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Measurement theory and interference of spinor Bose-Einstein condensates
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We study two aspects of measurement theory in spinor Bose-Einstein condensé&tesl ohtoms: the
probability of obtaining a certain outcome of the measurement and the evolution of the state of the condensate
due to the measurement. We also study the interference patterns arising from the spatial overlap of two spinor
condensates. We show that neither a measurement on a small number of escaping atoms nor an interference
experiment can distinguish between an antiferromagnetic coherent state condensate, i.e., a condensate in which
all the atoms hav&,=0 along are priori unknown direction, and a spin-singlet condensate, i.e., a condensate
with S;;=0. We also show that a singlet-state condensate evolves into a coherent state as a result of the

measurement.
DOI: 10.1103/PhysRevA.65.023604 PACS nunt®er03.75.Fi, 05.30.Jp
I. INTRODUCTION state[6—8]. We address the question of how to devise an

experiment that will be able to distinguish between the two
In the past few years there have been several experimentalates6,8,9.
and theoretical studies of the structure of a spinor Bose- BY examining the two expressioit$) and (2) it is obvi-
Einstein condensatéBEC) for atoms of total spinF=1 ous that there are physical differences betwezen them. For
[1-6]. Ho [2] and Ohmi and Machid43] independently ~€xample, the singlet state h(i@[zotaQ:O' while (S =2N
treated the problem of spinor BEC in the Gross-Pitaevskifor the coherent statei(=1). Also, if one could measure the
(GP) approximation. In the case of antiferromagnetic inter-0ccupation numbers of the three hyperfine statesn,, and

actions they found that the ground state is given by n_,, a clear difference would be that in the singlet state one
always gets1;=n_,, even though that value may vary from
1 shot to shot. However, in the above examples the entire con-
|Cy=—(a))|0), (1) densate has to be probed, and measurements of atom num-
JNE bers have to be accurate at least to relative ohiet? in

. S o order to distinguish between the two states. To avoid this
where a, creates a particle in the lowest spatial single-difficulty, we shall examine measurements in which a small
particle statgwhich can be calculated from the GP equation number of atoms is probed.
with S,=0 along some arbitrary directiofwe use the letter One important aspect of measurement theory is the evo-
Sto denote the total atomic spinC) stands for(antiferro-  lution of the quantum state as a result of the measurement.
magnetig¢ “coherent state” and0) is the true vacuum state An example, which is related to the present problem, is that
containing no particles. The stal€) is a singly-condensed of measuring the relative phase between two condensates
state, i.e., all the particles occupy the same single-particlel0—12. Castin and Dalibard demonstrated how an experi-
state.(Notice that this definition of coherence differs from ment measuring the relative phase between two condensates
the one normally used in quantum optjcs. “builds up” the phase between thefil]. A detection mea-

Noticing that the statg1) breaks the S(3) rotational ~ surement that does not give information about which con-
symmetry of the Hamiltonian in spin space, Law, Pu, anddeénsate the atom came from creates an uncertainty in the
Bigelow [4] carried out a calculation where they assumedrelative number between the two condensates. Using appro-
that all atoms in the condensate occupy the same Spatiﬁriate definitions, it can be shown that the relative phase
wave function, but they did not impose any constraint on theduantum operator and the relative number quantum operator
spin state of the atoms. They found that in the absence ¢ire, to a good approximation, canonically conjugate opera-
external magnetic fields, the ground state of the system is néers[13,14. Therefore, an increase in the uncertainty in the
a singly-condensed state, but rather a spin-singlet state, i.e_,rglative number allows for a reduction in the Uncertainty in

state with total spin of the condensa&g,,=0, the relative phase, which is_the case in the Castin-Dalibard
scheme. In the context of spinor BEC, the coherent states are
|S)=consix (ajaj—2ala’ ;)7 0), (2)  analogous to the phase states, and the singlet state is analo-

gous to the unbroken-symmetry number state. Therefore, we
where, as in the rest of this papét,is assumed to be even shall examine whether a similar phenomenon exists in the
for simplicity. The minus sign in Eq(2) is in accordance measurement of a spinor BEC.
with the phase convention of Reflgl—6], which we shall In the present paper, we shall show that a measurement
follow in this paper. based on the detection of a small number of atoms from the
In the absence of spin-dependent external fields the enetondensate and measuring their spin structure cannot distin-
gies per particle of the staté$) and(2) are very close, with  guish between a coherent state and a singlet state. We also
a difference of~N~2. Depending on the magnitude of the show that a spinor BEC in a singlet state evolves into a
external fields, either one of them can be the true groundoherent state after the measurement. These results will be

1050-2947/2002/62)/02360410)/$20.00 65 023604-1 ©2002 The American Physical Society



S. ASHHAB AND A. J. LEGGETT PHYSICAL REVIEW A65 023604

obtained using the same method as described in [R&f. Using Egs.(3) and(4) we now analyze the measurement
Moving in a different direction, because in interference ex-process for the coherent and singlet states. Our treatment can
periments the entire condensates can overlap, one might eke straightforwardly generalized to the more general class of
pect such experiments to distinguish between the two statestates withS,;;<N.

We shall study the interference patterns arising from the spa-

tial overlap of two spinor condensates and show that the A. Coherent state

expected patterns are the same whether one starts with co-

herent or singlet states. L .
- : y Eq.(1). We rewrite it in a form that contains the preferred
The paper is organized as follows. In Sec. Il we study thegirection, defined by the anglés,). explicitly,

outcome probabilities and the evolution of the state of the

condensate following a sequence of single-particle detection 1

measurements. In Sec. lll we study two-particle detection |W)o=—=[d} (M)e ?al+di ( 6)a]
N '

Let us assume that the initial state of the system is given

measurements and show that the effect of the measurement
process is qualitatively similar to that of a single-particle 1 it NI
measurement. In Sec. IV we discuss some properties and +d2; (0)e'?al,]"|0)=|N,0,4), ()
implications of particle detection measurements. We also dis- 1 . . . .
cuss the quantum-mechanical description of absorption an\ghere dme(6) are the single-particle rotation matrix ele-
phase-contrast imaging. In Sec. V we outline a method tgnents
predict the emergence of an interference pattern from two (o
overlapping scalafi.e., spinelegscondensates. In Sec. VI — “sing if m=1,
we generalize the method to study the interference patterns
produced by the overlap of two spinor condensates and show
that both coherent and singlet states give the same interfer-
ence patterns, since the results for coherent states have to be )
averaged over all directions. Esmﬁ

dlm,o(0)=<m|ef”’:°’V|0>=< cosf if m=0,

if m=-1.

(6)

Equation(5) is the state that contair$ atoms, all of which

In this section we study the outcome of a sequence obccupy the same single-particle state wah=0 along the
single-particle measurements. We use a model where in eaelirection(6,¢). Substituting Eq(5) into Egs.(3) and(4) one
step of the measurement one atom leaves the trap ard thesasily finds that
component of the spin of that atom is measuyr@d In order
to neglect the spin dynamics of the condensate during the Pn(m)=(d#,0)2( 0) )
measurement, we shall assume that the time over which the
measurement process is completed is much smaller than tqed
inverse of the energy difference between the two initial states
in question[15]. We also assume that the spin-spin interac-
tion energy is small enough that the escape rate of atoms
independent of their spin state. Note that in contrast to Ref
[6,9], we do not assume arg priori knowledge about the
direction of the broken-symmetry stdteq. (1)]. We denote
the initial state of the system Oy ),, and the state of the
system aftem measurements bj’),. Each measurement
gives S,=+1, 0, or —1. The probability of obtaining the
value S,=m in the nth measurement is given by

Il. SINGLE-PARTICLE MEASUREMENTS

|¥)n=IN=n,0,¢) ®

hc‘p to an overall phase factor. This means that the probabili-
Sies in thenth measurement are independent of the previous
measurements, and that after each measurement only the
number of particles in the condensate changes, wieled ¢

are not affected. As one would expect from rotational sym-
metry about the axis, the measurement is insensitive to the
angle¢. The probabilityP(my,...,m,|#) of finding a certain
sequence of valuesi(;,...,m,) for a given value o® is just

. the product of the single-measurement probabilities,
n—1<\P|amam|\P>n—1

Pn(m)= ) ) (sin 0)2(k1+k—1) o
> a-1(Wlafa| ¥y, y P(my,...,my| a)zl_nl Pn(m)= _2k1_+k_1—(0059) 0
|
, Sir? 6
where the operators,,, a;rn are the annihilation and creation ~exp sirf 6yIn 5

operators of a particle witB,=m. If the outcome of thenth

measurement iS,=m, the state of the system is projected as
follows: SZ y pro) +n C0§ 00 In(COSZ 00) — Zn( 60— 00)2},
aml V)1 n>1, (9)
W)= = T - . (4)
Voo 1(¥lalam| ¥)n_s where
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ki+k_y where dQ)=sinddad¢, and the integral covers the upper
tarf 9o:k—0 (100 hemisphere §<=/2), as we explain in the Appendix.
andk,, is the number of times the val@=m appears in the B. Singlet state

sequencerfy,...,m,).

Since the probability in Eq9) is peaked at the valug,
= 0, the experimental procedure described above can be co
sidered a measurement @f However, it does not give any
information about the polar anglep. A straightforward
method to measure both and ¢ is to make measurements
along three(or more different axes, not necessarily perpen- JN
dicular to one another. Assume that one makgs>1) mea- |S)= Zf dQ[N,0,¢). (12
surements along;. This will determine that the direction
(6,¢) lies in a ring defined by a certain value éfelative to _ _
z,. Making ny(>1) measurements alorgy will determine Th_|s_ .form aIIow; us to straightforwardly evaluate the prob-
that (6,4) lies in a ring defined by a certain value @frela- ab|I_|t|es and projected state due to the measurement. If we
tive to z,. Combining the two measurements, the directiondefinecn(6,#) by
(6,¢) will be specified by the two points where the two rings
intersect.(It is highly unlikely that the rings will not inter-
sect, and therefore we do not examine that possibillfy. |\If>nEf dQcn(6,¢)|N—n,0,¢), (13
(6,¢) is determined to be one of two directions, one can then
makens(>1) measurements alorrg, and the outcome dis-
tribution will pick one of the two directions. This phenom- we can make use of the quasiorthogonality of coherent states
enon is reminiscent of the uncertainty betwetand — ¢ in (see the Appendixand find that
measuring the relative phase between two condenfaigs
This uncertainty can be removed by making additional mea-
surements with a phase shiftgiven to the atoms leaving
one of the two condensates. Evemyfis different for each

Now we analyze the same measurement process as in Sec.
A starting with the initial statglS,=0) [Eq. (2)]. The
singlet state can be rewritten &see the Appendix for deri-
vation)

dQ(d} 0)%(0)[cn-1(0,¢)|?

escaping atom, the system is driven closer and closer to a Py(m)~ 5 ' (14)
coherent(i.e., phasgstate. fdQ|Cn—1(6’,¢)|
Since we are assuming that we do not have arpriori
knowledge about the directidi,¢) of the coherent state, the
probability of a certain outcome is given by the average of _
Eq. (9) over all possible directions, f dQ d#yo( 6)e 'MPc,_1(6,$)|N—N,6,0)
|\P>n% :
: 2(ky+k_q)
P(My....mo) = J AR (SN6)” 1 ose)Zo \/ 2m/N f dQ(d,0%(6)[cn-1(6,¢)?
R 27  2kitkop
(15
- D(kg+ki— 1+ 1) (ko +1/2) 1
- 2ktkaatip(n432) @D This finally leads to
n—1<ql|a:nnamn|q,>n—l n—2<\lf|a;nflamn,l|\y>n—2 0<\P|a§11amlllp>0
P(mq,....m,)=
lE n-1<‘1’|afna|nl‘1’>n-1|2 n-z<‘l’|a|*n,1a|n,ll‘l’>n-z lE 0(\I'|afrla|l|‘1')0
n n—-1 1
(N=n)! o{¥lag +ah am - am|¥)o
N o{¥[¥)o
sin @)2(k1 k-1
fdﬂ (—ZILTT(COS@Z"W%(&@F
~ (16)

[ aoleoo. o
and
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(8, ) (sin@)k1K-1(cosh)koel k-1 k) dc (6, ). one takes a pair of atoms out of the condensate and measures
(17)  their total spin, one would always get the valte 0. How-
ever, the pairs of atoms are not bound molecules, and the two
Notice that Eqs(14)—(17) are valid for a general state as atoms that left the condensate could have come from two
long as Sy <N. For the singlet stateq(6,$)=N/27, different pairs. Thus, both valué$=0 andS=2) are pos-

which gives sible.
_ We shall now carry out a calculation to show the above
b [ dQ (sing)*tariy 2K result in more detail. The annihilation operators of a pair of
(MM~ | S5 ——gk;— (C0so) atoms are given by
(18)
1
N+/n 12 T Ao,0=—=(apap—2a1a-1),
0.0~ gy €T ©
(19

1
o . Azo=—(apdptaa-1),
whered, is given by Eq.(10). Corrections to Eq(18) are of V3
the orderO(n/N) + O((k; —k_;)?/N) relative to the value of

P. The expression for the probability {almos) exactly the Ay1=8agasq,
same as that for a uniform statistical distribution of coherent
stateg Eq. (11)]. 1
We notice that although the coefficiety( 9, ) becomes Az,izzgaiZai21 (20

peaked around a certain value @fvith increasingn, the ¢
dependence is only affected through a phase factor. As was
discussed in the case of a coherent state, making measu
ments along three different axes determines btmnd ¢,
and, therefore, in each single run it projects the singlet stat
into a coherent state along a well-defined direction. It is
tempting to think that changing the axis of measurement for A. Coherent state

each atom would have the effect of WaShing out the localiza- The probabmty of f|nd|ng a total Sp|S andz Component
tion of ¢, in the coordinate® and ¢. By multiplying two  m for the nth pair is given by

factors, each of which has the for(h9) in a different system

here the indices refer to the total spin and #reomponent
of the total spin of the pair. As in Sec. Il, we can now cal-
8ulate the probabilities and projected state.

of coordinates, one can see that this washing-out effect does n71<‘I’|AgmASYm|‘P>n,l 5
not occur. Moreover, changing the axis of measurement rids ~ Pn(Sm)= =ry(0), (21
us of having to worry about conservation $f of the whole ; n_1<\II|A[',A|_,||\If>n_1

condensate. In other words, if all the measurements are made

along the same axis, the totd) of the escaping atoms and h

the remaining condensate is equal to zero for the single‘fv ere

state. This constraint is lifted if we use several different axes Ry

for different atoms. Then, the condensate is projected closer r(6)=(S,mle”"*$|m;=0m,=0)

to a coherent state in bothand ¢ directions. 1

In conclusion, a measurement performed on a few single — if S=m=0,
atoms leaving the condensate cannot determine whether the V3
condensate was in a coherent or singlet state before the mea- \/E(g cog 9— %) if S=2m=0,
surement. In each single run the condensate behaves as a =9 2 (22)
coherent-state condensate, even if it were in a singlet state 3 sin 26 if S=2m==*1,
before the measurement. This phenomenon follows immedi- L .
ately from realizing that the model used in this section de- { s if S=2m==2.

scribes a measurement of the direction of a coherent state. A - o .

collection of such measurements gives the probabilities folt follows that the probability of finding a certain sequence
the system to be in each state of the basis coherent (S1,M1,....Sy,my) is simply

state$. In a single realization of the measurement the system

behaves as if it were in one of the basis states, regardless of _ 2

o ' P(S;,mq,....S,,m,|0)= re(o). 23
its initial state. (Spmy - S, Mo|6) H i) @3

. TWO-PARTICLE MEASUREMENTS As with single-particle measurements, the condensate re-
mains in a coherent state regardless of the outcome of the
Let us look at the expression for the singlet si@e This  measurement
state is formed by creating/2 pairs of atoms, each in a total
spin singlet state§=0). A naive argument might say that if |P),=|N—2n,6,) (24
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up to an overall phase factor. Since we are assuming a unihe singlet state unchanged? This would be achieved if one
form distribution of coherent states, the probability of finding could perform a measurement that is described by a rotation-
a certain sequence is given by ally invariant projection operator. A rotationally invariant op-
40 erator cannot changg( 6, ¢). It would not change a singlet
_ 2 state into a coherent state. However, it can be easily shown
P(S1:My, - Shoma) = f ﬁn i (6). (25) that such an operator does not exist &# 0. Any operator
that removes two atoms from the condensate can be written
as a linear superposition of the annihilation operatgs,

B. Singlet state defined in Eq.(20). The operatord\s ,, transform under the

Applying Eq. (21) to the singlet state gives same rotation group as the spherical harmorigg, Yy, .
The operatorA,, possesses the desired property of trans-
dQ r2(6)|cy_1(6,p)|2 forming into itself under any rotat.ion and, therefore, QOes not
P (Sm)~ affectc(6,¢). Among the other five operators there is none
n ]

’ that transforms into itself under an arbitrary rotation. There-
dQ|c,-1(0,4)| fore, when a pair witl5=2 is detected, the angular depen-
dence of the state of the condensate will, in general, change.

) 5 The impossibility of preserving the singlet state can be
j dQILr{(6)[co( 6, )| understood from the nature of the measurement process. In a
P(S;,mq,....S,,m,)~ measurement based on the detection of a pafiielgroup of
J' dQ|co(6,0)|? particleg, one assumes that at the moment that the particle is

detected, it ceases to be part of the system. Before the mea-
dQ surement, the spin states of the escaping atom and the rest of
= f ﬁH r|2( 0). (26) the condensate are entangled, i.e., neither of them is deter-
! mined independently of the other. For example, when the
first atom leaves from a singlet state, the composite system is
described by th&,,,=0 state

(0, d)x(3cosh— 2)keq(sin 20) 21t k2-1(sing) (k22" k2,-2) 1
‘\If _—
X exfl(2ky —o+ky -1 Ky 1= 2Kz 5) &1, (27 v V6

whereks , is the number of times the valy&,m appears in
the measurement sequence. Obviously,d, )+ Cq( 6, d) where the subscriptas and C refer to the atom and the con-
unless all measurements give the valsre 0, which has a densate, respectively. If the atom hits a detector, the en-
vanishingly small probability fon>1. In general, the func- tanglement has to remain between the atom and the conden-
tion c,(6,¢) is peaked around two values 6f one of them sate, or it is transmitted to other degrees of freedom in the
between 0 and cos (1/3)~0.37 and the other between environment such that the total spin is conserved. This would
cos }(1n3) and #/2.[The physical significance of the angle resultin an entangled state of the condensate and the degrees
cos 1 (1W3) is that a pair of atoms, each with spin projection of freedom of the environment, provided the environment
0 along a direction making this angle with thexis, cannot  started in a state of well-defined total spin. As long as we do
be in aS=2, S,=0 state] However, apart from a small not allow for such entanglement, it is necessary to specify
region in the parameter spadg , that corresponds to a the exact state of the atom at detection, i.e., to project out the
small probability, one of these maxima will be much greaterappropriate component of E(28). As a result, the conden-
than the other, and we find that, as in Sec. Il, the singlet statgate is left withS=1 and a definitem value (along some
evolves into a coherent state as the measurement proceeddirection. In the case of a pair of atoms leaving the conden-
sate simultaneously, arguments similar to those given in Sec.

IV. DISCUSSION OF THE RESULTS AND POSSIBLE Il lead to the same conclusion. If one does not “read out”
EXPERIMENTAL REALIZATIONS all the mfo_rmatlon obt_alned by thg measurement, the. con-
densate will be described by a mixed state, which simply
We have shown in Sec. lll that measuriBgand S, of  reflects the ignorance of the experimenter of the well-defined
pairs of atoms gives the same results for both a unifornoutcome of the measurement. We stress, though, that one
distribution of coherent states and the singlet state. Startingannot speak of the difference between a mixed and a pure
from the singlet state we found that the system will evolve,state unless this difference can be measured experimentally.
because of the measuremento a coherent state. We found  We note that since the environment acts as a measurement
that if in a single measurement the val8e 0 is obtained, device, our arguments apply to the interaction between the
the spin state of the system is not affected, apart from takingondensate and its environment even without any human in-
two atoms out of the condensate. It was the measurement ¢dérvention. An escaping atom will interact with the environ-
S=2,m=0, =1, +2 that caused the evolution from a singlet ment and its spin component along some axis will be mea-
to a coherent state. One may then ask the question: Is sured. The important point here is that regardless of the
possible to measure only(without measuringn) and leave direction of the measurement axis, the state of the conden-

And using the notation?),= [dQc,(6,$)|N—2n,6,¢),

(I+ 1)1~ 1)c+|=1)al1,+ 1)c—2]0)a[1,0)c),
(28)
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sate will be projected closer to a coherent state, even if difficulty we are trying to avoid.
different direction of this axis is chosen for each escaping Phase-contrast imaging differs from our model in a more
atom[16]. Another point worth mentioning is that even if the fundamental way: the projection operator associated with
atoms remain entangled with the condensate until a measurtiis type of measurement, which does not remove atoms
ment is performed on the condensate, tracing over the staté®m the condensate, & a,, rather thana,,,. Another less
of the escaping atoms gives the same results as above. Thefendamental difference occurs if the linewidths are compa-
fore, just by losing atoms from the condensate a singlet stateable to or greater than the hyperfine splitting energy scale.
will evolve into a coherent state. This looks like spontaneousn that case it is not possible to image each one of the three
symmetry breaking, except that it is not caused by residuadtates separately. Assuming the linewidths are small enough,
external fields, but rather by continuous measurement of thee find that, as in absorption imaging, in order to distinguish
system. The chosen direction is determined entirely bybetween the coherent and singlet states, one has to measure
chance, just as the outcome of any measurement in quantuthe differentn’s to relative accuracy better thaw 2 [21].
mechanics. In the absence of any symmetry-breaking extefFhe difference between the two methods is that in absorption
nal fields, the competition between this measurement mechamaging the condensate is destroyed after the measurement
nism and stochastization due to interatomic interact[d@$  due to heating, whereas in phase-contrast imaging the con-
will determine the state of the system. Typically, the energydensate ends up in a state of definitg ny, andn_; with-
difference between the coherent and singlet state is of theut losing atoms from the condensaieeglecting heating
order 100 5?, while atom loss rates are of the ordef $0*.  effects.
This suggests a highly coherent state. Zurek, Habib, and Paz
found a similar result for a harmonic oscillator in contact
with its environment[18]. One should keep in mind that V. INTERFERENCE BETWEEN TWO SCALAR
although the above argument is conceptually convenient, an CONDENSATES
ensemble describing a uniform distribution of coherent states
is equivalent to an ensemble of definiig, states with the
correct weights.

Now we turn to the question of how realistic is our model

Having failed to find a few-particle measurement scheme
to distinguish between the coherent and singlet states, we
now take a different direction. It appears as if interference

for describing the measurement process. We have assurnegéperiments involve all the atoms of the overlapping conden-
9 P j gt tes and could, therefore, serve the desired purpose. We

that the condensate is not tightly bound inside the trap so thar“now examine this possibility. We begin by outlining an ana-

occasionally an atom will escape and will be detected. Ir}%ftical method to predict the emergence of an interference

ﬁ,r]aalCtilge’ t::r\]';?vjé’s C%ngfggﬁisb:rgbg?gedivgstlﬁg c%pr';g:c? attern when two scalar condensates are made to overlap.
ging ques. g he results of this section are well known from analytical

Quantum mechanical desarpion of the ieracton betweelg2:L2: eXpermental23), and numerical10] studies.

the condensate and the imaging laser béa820. Near- mal_nly serves as an introduction to Sec. VI, where we gen-

resonance absorption imaging is the closest to dur model iﬁrahze the c_al_culatlon o the case of spinor qondensqtes.
For simplicity we shall treat the problem in one dimen-

:jheetesciirg)ie \t/r\]/ﬁteﬁri]rr?;oﬁ 'Sz;i?a&;zd fsromléggc?r%deenns?tueeaupgR)n. We shall neglect interatomic interactid24]. We shall
' ging - SP also assume that the two condensates have equal numbers of

§cattered photon projects the state of the condemwat'mto_ atoms and are pushed towards each other such that at the
a|v), Aahd» a nonscattered  photon  projects it Intotime of imaging they occupy the single-particle wave func-
V1-yNe”™| W), wherey is the absorption probability per tions 6(1/2+ x) 6(1/2— x)e='P, respectively, wher@(x) is
photon per atom and normalization constants are implicitlthe Heaviside step function apds a small multiple ofr, so
understood. This expression can be obtained by consideringat at most a few interference fringes are formed. The cre-
the probability for a photon not to be scattered by a condenation operators for the two condensates @&+ p)

sate withN atoms(probability=1—yN in the dilute limi} = Y2 dx e P*yf(x). The state of the system can be writ-
and the phase shii(N) given to such a photon, which is tep in the form[10]
proportional toN in the dilute limit. Here we are assuming

that an excited atom leaves the trap before the next photon 1
arrives at the condensate. When imaging a spinor conden- |W)o=—mr[a(p)IVa’(—p)]V?0)
sate, using appropriate probe beam frequency and polariza- (N/2)!

tion one could choose to image each of the three hyperfine _(W_N mf” dx LWaT( )
states separately. The initial absorption rate is proportional to |2 ~m2mNI | v2 P
the number of atoms in the imaged hyperfine state and can- e X2 N

not be used to distinguish between a coherent and a singlet + a'(—p)| |0)

state, in agreement with our result. One has to measure the V2

population of the+1 and—1 states to relative accuracy bet- aN\Y4ra  dy 12
ter thanN~%2 in order to distinguish between the coherent 7) f_w Zwﬁ(ﬁf—uzdx
and singlet states, since in the singlet stateen_;. How- "N

ever, that measurement requires counting essentially all the X cog px+ x/2) z/ﬁ(x)) |0), (29
atoms in the different hyperfine states, which is exactly the
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which means that a product of two Fock states, which have ag to the detecto)s Some manipulation of Eq.32) gives
well-defined number of atoms in each condensate, is a lineahe probability of finding the distributiofk;} of atoms in the
superposition of all possible phase states betweerand , cells labeled by,
each of which would produce interference fringes. The im-
aging device is modeled by a large number of adjacent atom P(k K )%f %F(k Kesolx)
detectors covering the entire spatial extent of the conden- TKi2o e RKI2 27 K2 RK2IXO,
sates. In each detection event an atom is removed from the (33
condensate at the position of the respective detector. The
interference pattern is then obtained by plotting a histogranf'Neré
of the number of detected atoms as a function of the position. ni R(pX,+ y/2)%
In a real experiment it is the time of shining the imaging F(K_kj2s - - - Kipalx)= _nH '—, (34)
laser beam that is controlled and not the number of detected K2 k!
atoms. However, our method demonstrates the emergence of
the interference pattern without going through the details of
how the image is produced.

The probability density of finding theth detected atom at

2
R(pX|+X/2)=2C0§(pX|+X/2)+O(E) . (39

positionx is given by The functionR(pX,+ x/2) is the interference pattern one
finds for a well-defined value of the relative phageFor
(V] OO PO) )y largeK the second term in E¢35) can be neglected for most
n— n—

values ofX;, but we keep it in mind to avoid divergences

that would arise in our approximate expressiongR{jp X

+x/2)=0. A straightforward variational calculation shows
ZJ dy cog(px+ )(/2)|cn,1()()|2 that for a given value of, the functionF takes its maximum
~ , (300  value when

X)=
Pn( ) n—l<q,|N_n+1|q,>n—l

JXmcnfl(X”z n
where c¢,(x) is defined implicitly by |¥),=[dxc.(x) _ _ _
[ fdxv2 cospx+x/2) ¢ (x)]N""|0), and we have used the We also find that at the point of maximum value

guasiorthogonality of phase stafd4]. The state of the sys- 2

tem aftern measurements is F~ _n_
(2m) k)
‘//(Xn)|qf>nfl d?InE K
Vo2 (W 9T 060) (X)W )1 dkdk,  nR(pX +x/2) ™
It should be noted that these expressions are good approxi-
+
ocj dx cosPXn+ x/2)Cn-1(x) mations only when all th&,’s are large. We shall make that
N—n assumption, since it does not affect the essential physics of
X f dxv2 cog px+ x/2) ¢ (x) |0). (31) the interference process. Tk, k k2l x) can be ap-
proximated by
l{‘o‘iﬁ;tgi probxabiigty density of finding the firatdetected E(K - Kol = an i 1’Ze_nG' 39
AEERER%N (2’77') H|k|

dy where
p(Xl,...,Xn)mJ’EZHH cog(px+x/2). (32 < . ] .
o= 123w KK 02

This expression is what one would expect to find for a uni-

form distribution of initial states with well-defined relative [f(x)—R(px+ x/2)]2

phases. Thus, E¢32) is sufficient to show that the interfer- ”f R(px+ x/2)

ence pattern that arises from the spatial overlap of two con-

densates is the same whether the initial state is a product aind f(x) is a smooth function defined betwegs —3 and

two independent Fock states or a uniform statistical distribux= 3 such thatf (X,) =Kk, /n.

tion of phase states. However, we shall go on and find ex- The probability of finding a certaitnormalized density

plicit expressions for the probability of finding a certain den-distribution f(x) takes the maximum value if(x) =R(px

sity distribution. + x/2) for some value ofy, and drops to negligibly small
A given density distribution is defined by the occupationvalues wherG=K/n for all values ofy. Thus, in any single

of K cells of width 1K and centred aX,;=1/K (correspond- interference experiment one expects to find

(39
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f(x)=R(px+ x/2)+ J(K/n)e(x), (40) ; singe '* ;
a'(£p,0,¢)=— Tal(ip)+cosﬁao(ip)
where e(x) is a random function withe(x)|=<1. The func- ”
tion R(px+ x/2) describes a smooth sinusoidal density dis- sin ge'
(px+x/2) y + a' ,(+p) (44)

tribution, wherease(x) describes shot-to-shot fluctuations V3
around that distribution(Notice that these fluctuations exist
even if the initial state is a phase staf€he visibility of the

i + i -
function R(px+ y/2) is and the creation operatoeén(_ p) are the(obvious gener

alization of thea'(*+p)’s used in Sec. \[25].
Assuming that the detectors measure the spin of the atom

RMax_ gmin p\? as well as its position, we find that the probability density for
V= RMax; gmin — 1-0 K (4D finding n atoms atxy,... X, with S, valuesmy,...,m, is as
follows.

. ) ) (1) Coherent states:
In any single run, an interference pattern with almost 100%

visibility is observed(corresponding to a randomly chosen

d
value of the relative phase p(Xl,ml,---,Xn,mn)”f ﬁl_ll Rm,

VI. INTERFERENCE BETWEEN TWO SPINOR X(PX+x12,01,07, 1= ¢2).
CONDENSATES (45)

We now generalize the method of the preceding section to
the case of spinor condensates. In spinor condensates, atoms
belonging to different hyperfine states do not interfere.
Therefore, the appearance or absence of interference fringes
depends on the spin structure of the condensates. Here we
shall study the interference patterns that would arise from the
spatial overlap of two spinor condensates, and show that
such an experiment gives the same results whether we star

(2) Singlet states:

dyQ,dQ,
- II RprN

p(xl,ml,...,xn,mn)mj’w |

+x12,01,0;, 61— ), (46)

with coherent or singlet states.

wthere, to zeroth order ip/K,

At the time of imaging we assume that the state can be

approximated using the following states.
(1) Coherent states:

1
|‘P>0=(N/—2)![aT(D, 61 ’ d)l)]N/Z[aT( - P, 02 ’ ¢2)]N/2|0>

N /4 d aix2
(3] [l S m e

e*ix/Z

V2

+

N
a*(—pﬁz,dm)) |0). (42
(2) Singlet states. From E@12) we can see that

W) f dQ,dQ,[a’(p, 81,611V a’(—p,6,,¢,)1V0)

ei x/2

ocf dQldQZdX(EaT(pﬁl,@ﬁl)

e—i)(/2

V2

N
+ aT(_p1021¢2)) |0>' (43)

where

Rm(pPX+ x/2,01,0;,¢1— ¢>)

dl 200 dl (0
_ (dh0% 1); m) 02 | 1 (1)0k(0)

Xcog2px+x+mM(da—¢1)]. (47)

By averaging Eq{(45) over all directions for both conden-
sates, the indistinguishability between the coherent and the
singlet states becomes obvious. What that means is that in a
single run of the experiment, the interfering condensates be-
have as if they were in coherent states. If the initial state is a
product of two singlet states, @oherent-stadedirection is
chosen randomly for each condensate, and from the argu-
ments of Sec. V a relative phase between the condensates is
also chosen randomly.

Now we calculate the probability of finding a certain den-
sity distribution(which is now a three-component quantity
The results apply for both a uniform distribution of coherent
states and a product of two singlet states. The calculation
parallels that of Sec. V. Therefore, we shall skip some of the
intermediate steps. The probability of finding the density dis-
tribution {k, ,} (wherel and m are spatial and hyperfine
indices, respective)yis given by

dyd€,dQ
Pk = [ G 2Rl 01,02,0,2)
(48)
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where romagnetic coherent state and a spin-singlet state. A singlet
state will be projectedbecause of the measuremecaioser
F({Ki.mflx, 01,602,601, ¢2) and closer to a coherent state. Atom loss from the condensate
n 12 1 has the same effect as a detection measurement, and there-
m( T ) exp{—nz Gml, fore it provides a mechanism for spontaneous symmetry
(2m) ) ki, m m ] breaking. We have neglected the effect of spin-dependent

(49)  interatomic interactions on the dynamics of the condensate.
Those effects can be significant if the relevant energies are

n 12 large compared to the inverse of the measurement time.
K [kl_RRm(pXI+X/21011021¢1_¢2) However, they do not affect our result that one needs to
Gm=—22 : measure occupation numbers to a relative accuracy better
N Rn(PXi+ /2,601,021~ ¢2) thanN~ Y2 in order to distinguish between a coherent and a
_ _ 2 singlet state.
%J dx[fm(x) R(pXt X/2,01, 02,61~ $2)] , We have also shown that interference experiments cannot
Rin(PX+ 12,601,072, b1~ ¢2) be used to distinguish between the two states in question. We

(50) have studied the possible interference patterns produced by
two overlapping spinor condensates and shown that the ap-
andf(x) is a smooth function defined betwerr —3 and  pearance or absence of interference fringes has a probabilis-
x=3 such thatf,(X;)=Kk; n/n. The probability is maxi- tic nature. One amusing result is that the interference pattern
mized whenG;=Gy=G_;=0, i.e.,, whenf(X)=Ru,(PX  depends not only on the relative orientation of the spin states
+X12,01,0,,41— ¢,) for somey, 6,, 6, ¢ ande, [26].  of the overlapping condenstes, but also on the quantization
Unlike scalar condensates where interference fringes argxis of the atom detectors.
obtained in every run of the experiment, the appearance or
absence of interference fringes has a probabilistic nature in
the case of spinor condensates. From &) we can see
that unlessf; = 6,, the visibility of the interference fringes We would like to thank M. Holzmann, P. G. Kwiat, and E.
will be less than 100%. The visibility of the component of  J. Mueller for useful discussions, and C. M. Elliott for help
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In particular, if 6,=0, 6,= /2 (or vice versg the visibility APPENDIX: OVERCOMPLETENESS AND

is zero and there.are no |nterferenqe fringes. Notlc_:e, how- QUASIORTHOGONALITY OF COHERENT STATES
ever, that if thez axis of the detectors is rotated to a direction

perpendicular to bothd;,#,) and (¢,,¢,), one sees inter- In this appendix we demonstrate two useful properties of
ference fringes with 100% visibility. Thus, the interference coherent states of spinor condensates, namely, overcomplete-
pattern depends not only on the relative angle betweeness and quasiorthogonality. The former means that any state
(6,,¢7) and (#,,¢,), but also on the quantization axis of of the condensate containifgparticles can be expressed as
the detectors. This is a well-known phenomenon in neutron

interference experimen{&7]. B

The total densityp(x) = (N/K)S R (pX+ /2,01, 05, b1 V)= f dQc(6, )N, 6, ¢), (A1)
— ¢,), however, must be rotationally invariatinder rota-
tions in spin space wherec( 6, ) is some function ob and ¢. For example, the

maxmin complete basis defined by the total spin andzleemponent
V = p—p IcosH| (52) of the total spin of the condensdt28] can be written as
p— max min ’
ptp

where 6 is the angle betweend(,$;) and (0,,,). If 6 |N,S,Sz>=COHSl><f dQ Yss,(6,4)N,0,8). (A2)

=0, the total density shows interference fringes with vanish-

ing minima (100% visibility), whereas ifo= /2, the total  The stategA2) transform in a manner similar to the spheri-
density is constant in spac@% visibility). In an ensemble of harmonic&'s < under an arbitrary rotation, and they pos-

measurements, one finds a uniform distribution of all valuesSes a nonzero norm. Thus, completengssovercomplete
between 0% and 100%. ) ’ P P

ness is proved. Quasiorthogonality follows from
VIl. CONCLUSIONS
(N,61,01|N, 0, ¢,)=(coso)", (A3)
We have shown that a measurement based on the detec-
tion of a small number of atoms leaving a Bose-Einsteinwhered is the angle between two vectors defined By, )
condensate cannot be used to distinguish between an antifeand (0, ¢,). For largeN the inner product is nonvanishing
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at two points: when the two directions are parallel or anti-

parallel. It can be approximated by

(N,01,01|N,0,, )~ [6(01— 0,,1— ¢p)+ (0,

T
N sin 6,
+ 0= p1— )]

The plus sign in front of the secondifunction in Eq.(A4)
would be replaced by a minus signNfwere odd. The state
obtained by rotatind6,¢) to its antiparallel direction is the
same statéexcept for a possible change of sjgitherefore

(Ad)

we shall, with no loss of generality, restrict the basis states

PHYSICAL REVIEW A65 023604

and the integrals to the upper hemisphere, #¢,, 6, range
from 0 to #/2. One has to be careful that EGAp4) applies
only when the coefficient( 6, ¢) varies slowly ing and ¢. It
cannot be applied to states with lar8g, (e.g., the ferro-
magnetic ground stakesince the functior¥ss in Eq. (A2)
changes more and more rapidly with increasfigOn the
other handS?=S,=0 for the singlet state and the coefficient
c(0,¢) in Eq. (Al) is independent of) and ¢

JN

“2n

c(0,¢) (A5)
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