i
Ga*

2
~16!

of the level-shift operator

R~z!5V1V
1

z2H0
V1V

1

z2H0
V

1

z2H0
V

1V
1

z2H0
V

1

z2H0
V

1

z2H0
V1••• ~17!

with

Da* 5
\g

2pv0
H 2vM1v0 logS v01vM

v0
D

1
1

2
gFarctanS 2

v01vM

g D2arctanS 2
v0

g D G J , ~18!

Ga* 5
\

2p

g

v0
g log

vM

v0
, ~19!

and the cutoffvM is the frequency upper limit typical of the
nonrelativistic QED’s scheme.

Analogously the matrix element of the resolvent co
nected to the permanence amplitude of remaining in the b
stateucb

0& is ~for z5E1 ih)
6-3
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Gb~z2\v8!5
1

z2~Eb1Db
(2)2 ig!2v8

5
1

z2Eb
(2)2v81 ig

, ~20!

where

Db
(2)5

\g

2pv0
F2vM2v0 logS v01vM

v0
D G ~21!

is the energy shift,\g the linewidth corresponding to th
ordinary decay rate from the excited state, andEb

(2)5Eb

1Db
(2) is the dressed energy value of the excited state.

The approximations used to obtain the form~15! of Ga(z)
are the same of those used previously@22,28#. The same kind
of approximations have been used to calculateGb(z
2\v8). Using Ga(z) and Gb(z2\v8), as given by Eqs.
~15! and ~20!, in the matrix element ofG(z), given by Eq.
~11!, between the bare and the dressed ground state with
photons, we obtain

^cauak8 j 8ak jG~z!uca
0&

5AZek j* ek8 j 8

1

z2Ea* 2\v2\v8

3
1

z2Eb
(2)2v81 ig

1

z2Ea* 1 iGa*
1AZek jek8 j 8

*

3
1

z2Ea* 2\v2\v

1

z2Eb
(2)2v1 ig

3
1

z2Ea* 1 iGa*
. ~22!

The probability amplitudê ca ;k j k8 j 8uU(t,0)uca
0& may be

now obtained substituting Eq.~22! in Eq. ~5! and calculating
the integral overz by the residue theorem by closing the lin
integral overC1 in the lower complex half-plane. It is the
easily seen that fort@g21,(Ga* /\)21 only the pole atEa*
1v1v8 contributes to the integral. By introducing the a
proximationEb

(2)2Ea* '\v0, we get

^ca ;k j k8 j 8uU~ t,0!uca
0&

'AZ expF2 i S Ea

\
1v1v8D t G

3H ek8 j 8
* ek j

S \v2\v01
i

2
\g D S \v1\v81

i

2
Ga* D

1
ek8 j 8
* ek j

S \v82\v01
i

2
\g D S \v1\v81

i

2
Ga* D J . ~23!
03210
o
The probability amplitude~23! contains the contributions

due to a different order of emission of the real photons. T
frequency distribution of the real photons is obtained tak
the modulus square of Eq.~23!. Yet, under the condition
uv02Da* /\u@g,Ga* /\, the two amplitudes may never b
large simultaneously, thus the effects due to the interfere
between probability amplitudes may be neglected and
probability density becomes a sum of only two terms. Fina
multiplying by the density of two photon states

L34pv2dv

~2p!3

L34pv82dv8

~2p!3
~24!

and using the definition ofek j , the spectral distribution is
obtained as

I ~v,v8!'ZFv0
2

p2
umW 21u2G 2

vv8

3H 1

F ~v02v!21
g2

4 GF ~v1v8!21
Ga*

2

4\2G
1

1

F ~v02v8!21
g2

4 GF ~v1v8!21
Ga*

2

4\2G J .

~25!

Its graphical representation in the regions aroundv'v8
'v0 and v'v8!v0 is reported in Figs. 1 and 2. Thes
figures indicate that the emission probability results are n
ligibly small when both the photons have frequenciesv, v8
different fromv0. The frequency distribution appears to b
symmetric under exchange ofv and v8 and for v(v8)
;v0, it increases withv8(v) increasing up tov0. For this

FIG. 1. The energy spectrumI (v,v8) is shown for 0,v
,103 rad s21, 0,v8,103 rad s21 using arbitrary unit. In this
range the value of the intensityI (v,v8) is negligible . Forv
5v85103 rad s21 the value of the energy spectrum increases r
idly up to I (v,v8);5310231 arb. units. This value is substantiall
conserved up tov'v8'1010 rad s21.
6-4
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valuev5v85v0 the frequency distribution presents a pe
that suggests that the real photons preferably are em
both at the transition frequency.

It appears to be of interest to evaluate the probability
creation of two photons with respect to the probability th
the self-dressing process occurs without real photon em
sion. This may be obtained by studyinguca

0(`)&, which rep-
resents the state that is obtained from the time evolution
the bare ground state fort→`. Within the approximation
that the atomic self-dressing occurs at the most with
emission of two real photons, we may write

uca
0~`!&5~e2 i (H/\)tuca

0&) t→`

5c0uca ;$0k j%&1c1uca ;k j &1c2uca ;k j ,k8 j 8&

5c0uca ;$0k j%&1c2uca ;k j ,k8 j 8&, ~26!

whereuc2u2 coincides with the normalization factorZ present
in Eq. ~25! and, due to Eq.~9! it is c150. The coefficientsc0
andc2 are the probability amplitude that a measurement
the stateuca

0(`)& reveals, respectively, no photon and tw
photons. From the normalization of the state~26! we obtain

uc2u2512uc0u2. ~27!

The coefficientc0 may be obtained taking into accou
the projection of the stationary dressed state with no
photons ontouca

0(`)&

c05^ca ;$0k j%uca
0~`!&

5^ca ;$0k j%u~e2 i (H/\)t&uca
0&) t→`

52
1

2p i S E2`

1`

^ca ;$0k j%u
1

z2H
uca

0&e2 i (z/\)tD
t→`

5~e2 i (Ea* /\)t! t→`^ca ;$0k j%uca
0&, ~28!

where the expression for^ca ;$0k j%uca
0&, accurate up to orde

e2, results to be

^ca ;$0k j%uca
0&512

g

4pv0
E

0

vM v

~v01v!2
dv. ~29!

Using Eq.~29! and g;109 s21, v0;1015 rad s21, vM
;1018 rad s21, ~28! becomes

uc0u2512
g

2pv0
E

0

vM v

~v01v!2
dv'12

g

v0
'121026.

~30!

Finally from Eq.~27! we get

uc2u2'
g

v0
;1026. ~31!

Equations~30! and~31! show that the probability of emis
sion of two real photons during the atomic self-dressing
106 times smaller than the probability that the self-dress
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occurs without real photon creation@17#. On the other side
the frequency distribution~25! indicates that the real photon
preferably are emitted with frequencies;v0.

If we extend the description of the atomic dressing to
ensemble of atoms, we may conclude in agreement with
results obtained that the complete dressing process req
among 106 atoms one to emit two real photons with freque
cies v5v85v0 ~Fig. 2!. This implies that during the self
dressing of the two-level atom’s ground state it is possible
principle, to detect real photons. These for typical transit
frequency (v0;1015 rad s21) carry the energy E
;1026\v0;10225J, this value having the same magnitud
order of the Lamb-Shift of the hydrogen atom’s ground st
@17,18#.

III. CONCLUSIONS

In this paper we have studied the spectrum of ene
emitted under the form of real photons due to the dress
process of a two-level atom initially in its bare ground sta
and interacting with electromagnetic field in its vacuu
state. The dressing process for a such system occurs in
steps: the first consists of the formation of the virtual clo
surrounding the atomic dressed state@21#; the second is re-
sponsible for the appearance of the dissipative behavior@22#
and for the energy decrease that leads the atom from the
to the stationary dressed state.

The presence of dissipative behavior during the atom
dressing was previously obtained by the theory of sub
namics where it was predicted the appearance of radia
constituted by real photons with frequencyv0 resonant to
the atom’s transition frequency@17,18#.

Recently it has been studied how the self-dressing p
duces a density of real photons which by expanding car
the energy excess@19#.

Here we obtain the spectrum of the real photons us

FIG. 2. The energy spectrumI (v,v8) is shown for v'v8
'v0 with v051015 rad s21 anddv51010 rad s21 using arbitrary
units as in Fig. 1. A peak appears inv5v85v0 with I (v,v8)
;5310219 arb. units. Forv, v8 at the transition frequencyv0,
the photon emission probability is the largest. The comparison
Fig. 2 with Fig. 1 shows that the photon emission probability
v5v85v0 is much larger than that atv5v85103 rad s21; the
real photons are more likely emitted at the transition frequency
6-5
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standard quantum-mechanics nonperturbative techniq
@5,20#. We find that at the lowest order the atomic se
dressing causes the emission of two real photons with
quenciesv andv8. For v (v8) fixed the frequency distri-
bution results to be the largest whenv8(v);v0 and it
presents a peak inv5v85v0. The emission of this radia
tion is characterized by a time scaleta* 5\/Ga* much longer
both than that associated to the virtual cloud’s formation a
than that characterizing the ordinary~Wigner-Weisskopf! de-
cay from the excited state@22#.
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