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Double photoionization of beryllium

J. Colgan and M. S. Pindzola
Department of Physics, Auburn University, Auburn, Alabama 36849

~Received 18 June 2001; published 15 January 2002!

The time-dependent close-coupling method is used to obtain absolute results for total integral, single energy,
and angle differential cross sections for the double photoionization of beryllium. We compare the total ioniza-
tion cross section to previous perturbative and recent nonperturbative calculations. We also compare and
contrast the triple differential cross sections obtained at 20 eV excess photon energy with those obtained
recently for helium@J. Phys. B34, L457 ~2001!#.
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I. INTRODUCTION

It is well known that direct double photoionization studi
provide the simplest method for exploring correlation effe
in the two-electron continuum. In particular, angular electr
distributions provide the most sensitive test of correlat
and so have been the subject of intensive work, both th
retically and experimentally, in recent years.

Most recent studies have concentrated on the simp
two-electron system, the helium atom. Much experimen
work has been done@1–3# yielding double-to-single photo
ionization ratios; also absolute triple differential cros
section measurements have been made@4–6# using recoil
ion momentum spectroscopy techniques. On the theore
side, integral and differential cross sections have been ca
lated using various nonperturbative methods including
double-screened Coulomb@7,8#, convergent close coupling
@9,10#, the hypersphericalR matrix @11,12#, and the time-
dependent close coupling@13,14#. The most recent of each o
these types of calculations of triple differential cross secti
are in excellent agreement with experiment.

In this paper, we extend our time-dependent clo
coupling method to the study of double photoionization p
cesses in the beryllium atom. Although we are aware of
experimental measurements for Be, and only several pe
bative theoretical calculations of the total double photoio
ization cross section@15,16#, these calculations mark th
start of a systematic study of absolute total and differen
cross sections for the alkaline-earth metals. Very recen
there have been nonperturbative calculations of total inte
cross sections for beryllium using the convergent clo
coupling method@17#. We compare wherever possible wi
these ongoing calculations and find excellent agreem
There has been some recent experimental measuremen
triple differential cross sections in calcium@18–20# as well
as several theoretical studies@21,22# of the alkaline earth
metals. However, only relative differential cross sectio
were measured or calculated. This paper contains abso
calculations for triple differential cross sections of
alkaline-earth element. The rest of this paper is structure
follows. In Sec. II, we describe the time-dependent clo
coupling method as applied to double photoionization cal
lations. In Sec. III, we present results for total, energy diff
ential, and angular differential cross sections of Be. Fina
in Sec. IV, we give a short summary.
1050-2947/2002/65~2!/022709~7!/$20.00 65 0227
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II. METHOD

The time-dependent close-coupling theory has been w
described in previous double photoionization studies of
lium @13,14#. Here, we describe the extension of the theo
to include double photoionization of the alkaline-earth m
als.

A. Use of a pseudopotential

The 1s2 ground state of Be21 is calculated in the Hartree
Fock approximation. A set of boundn̄l and continuumk̄l
radial orbitals is then obtained by diagonalization of the o
dimensional Hamiltonian given by

h~r !52
1

2

]2

]r 2
1

l ~ l 11!

2r 2
2

Z

r
1VD~r !1VX~r !, ~1!

whereVD(r ) andVX(r ) are the direct Hartree and local ex
change potentials, respectively,Z54 is the nuclear charge o
the target, and atomic units are used throughout. The po
tials are calculated using the 1s orbital and a parameter in
the exchange term is adjusted so that the single-particle
ergies for each angular momentum are in good agreem
with the configuration-average experimental spectrum@23#.
The inner node of the 2s wave function is eliminated and
pseudopotential is then found that generates the nodeless

orbital. Subsequently, all then̄s and k̄s bound and con-
tinuum orbitals are generated using this pseudo-poten
The 2̄s pseudo-orbital is very similar to the 2s orbital found
from a Hartree-Fock calculation for the ground state of Be1.
We note that, for a fixed box size, the energy distribution
bound and continuum states changes for each angular
mentum.

We may also obtain the continuum state radial orbitals
direct numerical integration of the time-independent Sch¨-
dinger equation for Be1

S h~r !2
k2

2 D Pkl~r !50. ~2!

We choose the standard box normalization given by
©2002 The American Physical Society09-1
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Pkl~r !→A2Dk

p
sinS kr1

q

k
ln~2kr !2

lp

2
1s l1d l D ,

~3!

where Dk is the momentum mesh spacing,q52 is the
asymptotic charge,s l is the Coulomb phase shift, andd l is
the distorted-wave phase shift. Note that as the densit
states increases for smallerDk mesh spacing, the amplitud
of any one continuum wave decreases. We use a total of
continuum state radial orbitals on a uniform momentu
mesh withDk50.0025. In generating the continuum fun
tions by this direct numerical integration over a fixed m
mentum mesh, with the box normalization as defined,
ensure that, for all angular momenta, the continuum-orb
amplitudes are calculated at the same energy points.
allows us to add the continuum-orbital amplitudes coh
ently, which is necessary in the calculation of the angle d
ferential cross sections. We remark also that we have ca
lated the total double photoionization and single differen
cross section using both methods of generating continu
orbitals and found excellent agreement between the
methods.

B. Partial correlation of the ground state

The ground state of beryllium is found by relaxation
the time-dependent Schro¨dinger equation in imaginary time
(t5 i t )

2
]F0

1S~rW1 ,rW2 ,t!

]t
5HatomF0

1S~rW1 ,rW2 ,t!, ~4!

where the nonrelativistic Hamiltonian is given by

Hatom52
1

2
¹1

22
1

2
¹2

21Vpp~r 1!1Vpp~r 2!, ~5!

where, for l .0, the pseudopotentials are given byVpp(r )
52Z/r 1VD(r )1VX(r ). The six-dimensional ground-stat
wave function is expanded in coupled spherical harmoni

F0
1S~rW1 ,rW2 ,t!5(

l 50

l 0 Pll

1S~r 1 ,r 2 ,t!

r 1r 2
Yll

1S~ r̂ 1 , r̂ 2!, ~6!

where it was found that up tol 056 is required for conver-
gence of all angular differential cross sections. Substitut
Eqs. ~6! and ~5! into Eq. ~4! yields a set of coupled partia
differential equations for the two-dimensional radial wa

functions Pll

1S(r 1 ,r 2 ,t) that may be solved on a numeric
lattice using standard finite difference methods@13#. About
1000 imaginary time steps atDt50.005 are needed to
achieve convergence on a uniform lattice with a mesh sp

ing of Dr 50.1 if one begins with Pll

1S(r 1 ,r 2 ,t50)
5d l ,0P2̄s(r 1)P2̄s(r 2), where P2̄s(r ) is a bound-state radia
orbital for Be1.

It is important to state here that the beryllium ground-st
wave function is correlated, in that the 2s2 orbital is a super-
position of (s21p21d21•••) wave functions. The intro-
duction of a pseudopotential has restricted any inclusion
02270
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orbitals containing promotions from the 1s2 core, which will
place a limit on the accuracy that can be achieved in
calculation of the total energy of the beryllium ground sta
However, in considering two-electron photoionization in
energy range well below the 1s2 threshold, it is unlikely that
the 1s2 orbital will come into play, and so our use of
pseudopotential is justified. We note also that this correla
ground-state wave function for beryllium has a total ene
that is within 1% of the experimental total energy@24#.

C. Length gauge versus velocity gauge

We now solve the ‘‘weak field’’ time-dependent Schr¨-
dinger equation in real time

i
]C

1P~rW1 ,rW2 ,t !

]t
5HatomC

1P~rW1 ,rW2 ,t !1H radF0

1S

3~rW1 ,rW2 ,t5`!e2 iE0t, ~7!

where the Hamiltonian for a linearly polarized radiation fie
in the length gauge is given by

H rad5E~ t !~r 1 cosu11r 2 cosu2!cosvt, ~8!

with electric-field amplitudeE(t) and radiation frequencyv.
In previous calculations of double ionization processes

helium, it was found that our results were almost complet
invariant under use of either the length or velocity gaug
for all cross sections calculated. In this case, our use o
pseudopotential complicates matters. By removing the in
node of the 2s radial wave function, we have invalidated th
use of the velocity gauge, which emphasizes the inner reg
of the wave function. As an illustration on the use of t
velocity gauge with our radial orbitals generated using
pseudopotential, the radiative rate for the 1s22s2 1S
→1s22s2p 1P transition in Be was calculated, in bot
length and velocity gauges, using both orbitals calculated
a Hartree-Fock potential and orbitals calculated in
pseudopotential.

In the Hartree-Fock potential, the transition rate w
found to be 5.413108 and 2.623108 Hz in the length and
velocity gauges, respectively. The difference between th
two calculations is due to the nonlocal Hartree-Fock ope
tor, but is sufficient for our purposes here. Using the pseu
potential, the transition rate was found to be 5.513108 and
7.483108 Hz in the length and velocity gauges, respe
tively. It is clear that, while in the length gauge the transiti
rate has changed only slightly using the modified orbitals
the velocity gauge, the transition rate has changed by a fa
of four. This simple test confirms that use of a pseudopot
tial under the velocity gauge is unreliable. We note also t
the length gauge calculation agrees well with the experim
tal value of 5.563108 Hz @23#. Therefore, we present her
only results calculated in the length gauge.

D. Definition of total and angular differential cross sections

The six-dimensional photoabsorption state wave funct
is also expanded in coupled spherical harmonics
9-2
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C
1P~rW1 ,rW2 ,t !5 (

l 1 ,l 2

Pl 1l 2

1P ~r 1 ,r 2 ,t !

r 1r 2
Yl 1l 2

1P ~ r̂ 1 , r̂ 2!, ~9!

where l 1<6 and l 2<6 is sufficient. Substituting Eqs.~5!,
~6!, ~8!, and ~9! into Eq. ~7! yields a set of coupled partia
differential equations for the two-dimensional radial wa

functions,Pl 1l 2

1P (r 1 ,r 2 ,t), that may also be solved on a nu

merical lattice@13#. Keeping the same mesh spacing ofDr

50.1 and beginning withPl 1l 2

1P (r 1 ,r 2 ,t50)50 for all l 1 ,l 2,

the close-coupled equations are time propagated for up t
radiation field periods (2p/v). A lattice size of 6003600
points is employed. Increasing the lattice to 100031000
points made a difference of no more than 2% in the res
presented here.

The total photoabsorption probability is given by

P5 (
l 1 ,l 2

E
0

`

dr1E
0

`

dr2uPl 1l 2

1P ~r 1 ,r 2 ,t !u2. ~10!

Using standard projection techniques, the total double ph
ionization probability is given by

Pdion5 (
l 1 ,l 2

E
0

`

dk1E
0

`

dk2uPl 1l 2

1P ~k1 ,k2 ,t !u2, ~11!

where

Pl 1l 2

1P ~k1 ,k2 ,t !5E
0

`

dr1E
0

`

dr1Pk1l 1
~r 1!

3Pk2l 2
~r 2!Pl 1l 2

1P ~r 1 ,r 2 ,t !, ~12!

andPkl(r ) is a continuum state radial orbital for Be1, which
is obtained by the diagonalization of Eq.~1! or by integrating
Eq. ~2!. Both total probabilities may be monitored as a fun
tion of time. Time propagations have converged when
rate of change of the total double photoionization probabi
becomes constant. In general, larger lattice sizes and lo
propagation times are needed as the excess photon en
defined byDE5v1E0, becomes smaller.

The total integral cross section for double photoionizat
is given by

sdion5
v

I

]Pdion

]t
, ~13!

whereI is the radiation field intensity.
The single differential cross section for double photoio

ization may be defined as

sdion5E
0

p/2 ds

da
da5E

0

DE ds

dE1
dE1 , ~14!

whereE15k1
2/2. The hyperspherical angle differential cro

section is given by
02270
10
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ds

da
5

v

I

]

]tE0

`

dk1E
0

`

dk2dFa2tan21S k2

k1
D G

3 (
l 1 ,l 2

uPl 1l 2

1P ~k1 ,k2 ,t !u2. ~15!

The ejected-energy differential cross section is then defi
as

ds

dE1
5

1

k1k2

ds

da
, ~16!

where the transformation factors in the denominator w
make the ejected-energy differential cross section l
peaked along thek15k2 axis than the hyperspherical ang
differential cross section.

The triple differential cross section for double photoio
ization can be written as

sdion5E
0

p/2

daE dV1E dV2

d3s

dadV1dV2
. ~17!

Since for long times following the collisionrW→kWT, the dif-
ferential cross section in hyperspherical angle and the s
angles for the emission of both photoelectrons is given b

d3s

dadV1dV2
5

v

I

]

]tE0

`

dk1E
0

`

dk2dFa2tan21S k2

k1
D G

3U(
l 1 ,l 2

~2 i ! l 11 l 2ei (d l 1
1d l 2

)ei (s l 1
1s l 2

)

3Pl 1l 2

1P ~k1 ,k2 ,t !Yl 1l 2

1P ~ k̂1,k̂2!U2

. ~18!

In contrast to Eq.~15!, the sum overl 1l 2 is now inside the
square so that the outgoing momentum space wave-func
amplitudes are summed coherently. Since we make use
projection in Eq.~12! onto products of distorted waves, th
momentum space amplitudes must be weighted by their
torted ~denoted byd l) and Coulomb~denoted bys l) phase
shifts. We note that in this case, forl .0, the wave functions
have a positive phase shift, but forl 50, the wave function is
shifted inwards due to the node removal by the pseu
potential. Care must be taken to ensure the correct ph
shifts are used, as this is critical in the determination of tri
differential cross sections. Finally, the orthonormality re
tions for the coupled momentum spherical harmonics gu
antee reduction of Eq.~18! to Eq.~15! upon integration over
the solid angles for both photoelectrons.

III. RESULTS

Total double photoionization cross sections at various
cess photon energies calculated using the time-depen
close-coupling method are presented in Fig. 1 along with t
other perturbative theoretical calculations@15,16#, and a non-
9-3
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J. COLGAN AND M. S. PINDZOLA PHYSICAL REVIEW A65 022709
perturbative convergent close-coupling calculation@17#. We
find that the nonperturbative time-dependent calculations
up to 50% lower than the previous perturbative calculatio
and in excellent agreement with the convergent clo
coupling calculations at a range of excess photon energ
and that the peak of the cross section is much close
threshold than suggested by the perturbative calculati
Unfortunately, there exists no experimental measurem
for this process with which to compare.

In Fig. 2, we present ejected-energy differential cross s

FIG. 1. Total double photoionization rate for beryllium. Th
solid squares are the current time-dependent close-coupling c
lations, the open circles are the convergent close-coupling calc
tions of @17#, the solid line is the result estimated from Winkle
@15#, and the dashed line is the result estimated from Varnavsk
@16#. (1.0 kb51.0310221 cm2.)

FIG. 2. Single energy differential cross section in kb/eV f
beryllium at 20 eV excess photon energy. The solid line is
time-dependent close-coupling calculation and the dashed line i
convergent close-coupling calculation.~1.0 kb51.0310221 cm2.)
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tions for Be at an excess photon energy of 20 eV, along w
a convergent close-coupling calculation@17#. As in our pre-
vious work on helium@14#, we retain the practice of multi-
plying the single differential cross sections by two, followin
the convention of the experiments on helium, which on
measured cross sections from 0 toE/2. The cross sections ar
quite smooth for all values ofE1, the energy of one of the
electrons, from 0–20 eV. The cross section has a dee
‘‘smile’’ shape than the equivalent ejected-energy differen
cross sections for He at the same excess photon energy@14#,
due to the lower double ionization threshold in berylliu
~27.6 eV compared to 79 eV!. Again, our calculations are in
good agreement with the very recent convergent clo
coupling calculations@25#, with the difference between th
two calculations being due to the small difference in the to
cross section at this excess energy. There are no experim
results available with which to compare this process.

In our previous calculations of double photoionization
helium at 20 eV excess photon energy, it was sufficient to
up to l 53 in the expansions over the angular moment
pairs in Eqs.~6! and ~9! to achieve well-converged triple
differential cross sections. For the beryllium atom, the co
vergence is much more slow. In Fig. 3, we present tri
differential cross sections when the angle of the first ejec
u150, at a coplanar geometry, and at 20 eV excess pho
energy, for the case of equal energy sharing between
electrons (E15E2510 eV). We show cross sections whic
were calculated with~a! l 0<2,l 1 ,l 2<3, ~b! l 0<3,l 1 ,l 2<4,
~c! l 0<4,l 1 ,l 2<5, and ~d! l 0<5,l 1 ,l 2<6, respectively, in
Eqs. ~6! and ~9!. It is clear that the triple differential cros
section only completely converges for the final case, and
for the first two calculations, the triple differential cross se

u-
la-

h

e
he

FIG. 3. Triple differential cross section in b/sr2 eV for beryllium
at 20 eV excess photon energy and at equal energy sharing bet
the two outgoing electrons as a function ofu2, the angle of the
second ejected electron foru150. The cross sections are calculate
with ~a! l 0<3,l 1 ,l 2<3, ~b! l 0<4,l 1 ,l 2<4, ~c! l 0<5,l 1 ,l 2<5, and
~d! l 0<6,l 1 ,l 2<6, respectively, in Eqs.~6! and ~9!. (1.0 b51.0
310224 cm2.)
9-4
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DOUBLE PHOTOIONIZATION OF BERYLLIUM PHYSICAL REVIEW A65 022709
tion is quite different in shape and magnitude in comparis
with the final result. Indeed, for~a! and~b!, the triple differ-
ential cross section is quite unphysical, since it predict
maximum in the cross section atu250, which implies both
electrons being ejected with equal energy along the s
path, which is clearly incorrect.

This is in contrast to the convergence of the total dou
photoionization cross section, and the ejected-energy di
ential cross section, where the convergence is shown in T
I. Here, the cross sections do not change significantly w
respect to the number of angular momenta in Eqs.~6! and
~9!. This implies that great care must be taken in the de
mination of triple differential cross sections, since the app
ent convergence in total or single differential cross secti
does not mean that triple differential cross sections are n
essarily converged. The sensitivity of the shape of the tr
differential cross sections to the number of angular mome
mean that convergence with respect to these parameters
be rigorously checked in all cases.

Satisfied that our triple differential cross sections are c
verged with respect to the angular momentum expansi
we turn our attention to comparisons with the only oth
theoretical calculations@25#. Again, no experimental mea
surements are available for this process. In Fig. 4, we pre
triple differential cross sections for beryllium as a function
u2, for various values ofu1, as indicated, and for equal en
ergy sharingE15E2510 eV between the two ejected ele
trons. The solid lines are the current time-dependent clo
coupling calculations and the dashed lines are the conver
close-coupling calculations of@25#. We can see that, in gen
eral, the agreement between the two nonperturbative theo
is very good, with the exception of the smalluu2u region
whenu150°. Although the peaks heights of the calculatio
of the two theories are slightly different, the position a
widths of the peaks are in excellent agreement. Qualitativ
the triple differential cross sections for beryllium at this e
cess energy are very similar to those obtained for heliu
Apart from the peak heights, which are larger in berylliu
due to the larger total double photoionization cross sect
the shapes are almost identical in position and width. T
implies that removal of the two 2s2 electrons in beryllium is
very similar to the removal of the two 1s2 electrons in he-
lium at this relatively low photon energy.

In Fig. 5, we present triple differential cross sections a
function ofu2, for u150, for three values of the first ejecte
electron energyE1, as indicated. As expected, the cross s

TABLE I. Convergence of the total double photoionization cro
section and the ejected-energy differential cross section at 20
excess photon energy, at equal energy sharing between the
electrons, for maximum values ofl 0 and l 1 ,l 2 in Eqs.~6! and ~9!.
(1.0 kb51.0310221 cm2.)

l 0 l 1 ,l 2 s ~kb! ds

dE1
(E/2) (kb/eV)

2 3 11.9 1.00
3 4 12.6 1.11
4 5 12.0 1.07
5 6 11.9 1.06
02270
n

a

e

e
r-
le
h

r-
r-
s
c-
le
ta
ust

-
s,
r

nt
f

e-
nt

ies

y,

.

n,
is

a

-

tion is virtually zero nearu250, since we do not expect th
two electrons to be ejected in the same direction, even
very unequal energy sharing between the electrons. In c
parison with the equivalent triple differential cross sectio
for helium, the shapes of the cross section are broadly
same, with the position of the peaks unchanged. Howeve
is interesting to note that forE153 eV, the peaks present i
the beryllium cross section at approximatelyuu2u5100° are
very much suppressed. It is unclear at this stage why

FIG. 4. Triple differential cross section in b/sr2 eV for beryllium
as a function ofu2, the angle of the second ejected electron,
different fixed values ofu1 as indicated and for equal energy sha
ing E15E2510 eV between the two ejected electrons. The so
lines are the current time-dependent close-coupling calculations
the dashed lines are the convergent close-coupling calculation
@25#. (1.0 b51.0310224 cm2.)

FIG. 5. Triple differential cross section in b/sr2 eV for beryllium
as a function ofu2, the angle of the second ejected electron,
u150°, for different energy sharing as indicated between the t
ejected electrons. (1.0 b51.0310224 cm2.)
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FIG. 6. Triple differential
cross section in b/sr2 eV for beryl-
lium as a function ofu2, the angle
of the second ejected electron fo
u1530° for a range of energy
sharing as indicated between th
two ejected electrons. (1.0 b
51.0310224 cm2.)
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should be so, particularly as the peaks atE1517 eV are still
evident.

To complete our comparison with triple differential cro
sections for helium at 20 eV excess photon energy,
present in Fig. 6 cross sections for beryllium as a function
u2, with u1530o, at a wide range of energy sharings betwe
the two ejected electrons. The cross sections for beryll
show many similarities to the equivalent cross sections
helium, in the position and widths of the peaks, although
magnitude is generally higher than in helium. Again, at
cases of most unequal energy sharing, (E151 eV, andE2
51 eV) there are some differences in the shape of the c
sections as compared with helium.

IV. SUMMARY

In this paper, we have presented absolute calculation
the total integral, single differential and triple differenti
cross sections for the double photoionization of berylliu
using a time-dependent close-coupling technique. We bel
that this marks one of the first such absolute calculation
these processes for an alkaline-earth element. It is worth
ing that once the time-dependent calculation has gener
the complex momentum amplitudes, any conceivable ang
differential cross section may be calculated in a straight
ward manner for any possible combination of angular and
energy sharings.

Our nonperturbative time-dependent calculations for to
integral cross sections are considerably lower than prev
perturbative calculations@15,16#, but are in very good agree
ment with another current nonperturbative theoretical ca
02270
e
f

n
m
r
e
e

ss

of

ve
of
t-

ed
ar
r-
r

l
us

-

lation @17#. This is all the more remarkable due to the com
pletely different nature of the nonperturbative calculatio
and the increased complexity of the beryllium target. We
aware of no experimental measurements of any total or
ferential cross sections for double ionization of berylliu
with which to compare. As well as presenting ejected-ene
single differential cross sections, we have made a deta
study of triple differential cross sections in beryllium, an
compared our results with previous calculations of triple d
ferential cross sections in helium@14#. We have found that
convergence with respect to the number of angular mome
included in a calculation is critical in determining the corre
triple differential cross section. It is apparent that witho
establishing convergence, completely unphysical triple d
ferential cross sections may be obtained. Although exp
ments using beryllium are generally difficult, it is hoped th
these calculations will stimulate more experimental work
measuring absolute differential cross sections of the alkal
earth metals, continuing the pioneering work in recent ye
on helium.
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