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Generalized measurements by linear elements
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~Received 23 August 2001; published 5 February 2002!

I give a first characterization of the class of generalized measurements that can be exactly realized on a pair
of qudits encoded in indistinguishable particles, by using only linear elements and particle detectors. Two
immediate results follow from this characterization.~i! The Schmidt number of each element in the positive
operator valued measure cannot exceed the number of initial particles. This rules out any possibility of
performing perfect Bell measurements for qudits.~ii ! The maximum probability of performing a generalized
incomplete Bell measurement is one-half.
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I. INTRODUCTION

In the last years there has appeared very important co
butions to the field of quantum information processing w
linear elements~see below!. Linear elements provide th
means to exploit symmetry and interference effects ass
ated with indistinguishable particles. This raises many in
esting questions from the fundamental point of view, but i
also highly relevant technologically. Quantum informati
processing has a wide range of striking applications@1#.
Many of these applications have been first implemented
optical systems, where the lack of interaction at the sing
photon level@2# makes the indistinguishability of the pho
tons a crucial feature. Photons are ideal qubit or qu
(d-dimensional counterpart of a qubit! carriers, because o
their low decoherence rates, and linear optical elements
extremely simple devices which allow one to perform cert
operations on the encoded photons in a controlled fashio
is therefore very desirable to know the capabilities and lim
tations of those operations.

In a recent work Knillet al. @3# make an important break
through in this direction showing that fault-tolerant comp
tation with linear optics is in principle possible. Startin
from the idea of teleportation of quantum gates@4#, they
develop a method to perform any quantum operation wit
probability that asymptotically approaches unity with a
growing number of highly entangled auxiliary photon
While their work makes a big step forward by presenting
proof of principle, the preparation of the required auxilia
states is far beyond the current technological possibilit
Moreover, their method does not elucidate the role played
the particle symmetry and indistinguishability, nor does
exclude the idea that for specific applications one can
simpler protocols@5# with less technological restrictions. Fo
example, recent research shows how to perform comp
polarization Bell measurements on momentum-entang
photons coming, for example, from a parametric dow
conversion source@6#, purify entangled photons from thos
sources@7# or from noisy communication channels@8#, reject
bit flip errors in quantum communication@9#, perform opti-
mal unambiguous state discrimination@10#, and efficiently
eavesdrop a quantum key distribution@11#, by using only a
few beam splitters and particle detectors. Thus, the pros
of applications and the need for a deeper understanding
rants further research on the power of linear elements.
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In this Rapid Communication I address the question
performing generalized measurements on indistinguisha
particles by linear elements and particle detectors. For b
ity and for reasons that I will bring out shortly, I term th
qudits that are encoded in indistinguishable particlesi-qudits,
b-quditsfor bosons, andf-quditsfor fermions. At first sight it
seems that linear elements cannot realize nontrivial gene
ized measurements, for they are unable to provide interac
between the particles. However, this argument has its roo
the concept of locality, which becomes vague when dea
with indistinguishable particles. Assigning a notion of loca
ity to the i-qudits is only possible if eachi-qudit occupies a
different set of modes. As soon as the mixing of modes
comes possible the notion of locality vanishes, and nontriv
measurement can be realized. Thus, the termi-qudit empha-
sizes the clear-cut difference between the processing of
dits in the standard quantum information paradigm—wh
every qudit is represented by a distinct physical system
two-qudit operations are implemented by physical inter
tions between these systems—and the processing of q
represented in indistinguishable particles—where inter
ence and particle statistics can be used to establish qua
correlations between qubits without requiring interaction b
tween them. To formalize these possibilities, the descript
of a set ofi-qudits has to account for their indistinguishab
ity. Hence,i-qudits and qudits are different mathematical o
jects.

Until now, the measurement oni-qudits has only been
studied in the context of unambiguous discrimination o
given set of states. Special attention has been drawn to
discrimination of Bell states, also referred to as Bell me
surement. Bell states are bipartite pure states of the f
uC&51/Ad( i 51

d uei&uẽi& ~for some local basis$uei&% and

$uẽi&%), that define an orthonormal basis. In@12,13# the im-
possibility of performing a Bell measurement on twoi-qudits
was proven. However, with certain probability,Psucc,1, it is
still possible to unambiguously discriminate two-qubit Be
states. The optimum efficiency of such an incomplete B
measurement was found in@14#. These results reflect th
current problems and put serious upper bounds on the
ciency of some important quantum information protoco
such as teleportation@15#, entanglement swapping@16#, or
quantum dense coding@17#. Later, Carolloet al. @18# showed
that discrimination without error is also impossible for a ve
©2002 The American Physical Society01-1
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particular set of states, that, despite being product states,
exhibit nonlocal properties as a set.

The general approach in the above papers was to feed
linear device with the states to be discriminated and ch
under what conditions the particle detectors at the ou
produce different ‘‘click’’ combinations that could identif
the input state. Here I will adopt a different approach. Giv
that the measurement outcomes are of a known fo
namely, a ‘‘click’’ pattern, we will find the positive operato
valued measure~POVM! ~see below! on the inputi-qudits
induced by this type of measurement. This approach is m
more general and sets a suitable framework to arrive at
full characterization of the class of generalized measu
ments that can be implemented by linear elements.

II. i-QUDITS

An arbitrary one-i -qudit stateua&5( i 51
d a i u i & is encoded

in a single excitation occupyingd field modes, ua&
5( i 51

d a iai
†u0&. Here u0& denotes the vacuum state andai

†

are bosonic ~fermionic! creation operators—wheneve
needed, I will give the results corresponding to each of
particle statistics. In order to encode a two-qudit stateuC&
5( i , j 51

d Ci j u i &u j &, a second particle is used occupyingd ex-
tra modes$ad11

† , . . . ,a2d
† %, uC&5( i , j 51

d Ci j ai
†ad1 j

† u0&. Any
two-boson~-fermion! state can be defined with a bilinea
form

uC&5 (
i , j 51

n

Ni j ai
†aj

†5aTNau0&, ~1!

whereN is an n3n symmetric~antisymmetric! matrix and
a5(a1

† , . . . ,an
†)T. In particular, the bilinear form of the two

i-qudit stateuC& is

N5
1

2 S 0 C

0

(2)CT 0

0 0

D . ~2!

The d3d matrix C is defined using the correspondence b
tween the state vectorsuC&5( i , j 51

d Ci j u i &u j & and then3n
complex matrixC with elementsCi j . Matrix analysis theory
@19# renders this representation into a very convenient
for studying bipartite quantum systems. Some useful re
tions between both representations are

A^ BuC&5uACBT&, ^AuB&5Tr~A†B!, ~3!

Tr1~ uA&^Bu!5AB† and Tr2~ uA&^Bu!5ATB* . ~4!

Matrices and vectors are written in the canonical ba
Thereby, the correspondence between matrices and bipa
state vectors~which is obviously basis dependent! is always
well defined.

Finally, the action of the linear elements is defined by
linear mapping of the input creation operators$a1

†
•••an

†% to
the output creation operators$c1

†
•••cn

†%
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†5(

j 51

n

Ui j
† aj

† . ~5!

To implement this operation one can use a series of be
splitters and phase shifters@20# or multiports@21#.

III. GENERALIZED MEASUREMENTS ON i-QUDITS

A generalized measurement is described by a positive
erator valued measure~POVM! @22# given by a collection of
positive operatorsFk with (kFk51. Each operatorFk corre-
sponds to one classically distinguishable measurement
come ~e.g., a given combination of ‘‘clicks’’ in the outpu
detectors!. The probabilityp(kur) for the outcomek to oc-
cur, conditioned to an input density matrixr, is p(kur)
5Tr(rFk).

If we send ani-qudit ua& through a linear device, the stat
in the output isua&out5( j 51

n U ji a j ci
†u0&5uUTa&, where the

vectora is padded with extra zeros whenevern.d. Notice
that the number of modes involved in the transformation c
be larger than the number of modes occupied by thei-qudit.
This provides a straightforward extension of our input H
bert space,H1% H18 whereH1 is the i-qudit Hilbert space
and H18 is spanned by single-particle states occupy
modes$ad11

†
•••an

†%. According to Neumark’s theorem@22#
any POVM can be realized by performing von Neuma
measurements on this extended Hilbert space. Explicitly,
event of one ‘‘click’’ in mode ci is associated with the
POVM elementFi

Tr~Fi ua&^au!5p~ i ua!5u^0uci uUTa&u2

5Tr~ uv i&^v i ua&^au!;a→Fi5uv i&^v i u,

~6!

where thed-dimensional vectorv i5(U1i* , . . . ,Udi* )T. This is
the reason why protocols that rely on single-qudit POVMs
such as optimal unambiguous state discrimination@10#, or
some particular entanglement transformations@23#—can be
successfully carried out in linear optics.

The situation is quite different in the two-i -qudit case. A
two-i -qudit stateuC& described, according to Eq.~2!, by a
matrix N will be transformed into a two-particle state wit
the following matrix representation in terms of the outp
modes:

uC&5cTMcu0& with M5UTNU, ~7!

wherec5(c1
† , . . . ,cn

†)T. Notice that the only mode transfor
mations that leave thei-qudit Hilbert space invariant are

Usep5S U1

U2

U3

D , Usw5S 0 1d

1d 0

1n22d

D
and compositions of both (U1 andU2 ared3d unitary ma-
trices!. From Eq.~3! it follows that the first transformation
corresponds to a separable operation in thei-qudit Hilbert
1-2
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spaceU1^ U2uC&, while the second transforms thei-qudit
uC& to (2)uCT&, i.e., performs the nonseparable sw
operation.

Define

U5S A

B

D
D , ~8!

whereA andB ared3n matrices. From Eqs.~2! and~7! it is
clear that the output stateM will not depend on the values o
matrix elements ofD, i.e., on how the initially unoccupied
modes transform. Now, we are in a position to calculate
resulting POVM on thei-qudits when particle detectors a
placed in the output modes. Linear elements preserve
number of particles; therefore each measurement outcom
associated with the absorption of two particles at modesci ,
cj . Given an arbitrary two-i -qudit stateuC&, the probability
amplitude of such an event is~for iÞ j )

^0ucicj uC&5^0uMklcicjck
†cl

†u0&52^ i uM u j &

5^ i uATCB6BTCTAu j &

5Tr@ATCB~ u i &^ j u6u j &^ i u!#

5Tr@CB~ u i &^ j u6u j &^ i u!AT#5Tr~CPi j †!, ~9!

where thed3d matrix Pi j is defined as

Pi j 5A* D i j B† with Dkl
i j 5dkid l j 6dk jd l i , ~10!

and the1 ~2! refers to theb-qudit (f -qudit! result. In the
bosonic case a normalizing factor 1/A2 should be added to
Eqs.~9! and~10! when i 5 j . Equation~3! allows us to write
the probability amplitude~9! as

^0ucicj uC&5^Pi j uC&. ~11!

From Eq.~11! we find that the POVM associated with th
detection event isFi j 5uPi j &^Pi j u. Making use of Eq.~3!, we
arrive at the central result: the class of generalized meas
ments that one can realize with linear elements is defined
the POVM elements

Fi j 5uPi j &^Pi j u with uPi j &5A2A* ^ B* uc i j & ~12!

or

uPi j &5uai&ubj&6uaj&ubi&, ~13!

where we have introduced the normalized statesuc i j &
}(u i &u j &6u j &u i &), and ai and bi are thei th columns ofA*
and B* , respectively. Forb-qudits, double clicks, i.e.,i 5 j ,
correspond to separable POVM elements, while forf-qudits,
the Pauli exclusion principle prohibits these events. In
last equations we see that eachuPi j & is the superposition of
at most, two terms; thus, their Schmidt rank@24# is at most 2.
Since every possible POVM element is a convex combi
tion of those defined in Eq.~12!, we conclude that all POVM
elements on twoi-qudits realized with linear elements wi
03030
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have a Schmidt number@24#, at most, equal to 2@25#. This
means that fori-qudits with d.2 no analog of the incom-
plete Bell measurement@26# can exist—nor can it be used i
teleportation @15#, entanglement swapping@16#, quantum
dense coding@17#, or probabilistic implementation of nonlo
cal gates@27#. Also, from this result and a theorem by Ca
ollo and Palma@28#, it follows that, even with the aid of
auxiliary photons and conditional dynamics, it is not possi
to implement a never failing Bell measurement f
i-qudits @13#.

Leaving i-qudits (d.2) aside, in the remainder of thi
Rapid Communication we will study the efficiency of a ge
eralized form of Bell measurement oni-qubits (d52). The
appeal of a Bell measurement is not only its ability to d
criminate unambiguously between the specific four B
states, but that it can project an unknown state into a m
mally entangled state. Any generalized measurement
which every POVM element is maximally entangled, wou
have much the same appeal. Trivial modifications, consis
only in local operations, could make the teleportation, e
tanglement swapping, or the probabilistic nonlocal ga
function with such a generalized Bell measurement.

In the following, I will show that the optimal generalize
Bell measurement fails to project on a maximally entang
state in half of the trials. For this purpose let us first not
that the POVM elements~13! that have a contribution from
the detection in a modeci can be written~for both, bosons
and fermions! as

uP̃i j &[Wi
†

^ Vi
†uPi j &5uai uu1&ux&1ubi uuy&u1&, ~14!

wherex5Vi
†ubj& andy5Wi

†uaj&, andVi andWi are unitary
transformations. The matrix representation of this state is

P̃i j 5S uai ux11ubi uy1 uai ux2

ubi uy2 0 D . ~15!

It is characteristic of maximally entangled states that each
its subsystems has a reduced density matrix proportiona
the identity matrix. By Eq.~4!, this implies that, in the matrix
representation, maximally entangled states are proportio
to unitary matrices. Thus, if the POVM elements are to
maximally entangled,P̃i j has to be unitary~up to a constant
k i), and these conditions have to hold,

uai ux11ubi uy150 and uai uux2u5ubi uuy2u5uk i u. ~16!

Enforcing these conditions, we haveP̃i j 5k i(eif
0

0
1), which,

after switching back to the state representation, allows u
conclude that a detection in modeci can only contribute to
maximally entangled POVM elements of the form

uPi j &5k iWi ^ Vi~ u1&u2&1eifu2&u1&). ~17!

On the other hand, after some simple algebra and us
AB†50, one can find the total contribution, in the resoluti
of the identity, of all the POVM elements where a detecti
in the ci mode is involved,
1-3
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15 (
i> j 51

n

uPi j &^Pi j u5(
i 51

n
k i

2
Wi ^ Vi~ uai u2u1&^1u ^ 12

1ubi u212^ u1&^1u!Wi
†

^ Vi
† . ~18!

The factor 1
2 comes from the symmetryPi j 5Pji and com-

pensates the double counting of the terms withiÞ j . Com-
paring this result with Eq.~17! it is clear that not all POVM
elements involving a detection inci can be maximally en-
tangled; the space spanned by the POVM elements define
Eq. ~17! does not cover the whole support of thei th term in
the sum in Eq.~18!. An upper bound on the total weight o
the maximally entangled POVM elements in this term fix
the maximum probability of successfully projecting an u
known input stater5 1

4 12^ 12 onto a maximally entangled
state

psucc
i <

1

2
Tr@Wi ^ Vi~ uai u2u1&^1u ^ u2&^2u

1ubi u2u2&^2u ^ u1&^1u!Wi
†

^ Vi
†r#

5
1

8
~ uai u21ubi u2!5

1

8 (
k51

4

uUiku2, ~19!

where we employed the definition in Eq.~8!. By adding up
the contributions from all the detectors we obtain the to
probability of success,
-

t.

03030
in

s
-

l

Psucc5(
i 51

n

psucc
i <

1

8 (
k51

4

(
i 51

n

uUiku25
1

8 (
k51

4

15
1

2
.

~20!

This also sets to one-half the ultimate efficiency of telep
tation, entanglement swapping, and the probabilistic imp
mentation of nonlocal gates oni-qubits.

As a last remark, even if the results for fermions a
bosons are apparently similar, there is actually a large dif
ence that is manifest in the asymptotic method that also u
auxiliary photons. In@29# it is proved that the analogue o
the photonic efficient quantum computation@3# cannot exist
for fermions.

In this Rapid Communication, I have introduced a form
ism to study the characterization of the generalized meas
ments on twoi-qudits implementable by linear element
Two non-trivial results concerning maximally entangle
POVMs followed from the general POVM characterizatio
Eq. ~13!. The formalism should also be very helpful in d
termining the viability or efficiency of other relevan
POVMs in quantum information.
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