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Quantum logic for trapped atoms via molecular hyperfine interactions
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We study the deterministic entanglement of a pair of neutral atoms trapped in an optical lattice by coupling
to excited-state molecular hyperfine potentials. Information can be encoded in the ground-state hyperfine levels
and processed by bringing atoms together pairwise to perform quantum logical operations through induced
electric dipole-dipole interactions. The possibility of executing both diagonal- and exchange-type entangling
gates is demonstrated for two three-level atoms and a figure of merit is derived for the fidelity of entanglement.
The fidelity for executing aPHASE gate is calculated for tw8'Rb atoms, including hyperfine structure and
finite atomic localization. The main source of decoherence is spontaneous emission, which can be minimized
for interaction times fast compared to the scattering rate and for sufficiently separated atomic wave packets.
Additionally, coherent couplings to states outside the logical basis can be constrained by the state-dependent
trapping potential.
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I. INTRODUCTION areas of research that unite ideas of atomic and molecular
physics, and coherent chemistry. An example of research in
Over the last few decades tremendous progress has be#itis area is “superchemistry,” where coherent coupling be-
made in coherent control and manipulation of individualtween two separated atoms and molecular dimer states has
quantum systems in atomic, molecular, and opti@VO) been observed in a Bose-Einstein condengHi¢ The goal
physics. Motivated primarily by the goal of improving pre- of coherent control of a m(_)IecuIar dimer can b_e put in one-
cision measurement and noise reduction, as well as testirf§-0ne correspondence with the problem of implementing
the foundations of quantum theory, quantum opticians hav&V0-qubit quantum logic gates, as we will show below.
developed a variety of methods and systdits including We study here alkali-metal atoms in tight traps that inter-
laser cooling of atoms, ion traps, optical lattices, cavity@ct pairwise by induced dipole-dipole interactions in a far-
QED, atom interferometers, and correlated photon source8ff-resonance bulk three-dimensione8D) optical lattice.
Simultaneously, physical chemists have been perfecting tecfYarious other trapping schemes such as magridfi¢ or
niques for coherent control of molecular reactions and othePPtical microtrapg12] might be used as such technologies
complex systems via ultrafast laser spectrosd@jyToday, —mature. As de;crlbed i8], a suitable geometry consists of
these varieties of tools are converging on a differentndependent linearly polarized standing waves, of slightly
problem—quantum information processit@IP) [3,4]. The different frequencies along the three Cartesian axes Whe_re
ability to coherently control a many-body system has greafiloms are trapped at the nodes of blue-detuned standing
potential for additional paradigms in computation, communi-Waves. Along a defined axis (quantization axis one can
cation, and precision measurement. The unique properties ¥y the relative angl@ between polarization vectors of the
AMO physical systems make them the ideal arena for implecounterpropagating beams, and the field decomposes-into
menting these ideas. standing waves whose nodes are separated(B2m). We
One particularly attractive system in this context is laserddentify two “species” of atoms denoted+), which are
cooled and trapped neutral atoms. Of crucial importance i§apped in predominantly.. light. A logical basis for each
the ability to perform deterministic entanglement via two- SPecies is defined:
atom interactions(e.g., a controlledoT quantum logic

gate. This has been discussed for several different dynami- [0)+=[S12.(F| . Me=F1))®|¢h= ) exts
cal interactions such as ground-state collisions of ati&y6}
and induced electric dipole-dipole interactidifsg], includ- |1)+=|S12,(F1 ,Me=%1))®|¢h )ext (1)

ing highly excited Rydberg stat¢8]. The common goal of

these proposals is to design a protocol with a flexible trapwhere|Sy»,(F,mg)) is a particular magnetic sublevel of the

ping architecture, a means to encode quantum information iground hyperfine manifol@with F, | =1+1/2), |=3/2 is the

the atoms, an ability to carry out quantum logic via atomicnuclear spin, andi#. ), is the external coordinate wave

interaction with minimal loss of information to the decoher- function for the(=) specied13]. For simplicity we assume

ing environment, and a faithful read-out protocol. that each of the atoms is prepared in the ground motional
While the impetus for much of this research has been thstate of a locally isotropic trapping potential. As the laser

pursuit of multiparticle entanglement for QIP, the search forpolarization angle is varied fromM= /2 to near 0°, atoms

such encodings and two-body interactions yields insight intgrepared in these logical basis states will adiabatically follow
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the movingo - standing waves and be brought together pair- (@) le),, le) 5
wise. When the atoms are sufficiently close to one another, lA
one can apply an external pulse—which we refer to as the
“catalysis” field—inducing electric dipoles in the two atoms A A
that are stronger than those induced by the trapping field, and
causing the atoms to evolve in a nonseparable manner. After
the desired interaction time, the catalysis laser is turned off
and the atoms are separated again. If the coherent interaction m |1>
is strong enough, then the time to perform the entangling ¢ i A
gate can be much shorter than incoherent processes such a |O> y O |0>
photon scattering and inelastic two-body collisions. Under o B
these circumstances the gate can be executed with high(d)
fidelity. A
This discussion assumes that the individual atoms main-
tain their identical structure during the interaction. At small E
internuclear distances where the highest fidelity for two-
qubit operations occurs, a proper characterization of the in- l+e
teraction of the catalysis with the two-atom system requires
us to consider thenolecular spectrum. A molecular treat-
ment has considerable complexity, especially when hyperfine
interactions are included in the description, but is essential
when we encode in terms of these quantum numbers. Our
goal here is to calculate the molecular potentials and oscilla-
tor strengths of states that asymptotically connect to
SyAF)+Py(F') atoms(we consider heré’Rb, with |
=3/2). We begin in Sec. Il by presenting a simplified model
of the dipole-dipole interactions for three-level atoms. This
elucidates many of the important properties of the more de-
tailed and complete model presented in Sec. lll. The results [00)
characterizing the regime of optimal fidelity for producing F
determini;tic entanglement are discussed in Sec. IV and a g5 1. Two three-level atoms excited by a catalysis pulse at
summary is given in Sec. V. frequencyw.. (a) Separated noninteracting atonfs) Molecular

eigenstates on dipole-dipole coupling. The detuning catalysis from
molecular resonance at a fixed internuclear separation is indicated.

O+e

|o1),

10)

-

II. SIMPLIFIED MODEL: THREE-LEVEL ATOMS

The essence of our system is to encode information in thWhereA=w.— we is the catalysis laser detuninf,and
ground electronic hyperfine states and induce interaction bed'e the excited-state decay rate and Rabi frequency with unit
tween the atoms by mixing ifivia the catalysis pulsea  Oscillator strength, an® =c4 (le)(g]), is the dimension-
small amplitude of excited electronic states. The simplestess dipole raising operator for atog= @, 8 connecting the
model that contains these elements consists of two aton@ound stateg=0,1 to the excited state with oscillator
(labeleda and B) each with three levels: a “ground-state” strengthc, (taken to be real The dipole-dipole coupling
doublet basigg)={|0),|1)}, split by an energyiw,;, and  Hamiltonian is
an “excited state”|e) with an “optical” energy difference
E.—Ey=%w.y, as illustrated in Fig. (r). After tracing over Ll
ch vaocuume?nodes in the Born—l\aarkov approximgtion, the Hdd:(vc_' T) Z, (DLgDBg’JFDI%g’Dag)’ ©)
effective non-Hermitian Hamiltonian iEl4] H=Hp+Hx, 99
+Hqq, consisting of the bare atomic Hamiltonian for a pair whereV, is the coupling strength, which depends implicitly
of noninteracting atoms, atom-laser interaction, and dipolepn r, andT, is the collective contribution to the decay rate;
dipole coupling. Taking the zero of energyi@}, the firsttwo e, the degree to which the molecular decay rate is modified

1

terms are from that of a free atom.
Partial diagonalization ofl ,+Hyq, for V <A wq, yields
Ha=[hwol 1)(1|—A(A+iT/2)(cR+cD)|e)e|],@1,+1,  molecular eigenstates

O[hwo 1(1|~A(A+iT2)(c5+cD)le)ells, () lge) = |eg)
00),/02),|10),|11),|ge) .= ———" |ee), (4
1100,]01)10,[11).|ge). ==———led. (&)

Q0 & _ < bas SRR
Ha=— Dt +Dt y+H.c. where g={0,1}. In this basis, the Hamiltonian isl=H,
AL 2 QZO( agt Do FHC +Hpa with
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Ho=7woy(]01)(01 +[10)(10)) + 270, 11)(11 Sag=CoVelhi+A+wgy, Sag=—CoVclhi+ A+ wpy
7b
—2(hA+ikT/2)|ee) (e +(+ciV —ihly./2 (75)

— + 02 — —
78)]08).. (O8] + (£ oV il /2= A [see Fig. )] In the limit V.0 at infinite interatomic
+hwgr)|le). . (le|Ecocy(V—ihl/2)(|0e).. - separation, the exchange couplifg, ;, vanishes, and the
(16| +|1€). . (0€|) ®) reduced Hgmiltonian is separable, as expect_ed._ In this_ case,
== ' we recoghize the real part of to be the atomic light shift
and the imaginary part the photon scattering rate. The non-
0 separable interaction at finite interatomic separation leads to
1 entanglement.
Hal=- E{co[|0e)+<00| +|ee).(0el—3(|1e)-(0Y The dressed HamiltoniaH’ can be used to create deter-
ministic entanglement within the internal states of the two
—|1e)_(10)+3(|1e) (01 +|1le) (10)] atoms via the exchange interactibff, ,,. This is the case
1 studied in[15] for the dipole-dipole interaction between at-
+cal|1e). (11 +[e€). (1e[+5(|0e) (0l oms with zero nuclear spin and degenerate ground states
—|0e)_(10)+ 3(|0e) (01| +|0e), (10)) ]+ H.c}. |Syj2,ms=£1/2).
The dipole-dipole interactiorH’ can also produce en-
The symmetric statdge) , are superradiant with linewidths tanglement without swapping the states of the constituent
I'g.=I+c2l, and couple tdgg) and ee with Rabi fre-  atoms. As we will discuss below, for real alkali-metal atoms

quencyc,v2Q). The stategge)_ are subradiant with line- tr_apped in an optical lattice the entangleme_nt—based swap-
widthsl“g,=1“—czl“c. In the case of two two-level atoms, PINg can be strongly suppressed because of imperfect spatial

the subradiant state @ark to the atom-laser interaction. For wave-function overlap for these transitions. In this case the
multilevel atoms, however, super- and subradiant states i?;izcé'([)% 'Csanaggr(.)r)gTgﬁgmg:ja%onaalnoang t?ﬁe L_J:(ljvecr:gl
Eq. (4), which are asymptotically split by the ground-state 'mp y wing inc

- dipoles to interact for a time=7# m/|Rg Egy+ E11— 2Eq],
energy, are no longer eigenstatesthf+Hy4. Rather, they A C !
mix under the dipole-dipole interaction, and fgg~7% wg, whereE;; =(i,j|H'[i,j) are the complex diagonal matrix el-

‘e iy ts. Note that for a separable interactigp=E;+E;,
this mixing allows the degenerate ground std€ds, |10) to emen ) . S el
effectively interact. In the far-detuned or weak-field limit the and thus the rt_e_qwred gate time goes to |n_f|n|ty as expected.
effects of the doubly excitele can be ignored. The probability that the desired entangling gate was suc-

We consider level shifts induced on the ground state§e‘°'s_fu”y performed can be measured by the fideldy

) - -‘- . 2 . . .
through adiabatic elimination of the excited states, valid un-_m'n“>|<'IU Verli)I*, whereU is the desired unitary trans-

der the conditions of low saturation. The reduced non-form""tion(herec':""ASE"Ve“f is the nonunitary operator gen-

Hermitian HamiltoniarH' is found for the dressed ground- _erated _by the effectivg _Hamilt_onian including deca_y f°T the
state subspace to first orderV /% wo, : interaction, and the minimum is taken over all possible input

states. For large enough atomic separations the dominant
1 _nn2 source of decoherence is from spontaneous emission, which
Hoo,00= 2C0A (920, 0+ ), -
' occurs from each state at a ragg=2 Im[E;]. The fidelity

, for the cPHASE gate in the worst-case scenario is
Ho1,0= CoA(811,11-)/2+ CGA (851, T11)/2 9
+CEA (830, T9- )12+ C2A(849.T04)/2,
Feprase= XA = (Vij) max7]

by A (52 T2 /2= GEA (53T )12 o _armeane)
=exp —
+C2A (840,04 )/2— C3A (830, T )2, (6) IR Eqol + R E11]—2 R§ Ey]|
=e Ur, ®

’ g’ ’ g’
HlO,lO_ HOl,Ol’ HlO,Ol_ HOl,lO’

’ _ 2
Hip 1= 2C1A (841,11 ), where the figure of merik is the ratio of the coherent-level

o shift to the spontaneous linewidth as described in our previ-
where the complex energy scale of the perturbation is ous analysig8].

We can analytically express exactly the behaviok ekr-

A(8,T)= ﬁlmz (79 sus the parameters of the two-atom problem, but the results
’ 4(0+il/2)’ are more transparent under certain approximations. Specifi-
cally, given a ground-state splitting small compared to the
with “molecular” detunings laser detuning but large compared to the dipole-dipole cou-
5 5 pling, |A|> wq>|V| /%, the figure of merit to first order in
S1g=CqVc/h+A, Sq=—CgVclh+A, woilA is
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Vc(CS— Ci) description will be determined by a choice that gives the best
S fidelity for performing quantum logic with the information
encoding according to Eql). In order to maintain the logi-
[+ cA(2wp/A—1) cA(2wo/A+ 1)_05} cal basis, we must preserve the ground-state hyperfine quan-
Xmin > , — tum numbers. In our system, all interactions are mediated
Co(co—1) ci(ci+1) through virtual transitions to the excite8+ P manifold

(99  whose energy levels are shifted by the dipole-dipole interac-
tion. We thus require that the dipole-dipole shift never be
Operations to achieve the highest fidelity depend on the denuch greater than the ground-state hyperfine splitting at the
tails of this model. It is evident that the figure of merit is distances spanned by the relative coordinate probability dis-
very sensitive to the relative oscillator strengths and containffibution. At these separations thexcited-statehyperfine
a term that scales inversely with the detuning of the catalysistructure of alkali-metal atoms is small relative to the dipole-
laser from free atomic resonance. Thus the performance ¢fipole interaction and therefore the excited-state hyperfine
the gate depends both on geometry, through the interatoml@bels no longer represent good quantum numbers. We oper-
separatiorr sinceV,~1/r3, and on the strength of the in- ate here at relatively large internuclear separations beyond
duced dipole moments. Hund’s case(c) [16] conditions, where dipole-dipole shifts
The simplified model described in this section highlightsare small compared to spin-orbit coupling and large com-
many important features of the dipole-dipole interaction befared to hyperfine shifts. Because the dipole-dipole interac-
tween real alkali metals. Specifically, we find that under thetion induces mixing among the atomic orbitals, an atomic
adiabatic approximation the interaction allows couplingsProduct basis set describing a given fine-structure asymptote
which can change internal ground states, or if these exiS Inappropriate.
changes are suppressed, it can produce entanglement throughwe restrict our attention then to the molecular potentials
a diagonal interaction acting on the logical basis states thdhat asymptotically connect to the multiplet of hyperfine lev-
induces differential level shifts. This flexibility is an advan- €ls associated with a given fine-structure manifold. For sim-
tage when one wants a two-qubit gate with high fidelity. plicity we consider theéd1 line in alkali metals Sy o+ Pyp.
There are several limitations to this model, however, thafrthe Born-Oppenheimer Hamiltonian for these states can
require the inclusion of the internal structure of alkali-metalthen be expressed as
atoms.
First, the asymptotic argument yielding E8) describes Hs ,+p,,=Hs ,tHp ,*HntHgqg, (10
the behavior of the fidelity foweakdipole-dipole interac-
tions. However, we will see below that the region of bestwhere Hsllz,lelz,th describe the energy levels of the

fidelity for trapped alkali metals with hyperfine structure is atomic orbitals, including the hyperfine interaction, and
Ve~fiwgy. Second, the above model treats the atoms agj,y=V,q—i%l44/2 is the dipole-dipole coupling in the near
point particles, when in reality they are localized wave pack-ield,

ets with finite extent set by the trapping potentials. Thus,

there is always a finite probability for atoms to be separated (_1)qd;qdﬁ—q_3dlod50
by a “Condon radius"—the internuclear separation at which Vad= 2 3 +
the catalysis is on resonance with one of the molecular po- q

tentials. The Condon radius can be viewed as an r

mtermolecular-de_pe_ndent de';unmg that can lead to enhanced Fdd=—2 (_1)q(quDﬁ_q+ D;qDa—q)!
spontaneous emission resulting from resonant molecular ex- 245

citation. The design of the entangling gate must balance the (11
need to bring the atoms close together in order to obtain a

large dipole-dipole interaction, while simultaneously main-where thed, are the actual electric dipole operatdusith
taining sufficient separation so that there is negligible probdimensiong for each atom. Here the dipole operators are
ability to be at a Condon radius. Finally, the three-leveldescribed with a quantization axis along thernuclear
model treatsV, as a scalar when in fact the dipole-dipole (body-fixed axis. Diagonalizing as a function ofyields the
interaction depends on the orientation of the induced dipoleBorn-Oppenheimer molecular potentials. In principle, Eq.
relative to the internuclear separation. In order to take thes€l0) should also include rotational energy of the dinteyy
important features into account, a more complete calculatior=12/(2mr?). Each partial-wave component in the ground

H.c.,
r

is required, as discussed in the next section. state will couple to the appropriate rotational states in the
excited state. We ignore this effect for two reasons. First, we
Ill. MOLECULAR HYPERFINE STRUCTURE consider separated atoms such tHaj<<H s over the range

of probable internuclear separations. Thus, the manifold of
An appropriate set of “good” quantum numbers for de- rotational levels can be treated as nearly degenerate. Second,
scribing the molecular potentials depends on the strengths efe considertrapped atomsprepared in the vibrational
the atom-atom interaction as a function of internuclear sepaground state and we assume the light shift induced by the
ration compared to the intra-atomic energy scéteg., opti-  catalysis field to be a perturbation to the optical lattice. Ro-
cal S-P transitions, and fine or hyperfine interaction®ur  tations of the dimer would correspond to coherent couplings
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to higher vibrational levels in the ground state, via mixing
with the excited states. These are suppressed by an energ 1, B\ox
gap equal to the trap oscillator energy. In other words, any 3900 Y
ground-state wave-packet reshaping by adiabatic mixing | W\ | _____
with the untrapped motional states in the excited states is o A 5u(F=2+P,(F'=2)
suppressed by the trapping potential. In this way the cou- 1o} e 1 1. SaF =2+ Ba(F' = 1)
plings to higher rotational states in the excited-state manifold= A A/FI S,,(F =D+ Py (F =2)
are effectively calculated as an incoherent sum over degeny 0.2 o5 o.afp SaF=D+ELF =D
erate eigenstates and can act only as an additional wea _ S
internuclear-dependent shift. 5
To find the molecular potentials and eigenstates, we star -zooof L §/0 M
with the asymptotic (—«) basis of eigenstates. These are 4P =24 S,u(F=2)
symmetric and antisymmetric states with respect to exchangt i) '
of the two atomic orbitals, denoted by the quantum number 101),/10) Sp(F=1)+8,(F=2)
p==+1, ’ SaF=2)+5,(F=1
S (F=1)+5,(F=t
1Sy FuMe) Py F /M) ) 100) cme
_ 1 ' FIG. 2. Molecular potentials of thB1 line of Rb. For larger
a 5[|S”2(F’mF)>“| PyaF' me)g the states asymptote to uncoupled atomic states, and for stuall

the Hund’s caséc) states, as shown. Logici)) and|1), encoded in
+V[Pyp(F',men)) o[ Si(F.me))gl, (120 the internal stateSy(F=1) andS;(F=2), respectively, are ex-
cited by a catalysis laser, blue detuned from the transition
with all magnetic quantum numbers defined with respect tes, (F=1)—P,,(F=1). The differential light shift on the logical
the internuclear axis. In this basis the dipole-dipole interacstates leads to therHAsE gate. The relative coordinate probability

tion has the matrix representation distribution is shown for two atomic Gaussian wave packets of rms
width z;=0.05x, separated bAz=5.2z,. By keeping the packets
<Sl/2(ijFj),P1/2(Fj’ mF/j);v|Vdd|Sl/2(Fim|:i)y separated, resonant excitation at the Condon radius is strongly
suppressed.
2 2
XPl/Z(Fi’mF’i’);V>:VrTA! (1339

diagonalizing Eq(13) in blocks labeled by, and ». Note
that M, is not conserved in the situation where rotational

whered is the reduced matrix element of the atomic dipolegycitation of the atomic fragments is not suppressed by the
operator, and the indicésandj label the quantum numbers trapping potential.

for the initial and final states. The coefficietaccounts for We consider twd’Rb atoms [=3/2) driven by a cataly-
the angular momentum coupling for this tensor operator, s |aser detuned from the1 resonance S, 5P, In
the S;,,+ P4/, manifold, including hyperfine interactions with

A:(_1)Fi+Fj\/(2Fi+1)(2Fj+1) Fio | 1/2] energy splittingVi(S;) =1263.4T, Vhf(Pl,2)=151.Zi1"_

12 1 F, (I'=27x5.41 MHz), there are 128 properly symmetrized
E 12 , , atomic basis_ states. The resulting 128 molecullar potentials

x[ ] ]E FplFi - GFilF are plotted in Fig. 2, and clearly correlate with the four
12 1 Fi) g ™Mri®Mei Mei QM) asymptotic combinations of atomic hyperfine energy levels

) , asr—o, and to six Hund’s casé) states forkr<<0.05.

—3chnJ".l‘gim ) :n'lglm , (13b For weak saturation, we treat the dipole-dipole interaction
R TR as a perturbation to the trapping potential, and the excited-

F1F' state molecular potentials can be adiabatically eliminated.

where the c's are Clebsch-Gordan coefficientsm’q’m, Given a coupling strength defined by atomic Rabi frequency

=(Fm,Ig|[F'm’), and the terms in curly brackets are ( the reduced “dressed” Hamiltonian in the ground-state
Wigner 6] symbols. Ignoring rotational effects, the interac- pasis i) is

tion obeys the selection rule

7| Q|2 cE(r)cei(r)
Mg+ Mg = Mg+ Mer = Mgy (14) Hij= 1 < = (15)
re

4 4 le(r)) 5e(r)+i7’e(r)
corresponding to conservation of the total magnetic projec-

tion along the internuclear axis. This is required by Bf),  The sum is taken over alle(r)), the Born-Oppenheimer
where V44 is proportional to I® times the second-rank internal “molecular” states at=r2g- whereZge is the body-
spherical harmoniCYg. Further, V44 is invariant under a fixed internuclear axis. The position-dependent molecular os-
change of the sign ofM,,, amounting to invariance under cillator strengths, detunings, and decay rates are defined by
interchange of the two atoms though the diatomic origin. The

excited-state eigenvalues and eigenvectors are calculated by cie(r)=<e(r)|l5’f- Ecliy,  Se(r)=A—Ng(r),
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Ye(r)=T12+(e(r)[qgle(r)). (16) 10 A/T g 10

Here, EC is the space-fixed catalysis polarization, the
“atomic” detuning is defined with respect to this,,,,F
=1)—|Py,F'=1) resonance, A\o(r) are the Born-
Oppenheimer eigenvalues of Ed10) relative to the
Sio+ P4p asymptote, and 44 is the near-field cooperative
part of the decay defined in E(L1).

The average in Eq.15) is taken over the relative coordi-
nate probability distribution of the atomic pair. To calculate
this expression, it is necessary to integrate over all relative
orientations of the interatomic separatiorwith respect to
the space-fixed SF axis z. Assuming a catalysis beam
polarized with respect to the SF axis, the atomic ground

state.s |,81/2;(F'/“F)>Sr']: will C}?ume to excited sta’;]es ing, for acPHASE gate via laser-catalyzed interaction. Fidelityis
|P1/2;(F',pe))se, Where we have used to denote the plotted as a function of wave-packet separathanin units of rms

magnetic quantum number with respect to the SF axis. Th@gih ,=kz,=0.05, and laser detuning in units of atomic natural
molecular eigenstates are calculated as linear combinationgewidth T.

of product states quantized along thedy-fixed(BF) axis.

To calculate the expectation with the external coordinatel'he effect of spontaneous decay for red detunings relative to
wave function we perform a rotation or frame transformationblue detunings is described [ii9]. One additional complex-
[17] on the excited molecular eigenstates to a SF basis witlty with detuning to the red is the high density of bound

FIG. 3. Calculated fidelity, including loss from photon scatter-

identical structure, levels at detunings on the order afy;, especially for the
heavier alkali metals.
|S12 FME),Pya(F' M) v) e The behavior of the fidelity depends on both the geometry
of the separated atomic wave packets and the strength of the
= > D®  (4,00DF) induced dipoles, and can be inferred from the results in Fig.
T Flomer 3. According to Eq(8), high fidelity in our protocol requires
, ) large differential energy level shifts of the logical basis states
X (¢,0,0|SuaF ), PraF' e o) v)sr, arising from the different detunings and oscillator strengths

(17) which couple the ground molecular potentials to the excited
molecular potentials. The bigger the differential shift, the
where the arguments of the Wigner rotations matric@sp),  faster the gate, and the less chance for decoherence resulting
are polar angles between the internuclear coordinad@d  from spontaneous emission. Such differential couplings are
the space-fixed axisz. Under this transformation,e, most prominent at small internuclear separations and large
—€.(r) with components now defined relative #g-. The  detunings where the dipole-dipole coupling yields large split-
integration then involves the product of a Gaussian for thdings between the excited potentials. Of course the Condon
relative coordinate of the separated atoms with polynomialpoints, the internuclear separations where the catalysis laser
of trigonometric functions, and can be carried out analyti-is resonant with one of the molecular potentials, should be
cally. avoided. To balance these two effects it is found that optimal
fidelity for large detunings occurs at wave-packet separations
such that the Condon radius lies1l-3 rms widths outside
the peak of the relative coordinate wave function. Wave-
Using the results from Sec. Il we calculate the fidelfly = packet separations closer than this are not plotted in Fig. 3 as
defined in Eq.(8), for performing aCPHASE gate using the atoms experience substantial decay and the adiabatic ap-
trapped®’Rb atoms. Figure 3 shows a surface plotfoés a  proximation no longer provides a valid description of the
function of catalysis laser detuning relative to atomic resowave function. At separations just beyond the optimal re-
nanceA, and the separation between the atomic wave packgion, the range of internuclear radii yielding the largest dif-
etsAz, with localization paramete=kz,=0.05, wherez,  ferential couplings lies in the tails of the relative coordinate
is the rms width of the ground vibrational packet aldngA  wave function, and the fidelity drops exponentially as is veri-
comparison with Fig. 2 shows that the region of best fidelityfied by fitting the fidelity toe™ Y for large Az. For even
occurs for internuclear separations whetg~V,:. We cal-  larger separations, the wave packets look like point dipoles
culated the fidelity for positive detunings only because weand the figure of merit falls off as A3, as expected. This is
treat the potentials coupled to in E(L5) as supporting a verified by fitting the fidelity toe™* for large Az.
continuum of states. At negative detunings, potentials that The functional dependence of fidelity on detuning de-
scale like— 1/r2 support a finite number of bound stafés)]. pends in a detailed way on the relative oscillator strengths
An interesting question that we do not address here isnd the ground-state splitting as presaged in the simple three-
whether one could reach higher fidelities by red-detuning théevel model of Sec. Il. Some features can be understood in a
catalysis between bound states of the excited-state potentiatjualitative manner. At detunings in the range<Q

IV. RESULTS AND DISCUSSION
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<200d" the fidelity is quite poor, reflecting the fact that the sufficiently large overall gate fidelity. The discussion of
Condon radii for these detunings correspond to very largground-state collisions is deferred to later in this section.
internuclear separations where the excited-state potentials are It follows from the tensor form of the electric dipole-
weakly split when compared to the ground-state splittingdipole interaction that the atomic ground-state magnetic
Thus, there is not a substantial differential light shift accu-quantum numbers are not conserved, as seen in the frame
mulated on the logical basis states. The small peak in fidelityransformation Eq(17). Only in the limit of point dipoles
atA~1000" corresponds to detuning between the hyperfingjpes the BF axis coincide with the SF axis where the light-
splitting of the asymptotic excited states. The wave-packegpit interaction for am-polarized laser either conserves or
separation needed to avoid photon scattering at this det“””@(changes the quantum numbets . The issue of minimiz-
is too Iarge to y|E|d a hlgh fldellty At Iarger detunings |ng Ieakage is discussed in detail ﬂ&] As shown in Eq.
>2Vi(Syy), the fidelity shows a gradual improvement with (14 the allowed transitions must conserve the total mag-
increased detuning. This can be understood from the fact thaf.s;c quantum number. Off-diagonal transitions that change
the largest scatte_ring rate scales a&zlldecre_asing ;Iightly the individualmg but preserveM,, are suppressed by the
faster than the differences of the coherent light shifts. state-dependent nature of the optical lattice trap. For deep
There are several constraints that must be sa_t|sf|ed for ”\ﬁells, the potentials near the minima are approximately har-
model presented here to be self-consistent. First, the gaj@onic, and the spatial overlaps between ground-state wave
time must be short compared to the time to scatter a photoR, .\ ~iions of the different spinor componeri™MF) expo-
Our analysis accounts only for possible scattering from th(ﬁentially decrease with wave-packet separafion the de-
catalysis and completely neglects spontaneous emission frof;jq form, sed21]). Because the dipole-dipole interaction

the optical Ifatncr(]a. \INe.thus requt;re that”the atom|cdsaturr]at|o onservesM; any transition by one atom must be accom-
parameter for the lattice must be small compared to that of ;e py a corresponding transition in the other, e.g., from

the catalysis. This puts a constraint on the peak intensity anﬁi]e logical [11) state |¢2,1>®|¢2,—1>H|¢2,2>®|¢2,—2>
0 0 0 0 '

detuning of the lattice and catalysis accordingfti, /A where the subscript denotes the vibrational quantum number.

<I./AZ, where we use the fact that the lattice is blue de_‘l‘hus the off-diagonal coupling is suppressed by a factor
tuned, so that atoms are trapped at the nodes of the stand|r<1 g,2| z/fﬁ’l><¢/§"2| ¢§,71>:|<¢%,2| lpg,l>|2' Figure 4b) shows
waves where the scattering is suppressed by the Lamb-Dickg o of the spatial overlaps between the common external
factor »°. Second, we have assumed throughout that th

. , ! ; ! _“wave functions for the logical basis states of each species
dipole-dipole shift is a perturbation to the trapping potential. o5y angd neighboring external states. The worst case wave-
This is ensured by requiring the gate time to be much Iarge]r

ot . , unction overlap ig( 5% ¢3'1)[? and is negligible(<0.1) for
than the osc_;lllatlon period of }he trapy 27/ wosc. We write separationskAz>0.38, which at the localization;=0.05
the gate time asrt=w/(&0)=2mlo/(1.£l"), where &

ST i corresponds to separatiodz>7.6z,. An additional barrier
=ReEgtE11—2Eo ]/ (A1) is the strength of the differen- 4 |eakage is the energy gap between ground vibrational
tial ground-s’;ate level shift in units of thg photon scatteringsiates of different internal states. As seen in Fig),4here is
rate on atomic resonancE,=I"l¢/(2lo) with Io the satura-  an effective longitudinal magnetic field due to the optical
tion intensity. Using the relatior wys=2V2UER/3 with  Iattice itself [20]. Provided the energy uncertainty of the
U, the maximum light shift induced by the latti¢20] and  dipole-dipole interaction is much less than the energy gap

Er the recoil energy, we obtain the constraint AE, or 4/ 7<AE, where 7 is the gate time, transitions to
neighboring ground vibrational states are off resonance.
o Ac 2 0. 1{wese\ (o There can be appreciable coupling between initial ground
A S TE T )L (18)  states and the excited vibrational states of neighboring wells

at separations where the two energies are degenerate. An
example of such a degeneracy occurs for a localizatjon

find that at a well separatiokAz=0.15 the fidelity is maxi- =0.05and a_well separation kz=0.117. "_1 this casejlthe
mum and £=3.5x10 7. Under these circumstances, Eq. ©Verlap amplitude between the ground motional stetfe ™)

(18) can be satisfied for the experimentally achievable paf’mdF t?e Fneazrly degenerate first excited motional state is
rameterd | = 10 .= 3.2x 10°l , andA, = 10°T, which would ~ K#p' " |¢; !~ 9)[?=0.37. Itisthus necessary to separate the
result in a gate speed 7 0.1(wy/27) =144 kHz. atoms sulfficiently that these leakage channels are minimized
In the above calculation of fidelity, imperfect operation while maintaining large differential level shifts on the logical
arose solely from spontaneous emission of the excited qudasis states.
simolecule. There are, of course, many other sources that The effect of off-diagonal leakage on the fidelity is shown
degrade performance, even if one neglects technical erron Fig. 5, which shows a sharp drop at small separations.
For example, off-diagonal couplings, both within and outsideThis plot also shows the extreme sensitivity of the fidelity to
the computational basis, correspond to errors indhease  atomic localization. As the atoms are more tightly trapped,
gate. The latter is typically referred to as “leakage.” Off- the wave packets can be brought closer together before sig-
diagonal transitions can be induced by the dipole-dipole innificant overlap with Condon points occurs. For a localiza-
teraction or through ground-state scattering. We focus first otion »=0.05, and at the detuning=10T", the peak fidelity
the former mechanism and show how it can be suppressed iy 7=0.925 atkAz=0.15. At the same detuning but at the
the geometry of the trapping potential to a degree that affordbcalization »=0.01, the peak fidelity isF=0.987 atkAz

For the parameterEg=%1/1500, »=0.05, A,=10'T, we
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FIG. 5. Calculated fidelity, including loss from photon scattering
and leakage, for apHASEgate. The plots show fidelity at the laser
detuningA = 10T for the indicated localizations as a function of
wave-packet separation in units of rms width for each localization.
For comparison, the dashed line shows the calculated fidelity at
=0.05 when leakage is not included in the model.

K w)

The spin-exchange teri, originates from the Heisenberg
interaction for electrons and arises when the charge of the
two atomic clouds begins to overlap. This occurs only for
.5 kr=0.02 and therefore does not play a role in the current
situation. The second terdp describes magnetic dipole-

ipole interaction of the electron
FIG. 4. State-dependent trapping in an optical lattice and supEj pole interaction of the electrons,

pression of leakagga) Trapping potentials for the localization MZ
=0.05. The left and right displaced solid lines correspond to trap- VD:—§[5-Q. &B—S(r o) (T, 1)], (20
ping for the statesK ; ,mg=%*1) and F, ;,mg=*1), respec- r

tively, the long-dashed lines to stateB,(me=2) and §;,mg . .
——2), and the short-dashed line to statés (,ms=0). (b) The where . is the electron Bohr magneton. The last contribu-

wave-function overlap between ground vibrational states of differ-tlon Vsols t.?e sgcong—order Spm_orblt. mteractpn, WT:Ch Ish

ent internal states falls off exponentially with increasing well sepa-d_ue to mOd,' ication o gr.ound-state Spin interactions t .roug

ration Az. The short-dashed line shows the overldg' y£t) distant excited electronic states of the molecule. This last
. Fil  Fol R R term also has exponential character and has its dominant

the solid line(y,""#,'"), and the long-dashed lingy, "¢, ""). ; : .

The vertical dashed line indicates the separatidrz=0.38 at character at even smaller mtgratomlc separation Vg’gn

which the largest overlap Kyf' 2| yf HE=0.1 ' For atoms with nuclear spin that are not necessarily pre-

9 PitYo 1Yo e pared in spin-polarized statfs,mg= = F), the potentiaV,

B ) ) depends on the multiple scattering lengths associated with
=0.078. Such an improvement comes at the cost of increasgle pyperfine sublevels. The actual functional form of the

laser trapping power as the localization ff/i"es weakly withyy change interaction for alkali-metal atoms can be estimated
the reciprocal of the trapping intensity~ 1, - using the formulas given if23]. Perturbation theory shows

In addition to photon scattering and coherent off-diagonatnat this interaction is negligible in the current situation. The
leakage induced by the catalysis, there are various groungch weakeNso plays an even less important role.
state collisional processes that can further reduce the fidelity. The dipolar interaction/ has a long range but the cal-
For example, elastic ground-state collisions, which are at theyation of its strength can be simplified by invoking the
heart of the proposal discussed[8l, have the undesirable ¢ongtraint that the optical lattice suppresses transitions to
effect here of introducing phase decoherence and addltlonﬂl]agnetic states trapped in wells separated in space and en-

coherent leakage channels. Inelastic collisions produce Simb‘rgy. In particular, if we invoke the selection rueM =0
lar detrimental effects and/or can kick the atoms out of thgnen,

trap altogether. These processes typically occur at inter-

nuclear separations that are much smaller than those required 2u

for our protocol. We can estimate the strength of collision Vo=~ —3 P2(C0S0) 0404, (21)
rates by examining the dominant ground-state interactions

between two spin-1/2 alkali-metal atoms. At low energieshere ¢ is the angle between the internuclear veataand

the relevant interatomic potential can be writtern 22| the spin quantization axis. Using the Lanpi®jection theo-
rem, we findo ,,0 5,= e oOr gMrMe 5, Where the Landg
V(r)=VgtVp+Vgo. (190 factors gg=+*1/F; for F). Our logical basis, Eq(1),
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stores atoms in pairs of states with opposite-gjidactors or  perfine molecular structure of interacting alkali-metal atoms,
mg numbers meaning that all logical states experience & is shown that the universaPHASE gate can be executed
common shift fromVy. Thus, this interaction does not de- with high fidelity given the constraints on the system such as
grade our gate protocol. localization and losses from photon scattering, leakage, and
A final source of decoherence can arise from excitation otollisions. The specific trapping system of the optical lattice
motional degrees of freedom outside the computational basffers flexibility in terms of designing atomic wave packets
sis. For positive catalysis detunings, the atoms are excited t@ith adjustable interatomic separations, and the introduction
repulsive states which can reshape the wave packets over thé a catalysis laser allows the creation of “on-demand” en-
time of the gate and then couple to higher trap vibrationatanglement of the atoms.
states in the ground-electronic manifold. As discussed in Sec. Much of this research falls under the realm of molecular
11, these effects are highly suppressed because of the energpherent control and in particular demonstrates the use of
gap provided by the trapped vibrational levels. Corrections tdaser-trapped atoms to probe dimer dynamics. The ability to
this model would require us to numerically integrate themove pairs of tightly bound atomic wave packets together,
time-dependent evolution of the spinor wave packets for thénteract the atoms, and measure the output state can be an
two atoms in three dimensions—a nontrival task. If correc-important diagnostic tool to study the effects of ground-
tions are substantial for a specific geometry, it may be posground- and ground-excited-state collisions. In particular, the
sible to design a gate that would be tolerant to motionakbility to use the geometry of a trapping potential such as the
excitation without the introduction of phase decoherenceoptical lattice to constrain coherent leakage outside a well-
For instance, in the context of the ion trap, quantum gateslefined logical basis has considerable promise for the study
acting between two ions and a common vibrational bus modand control of molecular interactions.
generally entangle motional and internal degrees of freedom
during the interaction. Mglmer and Sgrensf¥] have
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