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| give a first characterization of the class of generalized measurements that can be exactly realized on a pair
of qudits encoded in indistinguishable particles, by using only linear elements and particle detectors. Two
immediate results follow from this characterizatign. The Schmidt number of each element in the positive
operator valued measure cannot exceed the number of initial particles. This rules out any possibility of
performing perfect Bell measurements for qudits. The maximum probability of performing a generalized
incomplete Bell measurement is one-half.
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I. INTRODUCTION In this Rapid Communication | address the question of
performing generalized measurements on indistinguishable
In the last years there has appeared very important contrparticles by linear elements and particle detectors. For brev-
butions to the field of quantum information processing withity and for reasons that | will bring out shortly, | term the
linear elements(see below. Linear elements provide the qudits that are encoded in indistinguishable particigsdits
means to exploit symmetry and interference effects assocbh-quditsfor bosons, andiquditsfor fermions. At first sight it
ated with indistinguishable particles. This raises many interseems that linear elements cannot realize nontrivial general-
esting questions from the fundamental point of view, but it isized measurements, for they are unable to provide interaction
also highly relevant technologically. Quantum information between the particles. However, this argument has its roots in
processing has a wide range of striking applicatioht  the concept of locality, which becomes vague when dealing
Many of these applications have been first implemented iRyith indistinguishable particles. Assigning a notion of local-
optical systems, where the lack of interaction at the singleiv[y to the i-qudits is only possible if eachqudit occupies a
photon level[2] makes the indistinguishability of the pho- gitferent set of modes. As soon as the mixing of modes be-
tons a crucial feature. Photons are ideal qubit or quditomes possible the notion of locality vanishes, and nontrivial

(d-dimensional counterpart of a qubitarriers, because of measurement can be realized. Thus, the tequdit empha-

their low decoherence rates, and linear optical elements arg, < the clear-cut difference between the processing of qu-

extremely simple devices which allow one to perform certain

operations on the encoded photons in a controlled fashion. ﬂ'ts In the standard quantum information paradigm—where

is therefore very desirable to know the capabilities and Iimi_;every (?jutd Itis retpresenteq byla d'Stlngt g hysr|1cal_ sylsFetm and
tations of those operations. wo-qudit operations are implemented by physical interac-

In a recent work Knillet al.[3] make an important break- tions between these systems—and the processing of qudits

through in this direction showing that fault-tolerant compu—;en%fzenrgedar't?cl;nggtt'i282;5222Iﬁepfggglfszggsﬁgh'nLe;::m
tation with linear optics is in principle possible. Starting P q

from the idea of teleportation of quantum gafed, they correlations between qubits without requiring interaction be-

develop a method to perform any quantum operation with Jween them. To formalize these possibilities, the description

probability that asymptotically approaches unity with a pfaset Oﬁ.'qui.tS has to agcount fqr their indistingui;habil-
growing number of highly entangled auxiliary photons. ity. Hence,i-qudits and qudits are different mathematical ob-
While their work makes a big step forward by presenting a'eCtS' . . .

proof of principle, the preparation of the required auxiliary U.m'l now, the measurement .O'HQUd'tS .has. qnly_ .
states is far beyond the current technological possibilities?FUd'ed in the context of_unamblguous discrimination of a
Moreover, their method does not elucidate the role played b lven s'et qf states. Special attention has been drawn to the
the particle symmetry and indistinguishability, nor does it iscrimination of Bell states, alsp referred to as Bell mea-
exclude the idea that for specific applications one can ﬁn&urement. E’;ell staies are bipartite pure sta.ltes of the form
simpler protocol§5] with less technological restrictions. For |q:>:1/\/62i:1|ei>|ei> (for some local basis{|e))} and
example, recent research shows how to perform completge;)}), that define an orthonormal basis. [12,13 the im-
polarization Bell measurements on momentum-entangle@ossibility of performing a Bell measurement on tivqudits
photons coming, for example, from a parametric down-was proven. However, with certain probabiliB,.<1, it is
conversion sourc€6], purify entangled photons from those still possible to unambiguously discriminate two-qubit Bell
sourceg 7] or from noisy communication channgB], reject  states. The optimum efficiency of such an incomplete Bell
bit flip errors in quantum communicatid®], perform opti- measurement was found ii4]. These results reflect the
mal unambiguous state discriminatiphO], and efficiently  current problems and put serious upper bounds on the effi-
eavesdrop a quantum key distributifitil], by using only a ciency of some important quantum information protocols,
few beam splitters and particle detectors. Thus, the prospestich as teleportatiofil5], entanglement swappind.6], or

of applications and the need for a deeper understanding waguantum dense codirid7]. Later, Carolloet al.[18] showed
rants further research on the power of linear elements. that discrimination without error is also impossible for a very
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particular set of states, that, despite being product states, they n
exhibit nonlocal properti = Tal

properties as a set. G Uja; - (5)

The general approach in the above papers was to feed the =1

linear device with the states to be discriminated and checli . . . .

under what conditions the particle detectors at the outpu 0_|mplement this operation one can use a series of beam
produce different “click” combinations that could identify splitters and phase shiftef20] or multiports[21].
the input state. Here | will adopt a different approach. Given
that the measurement outcomes are of a known form, Ill. GENERALIZED MEASUREMENTS ON i-QUDITS
namely, a “click” pattern, we will find the positive operator
valued measuréPOVM) (see below on the inputi-qudits
induced by this type of measurement. This approach is muc
more general and sets a suitable framework to arrive at th
full characterization of the class of generalized measure
ments that can be implemented by linear elements.

A generalized measurement is described by a positive op-
rator valued measuf®OVM) [22] given by a collection of
Eositive operator§, with =, F,=1. Each operatoF corre-
ponds to one classically distinguishable measurement out-
come (e.g., a given combination of “clicks” in the output
detectors The probabilityp(k|p) for the outcomek to oc-
I, i-OUDITS c:u_[_,r(c,:)c'):r:)jftloned to an input density matrjx, is p(k|p)

If we send ari-qudit| @) through a linear device, the state
in the output i @) o= =]_;Ujie;c]|0)=|UTa), where the
vector e is padded with extra zeros wheneverd. Notice
that the number of modes involved in the transformation can

e larger than the number of modes occupied byithedit.

his provides a straightforward extension of our input Hil-
bert spaceH,®H;, where’H, is thei-qudit Hilbert space
and Hq, is spanned by single-particle states occupying

An arbitrary onei-qudit statela)=3"_,a;|i) is encoded
in a single excitation occupyingd field modes, |a@)
=39 ,a;a'|0). Here|0) denotes the vacuum state aaf
are bosonic (fermionic) creation operators—whenever
needed, | will give the results corresponding to each of th
particle statistics. In order to encode a two-qudit sta@
=Edj=lcij|i>|j>, a second particle is used occupyid@x-

tra modes{a) ;, ... .al}, |C)==2%_,Ci;alal, |0). Any + + ) ,
two-boson (-fermion) state can be'JdefinJed with a bilinear M0deS{8q.1° - -an}. According to Neumark's theoref22]
form any POVM can be reallzed by pgrformmg von Ngumann
measurements on this extended Hilbert space. Explicitly, the
n event of one “click” in mode c; is associated with the
|\p>=_21 Nijaal =a'Na|0), (1) POVM elementF'
1,]=

. o . . Tr(F'la)(al)=p(i|@)=((0|c/|UTa)|?
whereN is annXn symmetric(antisymmetri¢ matrix and

a=(al,....a")". In particular, the bilinear form of the two- =Tr(|vi)(vila)(a)Va—F'=v;)(v ],
i-qudit state|C) is 6)
0 c where thed-dimensional vectoo; = (U3, , ... ,U%)". Thisis
1 0 the reason why protocols that rely on single-qudit POVMs—
N 2 such as optimal unambiguous state discriminafib@], or

T

21 (=) o some particular entanglement transformatig23j—can be

0 0 successfully carried out in linear optics.

. ) . . The situation is quite different in the twiegudit case. A
The dXd matrix C is defined ljsmg thg c_orrespondence be-two-i -qudit state|C) described, according to E¢2), by a
tween the state vectof€)==7;_,Cyli)|j) and thenXn  magix N will be transformed into a two-particle state with
complex matrixC with elementsC;; . Matrix analysis theory the following matrix representation in terms of the output
[19] renders this representation into a very convenient ongnodes:
for studying bipartite quantum systems. Some useful rela-
tions between both representations are |C)=c"Mc|0) with M=UTNU, (7)

_ —Tr( At
A®B|C)=|ACB'), (A[B)=Tr(A'B), (3 wherec=(c!, ... ch. Notice that the only mode transfor-

" - mations that leave thiequdit Hilbert space invariant are
Tri(JAXB|])=AB" and Te(|A){B|)=A'B*. (4

, . . . ) U, 0 lq4
Matrices and vectors are written in the canonical basis.
Thereby, the correspondence between matrices and bipartite Useg™ U , Ug=|1a O
state vectorgwhich is obviously basis dependgig always Us 14

well defined.

Finally, the action of the linear elements is defined by aand compositions of bothJ; andU, aredx d unitary ma-
linear mapping of the input creation operat$es - --al} to  trices. From Eq.(3) it follows that the first transformation
the output creation operatofs] - - - ¢!} corresponds to a separable operation in itgedit Hilbert
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spaceU;®U,|C), while the second transforms thiequdit ~have a Schmidt numb¢g4], at most, equal to £25]. This
IC) to (—)|CT), ie., performs the nonseparable swapmeans that foi-qudits withd>2 no analog of the incom-
operation. plete Bell measuremef26] can exist—nor can it be used in
Define teleportation[15], entanglement swappinfl6], quantum
dense coding17], or probabilistic implementation of nonlo-
A cal gated27]. Also, from this result and a theorem by Car-
8 ollo and Palmg 28], it follows that, even with the aid of
’ (8) auxiliary photons and conditional dynamics, it is not possible
D to implement a never failing Bell measurement for
. . i-qudits[13].
whereA andB aredxn matrices. From Eqg2) and(7) it is Leaving i-qudits @>2) aside, in the remainder of this
clear that the output staté will not depend on the values of 'paniq Communication we will study the efficiency of a gen-
matrix elements oD, i.e., on ho_vv the |n_|t_|ally unoccupied gralized form of Bell measurement omubits d=2). The
modes transform. Now, we are in a position to calculate the\s e | of a Bell measurement is not only its ability to dis-
resulting POVM on the-qudits when particle detectors are riminate unambiguously between the specific four Bell
placed in the output modes. Linear elements preserve thgaies pyt that it can project an unknown state into a maxi-
number of particles; therefore each measurement outcome fRally entangled state. Any generalized measurement in
associated with the absorption of two particles at maGes  \yhich every POVM element is maximally entangled, would
cj. Given an arbitrary twa-qudit state{C), the probability  have much the same appeal. Trivial modifications, consisting
amplitude of such an event ifor i # ) only in local operations, could make the teleportation, en-
ey N — /i M tanglement swapping, or the probabilistic nonlocal gates
(0[cicy|C) =(0[Myciccc [0) = 2(i[M]]) function with such a generalized Bell measurement.

C
Il
vy}

=(i|[ATCB=B'CTA[j) In the following, | will show_that the optimal generalized
o Bell measurement fails to project on a maximally entangled
=TI ATCB([i)(i|=1)(iD] state in half of the trials. For this purpose let us first notice

that the POVM elementél3) that have a contribution from
the detection in a mode; can be written(for both, bosons
and fermion$ as

=Tr[CB(|i){j| =|j){(i)AT]=Tr(CP'T), (9)
where thed X d matrix P!l is defined as
PI=A*AIBT with A= 58 8 » (10) Ph=wW/aV|Pl)=|a|[1)[x)+|b|ly)1), (14

and th-e+ (—) refers to theb—qudit (f-qudit) result. In the wherex=ViT|bj) andyzwﬂaj), andV; andW, are unitary
bosonic case a normalizing factory®/ should be added to transformations. The matrix representation of this state is
Egs.(9) and(10) wheni=j. Equation(3) allows us to write
the probability amplitudé9) as - la|x+[bily:  ai]xo 15
. pPY= . 15
(O[cicj|Cy=(P"|C). (12) lbily, 0

From Eqg.(11) we find that the POVM associated with this It is characteristic of maximally entangled states that each of
detection event il :|pii><pii|_ Making use of Eq(3), we its subsystems has a reduced density matrix proportional to
arrive at the central result: the class of generalized measuréhe identity matrix. By Eq(4), this implies that, in the matrix
ments that one can realize with linear elements is defined biepresentation, maximally entangled states are proportional
the POVM elements to unitary matrices. Thus, if the POVM elements are to be

o . ) maximally entangledP'/ has to be unitaryup to a constant
Fi=|PU)PI| with |PU)=\2A*®B*[¢l) (12) ), and these conditions have to hold,

or la|x,+[bily;=0 and |a[|x;|=|b||ys|=]|xi|. (16)

Py=|a)|b,) = |a)|b), 13 .

IPT=la)l;)=[a)lb) & Enforcing these conditions, we haﬂé’=xi(é% (1)), which,
where we have introduced the normalized statgd) after switching back to the state representation, allows us to
oc(lid|jy=1j)li)), anda andb; are theith columns ofA*  conclude that a detection in modg can only contribute to

and B*, respectively. Fob-qudits, double clicks, i.ei,=]j, maximally entangled POVM elements of the form
correspond to separable POVM elements, whileffqudits, B .
the Pauli exclusion principle prohibits these events. In the |PUY = iW @ Vi (|1)]2) + €¢|2)[1)). (17

last equations we see that egét) is the superposition of,

at most, two terms; thus, their Schmidt rdi2d] is at most 2.  On the other hand, after some simple algebra and using
Since every possible POVM element is a convex combinaABT=0, one can find the total contribution, in the resolution
tion of those defined in Eq12), we conclude that all POVM of the identity, of all the POVM elements where a detection
elements on twa-qudits realized with linear elements will in the c; mode is involved,
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n

>

==

n
1= 3 |Pi)(PI|=3, SwiaVi(al?1)ilel,
i 1 i=1

+[b2e[1)(1hwe V] . (18)
The factor: comes from the symmetrp'/=P/" and com-
pensates the double counting of the terms withy. Com-
paring this result with Eq(17) it is clear that not all POVM
elements involving a detection ity can be maximally en-
tangled; the space spanned by the POVM elements defined
Eq. (17) does not cover the whole support of ik term in
the sum in Eq(18). An upper bound on the total weight of
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4
1 1
Uik|2:§ IZl 1= 5
(20

This also sets to one-half the ultimate efficiency of telepor-
tation, entanglement swapping, and the probabilistic imple-
mentation of nonlocal gates argubits.

As a last remark, even if the results for fermions and
bosons are apparently similar, there is actually a large differ-
gnce that is manifest in the asymptotic method that also uses
auxiliary photons. IM29] it is proved that the analogue of
the photonic efficient quantum computatif8] cannot exist

3|

n 1 4
Psuee 2 plsuccg g E
i=1 k=1

the maximally entangled POVM elements in this term fixesfor fermions.

the maximum probability of successfully projecting an un-
known input statep=31,®1, onto a maximally entangled
state

o1
Psuccs 5 TIWi@Vi(|ai|?|1)(1]@[2)(2]

+|bi|%2)(2| [1)(1)W @ Vp]

1 2 2 1 . 2
glal*+a?)=5 2 |uul?, (19

where we employed the definition in E(). By adding up

In this Rapid Communication, | have introduced a formal-
ism to study the characterization of the generalized measure-
ments on twoi-qudits implementable by linear elements.
Two non-trivial results concerning maximally entangled
POVMs followed from the general POVM characterization,
Eqg. (13). The formalism should also be very helpful in de-
termining the viability or efficiency of other relevant
POVMs in quantum information.
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