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Calculations of the 1s,2s.-electron-excitedS(L =0) states in helium-muonic atoms
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The bound-state energies and other properties are determined to high accuracy for the ground and first
electron-excitedS(L =0) states in théHe? " 1 e~ and“He? " e~ helium-muonic atoms. Such highly ac-
curate calculations are performed with the use of an advanced, recently developed, multibox variational
approach. In particular the hyperfine splitting has been calculated forsj#sZ-electron-excited states in both
helium-muonic atoms. The corresponding hyperfine splittings for these states~%26.786 MHz
(PHe’" we™) and ~558.055 MHz {He?*x e”). The analogous splittings for the ground states are
Av(PHE " u~ e )~4166.393 MHz and\ v(*He? " .~ e ) ~4464.555 MHz, respectively.
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In this Brief Report we report the results of highly accu- ~0.5—1 kHz(comparable with the accuracy obtained for the
rate calculations for the bound, electron-excit8=0)  ground states in these systomin fact, for the electron-
states(or 1s,2s. states, for shojtin the helium-muonic excited states the hyperfine splitting has never been mea-
32+, — o M2+ o ; - - ;
He?* e and“He?* e atoms. Such calculations are sured. However, it can be done, e.g., by using the technique
performed with the use of our recently developed, multiboxused for the ground 4,1s,(L=0) states.
variational approachl]. Our main goal is to determine the ~ The main computational problem here is related with the
bound-state properties and hyperfine splitting for thesdact that our approach8] was not very effective for the
electron-excited states in both helium-muonic atoms. Notexcited states. Later, however, an advanced, relatively simple
that recently significant progress has been made in our urand reliable approach has been developed and tested for
derstanding of basic geometrical and dynamical properties ghany three-body systeni]. This approach works very suc-
the *He’* w e and *He?* e~ atoms in their ground cessfully for an arbitrary stat@xcited or groungin various
states|2—8]. In particular, in[8] the expectation values for three-body systems, including so-called adiabatic systems
the electron-nucleugs(re-e)) and electron-muonic delta such as the Kl ion. Moreover, it was found that the later
functions(d(re-,-)) have been determined to very high ac- approach produces significantly more accurate wave func-
curacy. In fact, the absolute errors for these expectation vations than is possible by using competitive methtls In
ues were less thanx110"" a.u. By using bot 8(re-140))  particular, by using this approach we finally solved the long-
and(d(re-,-)) expectation values, we determined 8] the  standing problem of highly accurate determination of the
hyperfine splitting for the ground states in both helium-weakly bound(1,1) states in theldu anddtx muonic mo-
muonic atoms. The appropriate computational results for thecular ions[1]. Presently, the same approdd] is applied
hyperfine splitting are 4166.392 MHz for thitle’" n™e”  to study the helium-muoniéHe?** e~ and “He?* pu~e™
atom and 4464.555 MHz for th#He’" n~e™ atom([8]. The  atoms in their %,2s,-electron-excitedS(L =0) states.
absolute errors in both cases are less than 1 kHz. Moreover, For the S(L=0) states in an arbitrary Coulomb three-
these figures are very close to the known experimental valueﬁody system, the trial variational wave function is repre-

for these atoms, which equal 4166.41 MHz and 4464.9%ented in the fornfthe general case is discussed 1)
MHz, respectively(see references and discussion$amd]).

However, the recent progress is quite modest for the N
bound, electron-exciteds],2s, stz_ites in the helium-muonic m=(1+ KPlZ)E C; exp(— ajuy— Bijuy— yiuz), (1)
systems. Indeed, the total energies for these states are known i=1
only approximately[7], i.e., with relatively large errors. An
analogous situation can be found for a number of bound-stat¢hereC; are the linealor variationa) parametersg;, 8;,
properties in the §,2s, states in the helium-muonic atoms. and y; are the real nonlinear parameters. The parameter
Furthermore, i 7] we estimated the hyperfine splitting for equals zero identically for nonsymmetric three-body sys-
these excited states as 527.8 MHHE "1 e ™) and 570.3 tems. For symmetric systems=1 for the singlet states and
MHz (*“He?* .~ e™). Our present results indicate clearly that «=—1 for the triplet states. Such choicesro€orrespond to
these results fromi7] were determined with absolute errors the cases when the spatial part of the total wave functions is
= 10 MHz (see below. The main source of such large errors Symmetric and antysymmetric, respectively. The operator
is obvious, since the expectation values of the electronP, permutes the identical particlés and 2 in the symmet-
nucleus and muon-electrofl functions were computefi7] ric systems. Also, in Eq(1) u;, u,, anduy are the three
only approximately. Presently, our results for all bound-stateperimetric coordinates (see, e.g., [1]). These three-
properties in the helium-muonic atoms, includidgfunc-  coordinates are expressed as the linear combinations of the
tions, have been improved significantly. Finally, now we canrelative coordinatesu; = 3(r,+ rj—rijk), where (,j,k)
predict the hyperfine splittings for the electron-excited=(1,2,3). Hererij=|Fi—Fj| are the three interparticle dis-
1s,2s, states in the helium-muonic atoms to the accuracytances (;;=rj;). The inverse relation betweam, u,, Us

1050-2947/2002/62)/0247014)/$20.00 65024701-1 ©2002 The American Physical Society



BRIEF REPORTS PHYSICAL REVIEW A 65 024701

and rg,, s, Iy takes a very simple fornr;=u;+u;, TABLE I. The convergence of the total energiEsin atomic

wherei #j = (1,2,3). The use of three perimetric coordinatesunits for the 2°S(L=0) state in the’He atom.

U;, Uy, andus instead of the relatives,, rs;, r,; coordi- N

nates is an obvious advantage of the later approathrhis N E

follows from the fact that the perimetr_ic coordinates are truly 1000 —2.175 229 378 236 791 305 733 900

independent, and e_ach of them varies from O+Hw. T_hls 1800 — 2175 229 378 236 791 305 738 718

means that all nonllne_zar_ parameters in IEt)._ are positive 2000 2175 229 378 236 791 305 738 805

real numbers. The optimization of such.nonllnc_ear parameters .o 2175 229 378 236 791 305 738 866

o aan b perormed ver efecthel oo hereare, 2um 2175229 370 230191 205 o 0
P : EP —2.175 229 378 236 791 305 738 4

with this, if the relative coordinates are used in EL, then
a number of additional conditions must be obeyed, which Ao number of basis functions used in calculations.
needed to guarantee convergence of all essential integralg.he best results determined in previous calculatidis
Obviously, in this case the optimization of the nonlinear pa-
rameters cannot be very effective.

The main improvement ifl] has been done in the opti-
mization of the nonlinear parameters in Ef). Note that an

actual variational(trial) wave function may include a few served convergence for the variational resultsNoris ex-

thogsand _nonhryee_mr pgrameteéssae, €.9. beIo)NObwoust,. . tremely high. Finally, we could determine at least four addi-
their detail optimization cannot be completed at realistic

. . “tional significant figures for the total energy of théSpL
t|r_nes. In[8], for each of the considered systems, we Optl'=0) state in the’"He atom in comparison with the results of
mized carefully only a small pat¥'; of the total wave func-

tion. Usually, such a smalbr cluste part contains only a previous calculation@except 1] where the same method was

few hundred nonlinear parameters. This is the first step of thused. In fact, our present approagh] aliows one to repro-

MBuce as many exact significant figures in the total energy as
procedure[8] that generates the so-called booster funcuorheeded. Belo}\:v, the sar‘%e approa?:h is used to perform t?i{)hly

W1(No), whereN is the number of basis functions used 10 ;.\, ate calculations for thes]2s.-electron-excitedS(L

construct¥ ;. Note that in the present case each of the baS|s:0) states in the helium-muonic atoms.

functigns contains only three non!inear paramgters. For con- The results of numerical calculations for the ground and
structing the_second stage funCt'an(N_Nii.) in [8] we first electron-excitedS(L=0) states of the helium-muonic
gfeerosl f?omj?)ﬂ;angroarlrl]eg&grg,;% O_f”ggebgﬁgggfgs %?rsaurgh atoms are presented in Tables II-1V. Table Il contains varia-
a parallelotop a?e chosen from tHe results of separate calctlpnal energies for the bOtﬁHeu'“fef and 4H_e2*,ufe*
lations and later they never changed. Obviously, in this cas%ltomS in the ground and f|_rst electron-excit&qL. =0) :
the second-stage wave functidnz(N—.N ) is not’an opti- State;. Ogr present calculations have been per'formed in
mal variational supplement to the initi(zell booster functionatoml(.: units (=1, me=1, a_md e=1). In these units the
¥ ,(No). following values for the particle massgkl,12]

In contrast W|_th _thls, in1] the cho!ce Qf nonlinear param- m,=206.768262, M, , =5495.8852,
eters in the variational wave function is performed from a m He?
few different parallelotopgor boxes. The boundaries of
these boxes are the real nonlinear parameters of the method. Ms, .. =7294.2996
By varying these and a few additional scaling parameters one
can obtain significantly bettdi.e., lowep variational ener- were used in calculations. The numerical values for other
gies, than have been determined for the considered thrgghysical constants used in our present calculatisrsmore
body systems with the use of any other methadl This  detail, seq8]) have also been chosen frdii,12. To recal-
approach has been callgt] the multibox strategy for choos- culate the energies from a.u. to MHz, the conversion factor
ing the nonlinear parameters in the three-body bound-state.579 683 920 6% 10° [11] has been used.
wave functions. In fact, if1] the three parallelotops have  The energies from Table Il are significantly more accurate
been used for each of the considered systems. It can lihan the values from previous calculations for the helium-
shown that now the second-stage wave functiin(N muonic atoms. In particular, the energies obtained Nor
—Np) is an optimal supplement to the given booster function=700 basis functions are better than the corresponding en-
¥,(Np). Note also, that the procedure proposefilihworks  ergies from[8] computed withN= 2500 basis functions. In
very well even in the case whéy=0, i.e., when no booster fact, by using the methofil] one can easily increase the
function ¥'{(N,y) has been constructed. overall accuracy and determine the next six to ten significant

To illustrate the efficiency of this approach presently wefigures for the total energies in both helium-muonic atoms.
performed highly accurate, variational calculations for theHowever, this step will certainly require extensive computa-
2 33(L=0) state in thé’He atom. The total energies for this tional resources. For our present purposes, however, it is im-
system (in atomic unitsm.=1, =1, ande=1) can be portant to note that a very high convergence rate for results
found in Table I. Presently, for simplicity, we apply the samepresented in Table Il allows us to stabilize 20—21 significant
three-box version of the procedurg]. The total number of figures in the final energies. The convergence for the

nonlinear parameters in this version equals 28. These 28 non-
linear parameters have been optimized with the use of 1000
basis functions in each of the trial wave functions. The ob-
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TABLE II. The convergence of the total energies in atomic units for the first electron-excitgzisl
states(*) and ground %,1s, states in the helium-mounic atoms.

Na (SHeZJrluvfef)* (4He2+lu7ef)*

700 —398.66739108745739419922 —402.26230156525181323033
1000 —398.66739108745739433625 —402.26230156525181346636
2100 —398.66739108745739439414 —402.26230156525181353478
2300 —398.66739108745739439590 —402.26230156525181353673
2500 —398.66739108745739439767 —402.26230156525181353867

—398.66739108745789 —402.2623015652484
NG SHe e He u e

700 —399.04233683286253333860 —402.63726303513545316784
1000 —399.04233683286253433727 —402.63726303513545383910
2100 —399.04233683286253474368 —402.63726303513545399718
2300 —399.04233683286253475716 —402.63726303513545400209
2500 —399.04233683286253476960 —402.63726303513545400481

—399.04233683286252384 —402.63726303513544403

&The number of basis functions used in calculations.
The best results determined in previous calculatidis

electron-muon and electron-nucledsunction expectation helium-muonic atoms takes the for(for more details see,
values is shown in Table Ill. However, in contrast with the e.g.,[4], [8], and alsd 14])
energy, there is no bound principle for the expectation values
of sfunctions. This means that the observed convergence fog ;,,(3He2* ;, ~1e 1)
the 6 functions differs qualitively from the convergence for
the energies shown in Table Il. The expectation values for
some selected geometrical and dynamical propédtigkscan =10671.885079542(r¢-,-))
be found in Table IV(for the excited states in the helium- +2553.907 751 4476 (I ¢ o)) MHzZ, )
muonic atoms The presently obtained values are also sig-
nificantly more accurate than values known from previous aoh
calculations(see, e.g.[7]). Av(*He? u~e7)=14229.180061 08%(re-,-)) MHz,

By using the numerical values for the expectation values
of the & functions presented in Table IlI, one can evaluate thevhere(5(re-,-)) and(&(r.-e)) are the expectation values
hyperfine splitting for the 4,2s.-electron-excited and for the electron-muonic and electron-nuclelinctions, re-
1s,1s. ground states in the helium-muonic atoms. The for-spectively. The expectation values of alfunctions in Egs.
mulas for the hyperfine splitting in tH&(L =0) states of the (2) are expressed in atomic units.

TABLE lll. Convergence of the expectation values of electron-muon and electron-nutfeuastion in
atomic units for the grounds, 1s, states and first electron-exciteg, Ps, states(*) in the helium-muonic

atoms.
(8(Fe- ) SHE e HE e CHE " uw e )* (*HE e )*
700 3.13682200810° 1 3.13760500k 10!  3.920926498 1072  3.92190411k 1072

1000 3.13682203910° 1 3.13760498% 10 '  3.920926456 10 2  3.92190451% 10 2
2100 3.13682263810 1 3.137605176&10 ' 3.920927205810 2 3.92190519% 10 2
2300 3.13682268810 1 3.137605208 10 ' 3.920927260% 10 2 3.92190528% 10 2
2500 3.13682274910 % 3.13760524% 10 ! 3.9209273408 10 2 3.92190535% 10 2

(8(Fe-1d) SHE e He e CHE e )* (*HE e )*
700 3.20611405% 1071 3.20631724% 10"  4.00755717610°2  4.007810906 10?2
1000 3.20611458810°1 3.20631739%10°!  4.00755784%10°2  4.00781077% 102
2100 3.20611501610° 1 3.20631770%10"!  4.00755830410°2  4.00781156% 102

2300 3.20611501810 1 3.206317724%10 !  4.00755829% 10 2  4.00781161% 10 2
2500 3.20611508610 1 3.20631772&10 !  4.00755839k10 2  4.00781166& 10 2
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TABLE IV. The expectation value§n atomic unit$ of some properties for the first electron-excit®d
states [ =0) of the 3He? e~ and *He?" e~ atoms. Below, the subscript 3 designates the helium
nucleus, 2 stands for muon, and 1 denotes the electron.

System SHE ' e H u e

(rot 0.249 959 239 476 657 0.249 969 739 782 088 733
(ra) 0.249 961 061 388 004 0.249 971 551 933 312
(r3s) 398.542 409 645 807 402.137 314 883 210
(8(F3)) 2.0149939958 10 2.0700138478 10’

(8(F320) 8.017324 10° 8.237286K 10°

(—3V3) 0.124 961 160 140 246 0.124 971 647 880 655
(—3V3) 7.94 180 263 037 47910 8.08 572 101 067 64610*
((rars) ™Y 99.6 200 394 831 515 5 100.522 844 889 408 4
((rara)™Y 0.249 000 723 411 012 4 0.249 029 798 384 398 0

Finally, the corresponding hyperfine splittings for the helium-muonic atoms are also expected to be close to the
electron-excited 4,2s, states are ~520.786 MHz presently computed values. Further deviations for the
(®*He?* " e”) and ~558.055 MHz (He?*n~e”). The  helium-muonic atomg~0.02—-0.5 MHz can be explained
analogous  splittings for the groundslls. states are by c_on_sidering th_e relativistic and qgantum-electrodyr_\amics
Av(PHE" u e7)~4166.393 MHz andAv(*He?" - e”)  (radiative corrections[15,16]. Analysis of such corrections
~4464.555 MHz respectively. These values are very accu@quire a separate discussion. Now, we want to note only that
rate (their uncertainties are less than 1 RH#or the the _results c_Jf_these high-precision measurements of the hy-
electron-excited §,2s, states these values correct our pre—gegz'ﬂe ,SEI'H'”% ;25 ?Ot,h . the _hehum-muomc atoms
vious results for the hyperfine splittings in both helium- € # € and"He”" e (in their ground and electron-
muonic atoms by=7 MHz (*He?" e~ atom) and by~12 excited statgsare of paramount importance for providing
MHz (“He?* .~e~ atom, respectively. The computational further progress in theoretical studies of such systems. Hope-

its for th d | h . fully, our work will stimulate further experimental activity to
results for the groun stgtes flre_v?ry close to the eXpe”merﬂ)'erform high-precision measurements for the hyperfine split-
tally known valuesAv(®He?* u~ e )~4166.41 MHz and

ting and other properties in the helium-muonic atoms.
Av(*He " e )~4464.95 MHz, respectively(see, e.g., g prop

discussion i8] and references thergiriThe future experi- It is a pleasure to thank the Natural Sciences and Engi-
mental figures for the electron-excited, Ps, states in both neering Research Council of Canada for financial support.
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