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Study of incoherent x-radiation induced by relativistic electrons in crystals
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Features of incoherent x-ray radiation, produced by relativistic electrons with energy of several tens of MeV
in crystals, are studied for observation angles exceedingg21 ~g is the projectile Lorentz factor! and for all
possible momentum transfer. It is shown that the fivefold cross section has a pronounced structure, with sharp
maxima and a minimum. A Monte Carlo procedure is developed to obtain a threefold cross section and, then,
contributions of different radiation mechanisms are analyzed. The results of numerical integration are com-
pared with experimental ones, and a good agreement between them is verified. The obtained results can be used
both in experimental investigations dealing with interaction of charged particle beams with crystals, and to
optimize parameters of x-ray sources based on the coherent x-radiation process.
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I. INTRODUCTION

In the course of the last decade the properties of cohe
x radiation, which is produced by a relativistic charged p
ticle in a crystalline target, have been widely studied b
theoretically and experimentally. In particular, great effo
were directed to investigate the radiation induced by elec
beams with energies of several tens of MeV. At these be
energies the absolute intensity@1,2#, spectral-angular depen
dencies@2–4#, and interference effect@5–6# were investi-
gated. A possibility to design quasimonochromatic, tuna
and polarized x-radiation sources using moderate elect
beam energies on the base of the process was discuss
@4#.

At the same time, incoherent bremsstrahlung accompa
ing the passage of a relativistic particle through a crystal
target was studied but only in earlier works@7,8#. In these
works the reaction of crystal electrons was not conside
and it was restricted only to the case where projectiles rad
in screened fields of crystal nuclei in near-forward directio

The goal of the present paper is the theoretical and exp
mental study of the incoherent x radiation, produced by e
trons with several tens MeV of energy in crystalline targe
observation anglesug.g21 ~whereg is the projectile Lor-
entz factor!, i.e., for those observation angles where the c
tribution of crystal electrons to the total radiation yield
comparable with the static situation, or dominates in
whole process for all possible momentum transfer. Our m
task is to investigate properties of the differential cross s
tion with respect to the outgoing electron solid angle and
energy, and the solid angle of bremsstrahlung photon~five-
fold!, as well as the differential cross section with respec
the photon solid angle and energy~threefold!. To our knowl-
edge, there are no expressions which would allow one
make exact calculations of these cross sections in the
momentum transfer region, and by taking all radiation ch
nels into account. For this reason, we subdivide the mom
tum range into two regions and carry out calculations
making suitable approximations for each region.

The obtained results allow us to carry out the analysis
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experiments using finite-size detectors as well as to de
those conditions for coincidence experiments where the
coherent x-ray yield is minimal. The results for incohere
cross section integrated over the angles of the final elec
permit us to find an exact ratio between the coherent
incoherent components of the radiation, which is import
from the point of view of a practical utilization of the cohe
ent x-radiation process.

II. RADIATION CROSS SECTION

We consider a relativistic electron with initial energyE1 ,
momentumpW 1 , and velocityvW 1 , which interacts with a crys-
talline target, and as a result, in the final state there are
electron with final energyE2 , momentumpW 2 , velocity vW 2 ,
and a bremsstrahlung photon with wave vectorkW and energy
v, which is emitted into a solid angledVg around an obser-
vation angleug . During the radiation the medium acquire
the momentumqW 5pW 12pW 22kW .

In our paper we span the possible momentum transfer
two regions. The first corresponds to those momentum wh
the projectile interacts with a crystal atom as a whole a
therefore, the long-wavelength approximation is valid. As
result, the interference effect between different radiat
mechanisms is essential. In the second region, a regio
large momentum transfer, each atomic component acts a
individual particle.

On the assumption that the inequalitiesv!E1 ,v!E2 are
satisfied for all relevant photon energies and, moreover,
radiation energies are large compared to the electronic b
ing energies, the radiation cross section per atom in the c
tal can be expressed by means of a radiation cross sectio
an isolated atom,dsat , and a diffraction factor, as done i
the theory of high-energy coherent bremsstrahlung@8,9#:

dscr5~ f inc1 f coh!dsat5ds inc1dscoh, ~1!

where the coherent,f coh, and incoherent,f inc , parts of the
diffraction factor are
©2002 The American Physical Society03-1
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f inc512exp~2q2u2!,

f coh5
~2p!3

VcN
exp~2q2u2!(

gW
D2~qW !d~qW 2gW !

and u2 is the mean-square temperature displacement of
atoms from their equilibrium positions,Vc is the volume of
the unit crystal cell,gW is a reciprocal lattice vector,N is the
number of atoms per unit cell, andD(qW ) is the crystal struc-
ture factor.

It is seen from Eq.~1! that the coherent cross sectio
dscoh, differs from zero only if a momentum transfer to th
crystal is equal to one ofgW . In contrast todscoh, a momen-
tum transfer spectrum for the incoherent process allows c
tinuum.

We will now consider approximations to calculate t
atomic cross section, which are suitable for all possible m
mentum transfer in the considered photon energy range.

It is well known that there are two mechanisms leading
the appearance of bremsstrahlung at the interaction of
projectile with an atom. The first is due to the interaction
the projectile with the Coulomb field of the nuclear charge
is the so-called static~Bethe-Heitler! bremsstrahlung. The
amplitude of this radiation in the case of unscreened nuc
is well known@10#, and for our purposes it can be present
in the form (\5c51):

M st5
~2p!3/2e3

m~E1E2v!1/2

Z

gq2
eW fF pW 1

v-kWvW 1

2
pW 2

v2kWvW 2
G , ~2!

whereeW f is the polarization vector of the photon,e andm are
the electron charge and mass, respectively, andZ is the
atomic number of the crystal.

The second radiation mechanism is connected with
dynamic polarization of the atomic electrons in the field
the incoming particle, and with the bremsstrahlung phot
The general expression for the polarization amplitude,
the case of a nonrelativistic atom, has been obtained
Amus ’ya et al. @11# and it is presented in the form@12#

Mpol5
~2p!3/2e

~E1E2v!1/2
eW f

vvW 12qW

~kW1qW !2k2
va~v,q!, ~3!

where a(v,q) is the dynamic polarizability of the atom
Note that the process described byM pol is equivalent to the
coherent Rayleigh scattering of virtual photons associa
with the projectile.

A. Small-q region

In this region the projectile interacts with the atom as
whole. The radiation amplitude is a sum ofMst and M pol .
For the photon energies under consideration, the func
a(v,q) in Eq. ~3! can be replaced by2e2F(q)/mv2, where
F(q) is the form factor of the atom. The total radiation cro
section, summed over photon polarizations, has the f
@12#
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dsat5dsst1dspol1ds int , ~4!

whereds[d5s/dvdVgdVp2
and

dsst5s0~v!Z2p2
2F @12F~q!#~nW 3qW !

gq2~12b cosug!G
2

,

dspol5s0~v!Z2p2
2FF~q!

nW 3~kbW 2qW !

~kW1qW !22k2G 2

,

ds int5s0~v!Z2p2
2F @12F~q!#~nW 3qW !

gq2~12b cosug!
G

3FF~q!
nW 3~kbW 2qW !

~kW1qW !22k2G .

In Eq. ~4! s0(v)5ar e
2/p2v, a51/137,r e is the classical

electron radius,bW [vW 1 , nW 5kW /k, anddVp2 is a solid angle
around the direction ofpW 2 . dsst and dspol represent the
static and polarization contributions, respectively, andds int
describes the contribution resulting from the interference
fect between these processes.

B. Atomic electron contribution

Another channel making contributions to the resulting
diation yield in the small-q region, is the radiation of the
atomic electrons in collision with the projectile. In this cas
each atomic electron acts as an individual particle. This p
cess is equivalent to the Compton scattering of virtual p
tons associated with the projectile by the bound electrons
our photon energy region the conditionv!m is fulfilled
always. At high electron energy the corresponding cross s
tion, dsel , can be calculated using the equivalent-phot
approximation. This cross section can be presented as
product of three terms: the elastic~Thomson! scattering cross
section,dsT , the number of equivalent photonsn(v,kW') in
the spectrum of the projectile field, andZS(q), whereS(q)
is the incoherent-scattering function, which is measure
electron binding~@13#!:

dsel5ZdsTn~v,kW1'!S~q!,n~v,kW1'!

5
a

p2v

k1'
2

~k1'
2 1g22v2!2 dkW1'dv. ~5!

The functionn(v,kW1') in Eq. ~5! defines the number o
equivalent photons with energyv, which are perpendicula
with respect to the projectile velocity component,kW1' , of the
wave vectorkW1 ; the longitudinal component satisfies th
equalitykW1ibW 5v. The connection between the wave vecto
of equivalent and real photons iskW15kW1qW , and for a fixed
photon energydkW15dkW1'5dqW .

The Thomson cross section is

dsT5r e
2 sin2 u8dVg , ~6!
3-2
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whereu8 is the angle between the initial photon polarizati
vector and the observation direction. The polarization dir
tion of equivalent photons coincides withkW1' and, therefore,

sinu85
1

k1'

~nW 3kW1'!. ~7!

Replacing dqW by p2
2dVp2

, k1'
2 by k1

22k1i
2 5(kW1qW )2

2b22k2, and taking into account thatg@1 plus Eqs.~6!
and ~7!, we can finally write

dsel5s0~v!Zp2
2F nW 3~kbW 2qW !

~kW1qW !22k2G 2

S~q!. ~8!

SinceS(q) is defined in the whole momentum transfer r
gion,dsel contributes to the total radiation cross section b
in the small and large-q regions.

C. Large-q region

This region corresponds to those momentum trans
where each atomic electron interacts with the projectile
dependently, and the projectile radiates in the fields of
nucleus and each of the atomic electrons. Using Eq.~2! the
cross section of projectile radiation can be written in t
form

dsnc5s0~v!
Z~Z11!

g2q4 p2
2F nW 3pW 1

12v1 cosug
2

nW 3pW 2

12v2 cosu2
G2

,

~9!

where the angleu2 describes the final projectile motion d
rection with respect tokW . In Eq.~9! we take into account tha
the projectile radiates in the Coulomb field of atomic ele
trons as in the nuclear field withZ51 @14#. Additional con-
tribution to the cross section in this region arises fromdsel ,
Eq. ~8!.

III. INTEGRATION PROCEDURE

To integrateds inc over the outgoing electron angles w
define the boundary between the small and large momen
transfer regions asqb55a21, wherea50.885a0Z21/3 is a
screening~Thomas-Fermi! radius with a0 the Bohr radius.
Using notationd3s[d3s/dvdVg , the threefold spectral
angular incoherent cross section is then defined as

d3s inc5E
qmin<q<qb

f inc~dsat1dsel!dVp2

1E
qb<q<qmax

f inc~dsel1dsnc!dVp2 . ~10!

Taking the inequalitiesk!p1 , p2 into account, it can be see
from energy and momentum conservation that theq’s range
is qmin<q<qmax, where
02290
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qmin5k~12cosug!1
1

2

k2

p1
~11sin2 ug!1O~k3/p1

2!

~11!

andqmax'2p2.
To demonstrate peculiarities ofds inc we use the coordi-

nate system where thez axis is directed alongpW 1 , and the
vectorspW 1 andkW lie in the xz plane@Fig. 1~a!#. The angular
dependence ofds inc on u in the small-q region, whereu is
the angle betweenpW 1 andpW 2 whenpW 2 lies in thexzplane, is
shown in Fig. 2 for the cases of silicon crystal and noncrys
targets, for photon energies 5 and 20 keV,E1515 MeV, and
ug540°. As it seems from this figureds inc has a complex
character in the small-q region and, therefore, considerab
care is required in the numerical integration.

To avoid cancelations and losses of sharp structure eff
in the fivefold differential cross section, the integration
Eq. ~10! is most conveniently accomplished in the photo
oriented coordinate system@Fig. 1~b!#, a spherical coordinate
system where the polar axis coincides with the photon m
mentum direction. In this system, the anglesug and u2 de-

FIG. 1. The coordinate systems and definitions used in the

per:kW is the photon wave vector of a bremsstrahlung photon;pW 1 and
pW 2 are the initial and final projectile momenta, respectively;qW is the
momentum transfer;ug is the observation angle.~a! The laboratory
coordinate system. Thez axis is directed alongpW 1 , the vectorspW 1

andkW lie in thexzplane,u is the angle between the initial and fina
motion directions in the case, whenpW 2 lies in thexz plane.~b! The

photon related coordinate system. Thez axis is directed alongkW , the

vectorspW 1 andkW lie in thexzplane,u2 is the angle betweenpW 2 and

kW , andw is the angle between the planes (kW ,pW 1) and (kW ,pW 2).
3-3
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scribe the initial and final electron momentum directions, a
w is the angle between the (kW , pW 1) and (kW , pW 2) planes. At
integration, the values ofF(q) andS(q,Z) were obtained by
linear interpolation from values given in@13#.

In the small-q region the anglew was generated randoml
in the range6wmax with uniform distribution. The angleu2
was generated randomly in the range@umin , umax# with the
uniform distribution in cosu2 :

u25arccos@cosumin2~cosumin2cosumax!j#,

where j is a chance number uniformily distributed in th
range@0, 1#; umin , umax, andwmax are the angular limits in
the photon-oriented system corresponding toq5qb .

For the large-q region the Monte Carlo procedure gene
atedw uniformly in the range up to 2p andu2 in the range up
to p with the same distribution as for the small-q region.

In the small-q region the set of the three generated ang
ug , u2 , andw was used for the calculation ofq, and ifq was
less thanqb , this set was used to calculate the average fi
fold differential cross section:

^ds&5
1

N (
i 51

N

ds i ,

and then to define the threefold cross section

d3s5^ds&DV,

whereDV is the secondary electron solid angle, which w
also calculated by MC simulation in the photon-oriented s
tem @15# whereN is the number of the MC starts. For th
large-q region the filter was not used and it was suppos
thatDV54p. In our calculationsN was 107 and 108 for the
small and large-q regions, respectively.

Note that with the above choice ofqb the integration of
f incds at in the large-q region gives only a few percen
contribution to a final result obtained for the small-q region.

FIG. 2. Dependence of the fivefold incoherent cross sec
ds inc on u in the small-q region @see Fig. 1~a!#, for v55 and 20
keV, E1515 MeV, andug540°. Solid and dashed lines correspo
to silicon crystal and amorphous targets, respectively.
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In contrast with the small-q region, in the region of large
momentum transferds inc changes smoothly, and for this re
gion analytical expressions for the threefold cross secti
can be found. By assuming thatq@k and using the small-
angle approximation we found with logarithmic accuracy t
following results for the threefold cross sections in t
large-q region:

d3snc5
ps0~v!Z~Z11!

g2~12v1 cosug!2 ~11cos2 ug!

3F lnS qmax

qb
D2

1

2
Ei~u2qmax

2 ,u2qb
2!G ~12!

and

d3sel5ps0~v!Z~11cos2 ug!

3F lnS qmax

qb
D2

1

2
Ei~u2qmax

2 ,u2qb
2!G , ~13!

where we noted Ei(x,y)5*x
yt21 exp (2t)dt. This function

appears due to the exponential term inf inc ; without this
function Eqs.~12! and ~13! present the cross sections of th
radiation for an amorphous target.

IV. RESULTS AND DISCUSSION

A. Numerical results

Figures 3–5 show the results of the MC calculations
different contributions to the incoherent cross section
functions of the observation angle. It is assumed that
incoherent radiation is generated by electrons having ene
15 MeV and passing through a silicon target kept at ro
temperature.

In Fig. 3~a! the contributions of various radiation mech
nisms at the small-q region are presented for photon energy
keV and for a crystal target. It is seen from this figure th
the total electron contribution, i.e., the polarization and
atomic electron contributions, begins to play an essential
in the total radiation picture only atug.20°. In this case the
polarization contribution predominates over the atomic el
tron one; they both have the maximal values near the ba
ward observation direction. For the same photon energy,
3~b! shows the contributions to the cross section in
large-q region in comparison with the total electron cont
bution from the small-q region. The solid lines are the ana
lytical results of Eqs.~12! and~13!. In calculating Ei~x,y! the
algorithm described in@16# was used. As it follows from Fig.
3~b!, at ug.30° the incoherent radiation from the crystal
formed mainly by the atomic electrons.

In Fig. 4 the contributions to the cross section resulti
from the small-q region are presented for a photon energy
20 keV. It is seen that as the photon energy increases the
between the polarization contribution and that from t
atomic electron changes drastically. As for low photon en
gies, d3sel achieves its maximal value near the backwa
observation direction and dominates at these angles;

n

3-4
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maximum ofd3spol shifts to the region of small observatio
angles.

In analogy with Fig. 3~a!, Fig. 5~a! shows the contribu-
tions of various radiation mechanisms at the small-q region
obtained for a silicon amorphous target and for photon
ergy 5 keV. The contributions to the cross section in
large-q region are compared with the total electron contrib
tion from the small-q region in Fig. 5~b!. These figures ex-
plicitly show that atug.17° the predominant role in th
formation of the incoherent radiation from the amorpho
target is played by the polarization radiation mechanism.

By using Eqs.~12! and~13! it can be found that the stati
and atomic electron contributions in the large-q region be-
come equal at observation angles satisfying the equation

cosug5
1

v1
S 12

AZ11

g D . ~14!

FIG. 3. The threefold incoherent cross section atv55 keV and
E1515 MeV in a silicon crystal.~a! The contributions to the inco
herent cross section in the small-q region as functions of the obse
vation angle.~b! Comparison between the contributions in t
large-q region with the total electron contribution in the smallq
region. Solid lines: calculations from Eqs.~12! and ~13!.
02290
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Equation~14! gives ug529.3° for E1515 MeV and 22.6°
for E1525 MeV. These values are in a good agreement w
the Monte Carlo results.

B. Experiment

The experimental investigation of incoherent spectra
been carried out on the Kharkov 40 MeV linear electr
accelerator~LUE-40!. We have observed the spectra pr
duced in a 30-mm-thick silicon crystal at an electron-bea
energy of 15 MeV. The photon detector used was a 5-m
thick Si~Li ! solid-state detector, enclosed by a 25-mm Be
window and placed directly into the vacuum photon chann
which is located at an angle of 17.53° with respect to
beam axis. The detector energy resolution was 360 eV
the solid angle, subtended by the detector, was 4
31027 sr. Coincidence gating was used and the beam
rent was adjusted so that the total count rate did not exc
0.2 counts per beam burst. The average beam current for
condition was 1029 A. A more detailed description of the
experimental layout and the procedures is given in@17#.

Figure 6 shows a typical measured bremsstrahlung s
trum. In this figure the peak corresponds to the coheren
radiation resulting from the interaction of the projectiles w
~111! crystallographic planes. Figure 7 shows the incoher
spectrum obtained by averaging over 9 spectra, which
like the spectrum shown in Fig. 6. Note that the experimen
errors ~610%! include both statistical errors and the erro
resulting from the electron charge measurement procedu
In Fig. 7 the solid line represents the calculation of spectru
which takes the multiple-scattering and photon attenua
effects into account, the dashed line corresponds to the
culation for an amorphous silicon target having the sa
thickness as the crystal. The dotted line in Fig. 7 presents
calculation of spectrum for the case of the amorphous ta
in the large-q region. It is seen from the figure that in th
region the difference between the crystal and noncry
cases does not exceed 10%.

FIG. 4. The contributions to the threefold incoherent cross s
tion in the small-q region as functions of the observation angle
v520 keV andE1515 MeV in a silicon crystal.
3-5
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FIG. 5. The threefold incoherent cross section atv55 keV and
E1515 MeV in a silicon amorphous target.~a! The contributions to
the incoherent cross section in the small-q region as functions of the
observation angle.~b! Comparison between the contributions in t
large-q region with the total electron contribution in the smallq
region.
02290
As it follows from Eqs.~12! and ~13!, at fixed ug the
static contribution depends on the projectile energy
g22 ln g, and the polarization one as lng. The multiple-
scattering process in a target essentially changes the
served dependencies of radiation yield on the projectile
ergy in a real experiment, using a finite-size detector. Fo
crystal of finite thicknessL, the radiation yield will be pro-
portional to

uD
2

xc
2 ~dsnc1dsel!, ~15!

wherexc5xc(g,L) is the characteristic scattering angle@18#
anduD is the angular detector size. Becausexc;g21, in the

FIG. 7. Dependency of incoherent radiation yield onv mea-
sured in a 30-mm-thick silicon crystal at electron-beam energy of 1
MeV andug517.53°. Solid line, total threefold cross section ta
ing into account the multiple-scattering and photon attenuation
fects in the target; dashed line, calculation for an amorphous sili
target with the same thickness as the crystal; dotted line, calcula
for the amorphous case in the large-q region.
d

t

FIG. 6. A typical radiation spectrum measure
in a 30-mm-thick silicon crystal at electron beam
energy 15 MeV andug517.53°. The coheren
radiation is generated on a set of~111! crystallo-
graphic planes.
3-6
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case thatuD!xc , and for those observation angles whe
the static contribution dominates, it turns out that the rad
tion yield depends ong as lng and, therefore, this depen
dency is very weak for the projectile energy range un
consideration. This fact is illustrated by Fig. 8, where w
compare the radiation yields from the silicon crystal
electron-beam energy 25 MeV~averaged over 25 spectra!
and 15 MeV. Note that for the same relations betweenxc and
uD the energy dependency of the radiation yield for t
atomic electron region will beg2 ln g.

FIG. 8. Comparison between dependencies of incoherent ra
tion yields on v measured in a 30-mm-thick silicon crystal at
electron-beam energy 15 MeV~dark circle! and 25 MeV ~open
circle! andug517.53°.
B

A

.
in
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V. CONCLUSION

Features of the incoherent cross section of x radiat
produced by a relativistic electron in a crystal were stud
for all momentum transfers. It was found that in the smalq
region the fivefold incoherent cross section, considered a
function of the final electron angles, has sharp maxima an
minimum. To obtain the threefold cross section, the Mon
Carlo procedure was developed and relative contribution
different radiation mechanisms to this cross section h
been analyzed. It is defined that atug.10g21 crystal elec-
trons give a dominant contribution to the total radiati
yield. At such observation angles the radiation yield in cry
tals is essentially suppressed in comparison with the am
phous case.

The effect of suppression of incoherent x radiation from
silicon crystal, as well as a weak~logarithmic! dependence of
incoherent intensity on the projectile energy, were dem
strated experimentally.

The obtained results show that experimental investi
tions of the features of incoherent x radiation in coinciden
experiments are desirable. So far as the radiation generat
low momentum transfers is suppressed in crystals, invest
tions of properties of incoherent radiation in such kinds
experiments could make it possible to obtain more deta
information about the elementary processes of the elec
nucleus and of electron-electron bremsstrahlung than i
possible with the use of amorphous targets. Moreover,
found properties of the radiation could be used in design
compact x-ray sources with optimal ratio of the cohere
radiation component to incoherent bremsstrahlung.
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