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Quantum logic for trapped atoms via molecular hyperfine interactions
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We study the deterministic entanglement of a pair of neutral atoms trapped in an optical lattice by coupling
to excited-state molecular hyperfine potentials. Information can be encoded in the ground-state hyperfine levels
and processed by bringing atoms together pairwise to perform quantum logical operations through induced
electric dipole-dipole interactions. The possibility of executing both diagonal- and exchange-type entangling
gates is demonstrated for two three-level atoms and a figure of merit is derived for the fidelity of entanglement.
The fidelity for executing aCPHASE gate is calculated for two87Rb atoms, including hyperfine structure and
finite atomic localization. The main source of decoherence is spontaneous emission, which can be minimized
for interaction times fast compared to the scattering rate and for sufficiently separated atomic wave packets.
Additionally, coherent couplings to states outside the logical basis can be constrained by the state-dependent
trapping potential.
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I. INTRODUCTION

Over the last few decades tremendous progress has
made in coherent control and manipulation of individu
quantum systems in atomic, molecular, and optical~AMO!
physics. Motivated primarily by the goal of improving pre
cision measurement and noise reduction, as well as tes
the foundations of quantum theory, quantum opticians h
developed a variety of methods and systems@1#, including
laser cooling of atoms, ion traps, optical lattices, cav
QED, atom interferometers, and correlated photon sour
Simultaneously, physical chemists have been perfecting t
niques for coherent control of molecular reactions and ot
complex systems via ultrafast laser spectroscopy@2#. Today,
these varieties of tools are converging on a differ
problem—quantum information processing~QIP! @3,4#. The
ability to coherently control a many-body system has gr
potential for additional paradigms in computation, commu
cation, and precision measurement. The unique propertie
AMO physical systems make them the ideal arena for imp
menting these ideas.

One particularly attractive system in this context is las
cooled and trapped neutral atoms. Of crucial importanc
the ability to perform deterministic entanglement via tw
atom interactions~e.g., a controlled-NOT quantum logic
gate!. This has been discussed for several different dyna
cal interactions such as ground-state collisions of atoms@5,6#
and induced electric dipole-dipole interactions@7,8#, includ-
ing highly excited Rydberg states@9#. The common goal of
these proposals is to design a protocol with a flexible tr
ping architecture, a means to encode quantum informatio
the atoms, an ability to carry out quantum logic via atom
interaction with minimal loss of information to the decohe
ing environment, and a faithful read-out protocol.

While the impetus for much of this research has been
pursuit of multiparticle entanglement for QIP, the search
such encodings and two-body interactions yields insight i
1050-2947/2002/65~2!/022313~9!/$20.00 65 0223
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areas of research that unite ideas of atomic and molec
physics, and coherent chemistry. An example of researc
this area is ‘‘superchemistry,’’ where coherent coupling b
tween two separated atoms and molecular dimer states
been observed in a Bose-Einstein condensate@10#. The goal
of coherent control of a molecular dimer can be put in on
to-one correspondence with the problem of implement
two-qubit quantum logic gates, as we will show below.

We study here alkali-metal atoms in tight traps that int
act pairwise by induced dipole-dipole interactions in a f
off-resonance bulk three-dimensional~3D! optical lattice.
Various other trapping schemes such as magnetic@11# or
optical microtraps@12# might be used as such technologi
mature. As described in@8#, a suitable geometry consists o
independent linearly polarized standing waves, of sligh
different frequencies along the three Cartesian axes wh
atoms are trapped at the nodes of blue-detuned stan
waves. Along a definedẑ axis ~quantization axis!, one can
vary the relative angleu between polarization vectors of th
counterpropagating beams, and the field decomposes intos6

standing waves whose nodes are separated byl~u/2p!. We
identify two ‘‘species’’ of atoms denoted~6!, which are
trapped in predominantlys6 light. A logical basis for each
species is defined:

u0&65uS1/2,~F↓ ,mF571!& ^ uc6&ext,

u1&65uS1/2,~F↑ ,mF561!& ^ uc6&ext, ~1!

whereuS1/2,(F,mF)& is a particular magnetic sublevel of th
ground hyperfine manifold~with F↑,↓5I 61/2!, I>3/2 is the
nuclear spin, anduc6&ext is the external coordinate wav
function for the~6! species@13#. For simplicity we assume
that each of the atoms is prepared in the ground motio
state of a locally isotropic trapping potential. As the las
polarization angle is varied fromu5p/2 to near 0°, atoms
prepared in these logical basis states will adiabatically foll
©2002 The American Physical Society13-1
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the movings6 standing waves and be brought together pa
wise. When the atoms are sufficiently close to one anot
one can apply an external pulse—which we refer to as
‘‘catalysis’’ field—inducing electric dipoles in the two atom
that are stronger than those induced by the trapping field,
causing the atoms to evolve in a nonseparable manner. A
the desired interaction time, the catalysis laser is turned
and the atoms are separated again. If the coherent intera
is strong enough, then the time to perform the entang
gate can be much shorter than incoherent processes su
photon scattering and inelastic two-body collisions. Und
these circumstances the gate can be executed with
fidelity.

This discussion assumes that the individual atoms m
tain their identical structure during the interaction. At sm
internuclear distances where the highest fidelity for tw
qubit operations occurs, a proper characterization of the
teraction of the catalysis with the two-atom system requ
us to consider themolecular spectrum. A molecular treat
ment has considerable complexity, especially when hyper
interactions are included in the description, but is essen
when we encode in terms of these quantum numbers.
goal here is to calculate the molecular potentials and osc
tor strengths of states that asymptotically connect
S1/2(F)1P1/2(F8) atoms ~we consider here87Rb, with I
53/2!. We begin in Sec. II by presenting a simplified mod
of the dipole-dipole interactions for three-level atoms. T
elucidates many of the important properties of the more
tailed and complete model presented in Sec. III. The res
characterizing the regime of optimal fidelity for producin
deterministic entanglement are discussed in Sec. IV an
summary is given in Sec. V.

II. SIMPLIFIED MODEL: THREE-LEVEL ATOMS

The essence of our system is to encode information in
ground electronic hyperfine states and induce interaction
tween the atoms by mixing in~via the catalysis pulse! a
small amplitude of excited electronic states. The simp
model that contains these elements consists of two at
~labeleda and b! each with three levels: a ‘‘ground-state
doublet basisug&5$u0&,u1&%, split by an energy\v01, and
an ‘‘excited state’’ue& with an ‘‘optical’’ energy difference
Ee2E05\ve0 , as illustrated in Fig. 1~a!. After tracing over
the vacuum modes in the Born-Markov approximation,
effective non-Hermitian Hamiltonian is@14# H5HA1HAL
1Hdd , consisting of the bare atomic Hamiltonian for a pa
of noninteracting atoms, atom-laser interaction, and dipo
dipole coupling. Taking the zero of energy atu0&, the first two
terms are

HA5@\v01u1&^1u2\~D1 iG/2!~c0
21c1

2!ue&^eu#a ^ 1b11a

^ @\v01u1&^1u2\~D1 iG/2!~c0
21c1

2!ue&^eu#b , ~2!

HAL52
\V

2 (
g50

1

~Dag
† 1Dbg

† !1H.c.,
02231
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whereD5vc2ve0 is the catalysis laser detuning,G andV
are the excited-state decay rate and Rabi frequency with
oscillator strength, andDxg

† 5cg (ue&^gu)x is the dimension-
less dipole raising operator for atomx5a,b connecting the
ground stateg50,1 to the excited state with oscillato
strengthcg ~taken to be real!. The dipole-dipole coupling
Hamiltonian is

Hdd5S Vc2 i
\Gc

2 D (
g,g850

1

~Dag
† Dbg81Dbg8

† Dag!, ~3!

whereVc is the coupling strength, which depends implicit
on r, andGc is the collective contribution to the decay rat
i.e., the degree to which the molecular decay rate is modi
from that of a free atom.

Partial diagonalization ofHA1Hdd , for Vc!\v01 yields
‘‘molecular eigenstates’’

$ u00&,u01&,u10&,u11&,uge&6[
uge&6ueg&

&
,uee&, ~4!

where g5$0,1%. In this basis, the Hamiltonian isH5H0
1HAL with

FIG. 1. Two three-level atoms excited by a catalysis pulse
frequencyvc . ~a! Separated noninteracting atoms.~b! Molecular
eigenstates on dipole-dipole coupling. The detuning catalysis f
molecular resonance at a fixed internuclear separation is indica
3-2
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QUANTUM LOGIC FOR TRAPPED ATOMS VIA . . . PHYSICAL REVIEW A65 022313
H05\v01~ u01&^01u1u10&^10u!12\01u11&^11u

22~\D1 i\G/2!uee&^eeu1~6c0
2Vc2 i\G06/2

2\D!u0e&66^0eu1~6c1
2Vc2 i\G16/22\D

1\v01!u1e&66^1eu6c0c1~Vc2 i\Gc/2!~ u0e&66

3^1eu1u1e&66^0eu!, ~5!

HAL52
\V

&
$c0@ u0e&1^00u1uee&1^0eu2 1

2 ~ u1e&2^01u

2u1e&2^10u!1 1
2 ~ u1e&1^01u1u1e&1^10u!#

1c1@ u1e&1^11u1uee&1^1eu1 1
2 ~ u0e&2^01u

2u0e&2^10u!1 1
2 ~ u0e&1^01u1u0e&1^10u!#1H.c.%.

The symmetric statesuge&1 are superradiant with linewidth
Gg15G1cg

2Gc , and couple tougg& and uee& with Rabi fre-

quencycg&V. The statesuge&2 are subradiant with line-
widths Gg25G2cg

2Gc . In the case of two two-level atoms
the subradiant state isdark to the atom-laser interaction. Fo
multilevel atoms, however, super- and subradiant state
Eq. ~4!, which are asymptotically split by the ground-sta
energy, are no longer eigenstates ofHA1Hdd . Rather, they
mix under the dipole-dipole interaction, and forVc;\v01
this mixing allows the degenerate ground statesu01&, u10& to
effectively interact. In the far-detuned or weak-field limit th
effects of the doubly exciteduee& can be ignored.

We consider level shifts induced on the ground sta
through adiabatic elimination of the excited states, valid
der the conditions of low saturation. The reduced no
Hermitian HamiltonianH8 is found for the dressed ground
state subspace to first order inVc /\v01:

H00,008 52c0
2L~d20,G01!,

H01,018 5c0
2L~d11,G12!/21c0

2L~d21,G11!/2

1c1
2L~d30,G02!/21c1

2L~d40,G01!/2,

H01,108 5c0
2L~d21,G11!/22c0

2L~d11,G12!/2

1c1
2L~d40,G01!/22c1

2L~d30,G02!/2, ~6!

H10,108 5H01,018 , H10,018 5H01,108 ,

H11,118 52c1
2L~d41,G11

!,

where the complex energy scale of the perturbation is

L~d,G!5
\uVu2

4~d1 iG/2!
, ~7a!

with ‘‘molecular’’ detunings

d1g5cg
2Vc /\1D, d2g52cg

2Vc /\1D,
02231
in

s
-
-

d3g5cg
2Vc /\1D1v01, d4g52cg

2Vc /\1D1v01
~7b!

@see Fig. 1~b!#. In the limit Vc→0 at infinite interatomic
separation, the exchange couplingH01,108 vanishes, and the
reduced Hamiltonian is separable, as expected. In this c
we recognize the real part ofL to be the atomic light shift
and the imaginary part the photon scattering rate. The n
separable interaction at finite interatomic separation lead
entanglement.

The dressed HamiltonianH8 can be used to create dete
ministic entanglement within the internal states of the t
atoms via the exchange interactionH01,108 . This is the case
studied in@15# for the dipole-dipole interaction between a
oms with zero nuclear spin and degenerate ground st
uS1/2,mS561/2&.

The dipole-dipole interactionH8 can also produce en
tanglement without swapping the states of the constitu
atoms. As we will discuss below, for real alkali-metal atom
trapped in an optical lattice the entanglement-based sw
ping can be strongly suppressed because of imperfect sp
wave-function overlap for these transitions. In this case
interaction is approximately diagonal and the univer
CPHASE @4# can be implemented by allowing the induce
dipoles to interact for a timet5\p/uRe@E001E1122E01#u,
whereEi j 5^ i , j uH8u i , j & are the complex diagonal matrix e
ements. Note that for a separable interactionEi j 5Ei1Ej ,
and thus the required gate time goes to infinity as expec

The probability that the desired entangling gate was s
cessfully performed can be measured by the fidelityF
5minui&z^ i uU

†Veffui&z2, whereU is the desired unitary trans
formation~hereCPHASE!, Veff is the nonunitary operator gen
erated by the effective Hamiltonian including decay for t
interaction, and the minimum is taken over all possible inp
states. For large enough atomic separations the domi
source of decoherence is from spontaneous emission, w
occurs from each state at a rateg i j 52 Im@Eij#. The fidelity
for the CPHASEgate in the worst-case scenario is

FCPHASE5exp@2~g i j !maxt#

5expS 2
2p max~ Im@Ei j # !

uRe@E00#1Re@E11#22 Re@E01#u
D

[e21/k, ~8!

where the figure of meritk is the ratio of the coherent-leve
shift to the spontaneous linewidth as described in our pre
ous analysis@8#.

We can analytically express exactly the behavior ofk ver-
sus the parameters of the two-atom problem, but the res
are more transparent under certain approximations. Spe
cally, given a ground-state splitting small compared to
laser detuning but large compared to the dipole-dipole c
pling, uDu@v01@uVcu/\, the figure of merit to first order in
v01/D is
3-3
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k'UVc~c0
22c1

2!

\p

3minFc0
21c1

2~2v01/D21!

c0
2~c0

221!
,
c0

2~2v01/D11!2c1
2

c1
2~c1

211! GU.
~9!

Operations to achieve the highest fidelity depend on the
tails of this model. It is evident that the figure of merit
very sensitive to the relative oscillator strengths and conta
a term that scales inversely with the detuning of the catal
laser from free atomic resonance. Thus the performanc
the gate depends both on geometry, through the interato
separationr sinceVc;1/r 3, and on the strength of the in
duced dipole moments.

The simplified model described in this section highligh
many important features of the dipole-dipole interaction
tween real alkali metals. Specifically, we find that under
adiabatic approximation the interaction allows couplin
which can change internal ground states, or if these
changes are suppressed, it can produce entanglement th
a diagonal interaction acting on the logical basis states
induces differential level shifts. This flexibility is an adva
tage when one wants a two-qubit gate with high fidel
There are several limitations to this model, however, t
require the inclusion of the internal structure of alkali-me
atoms.

First, the asymptotic argument yielding Eq.~9! describes
the behavior of the fidelity forweak dipole-dipole interac-
tions. However, we will see below that the region of be
fidelity for trapped alkali metals with hyperfine structure
Vc;\v01. Second, the above model treats the atoms
point particles, when in reality they are localized wave pa
ets with finite extent set by the trapping potentials. Th
there is always a finite probability for atoms to be separa
by a ‘‘Condon radius’’—the internuclear separation at whi
the catalysis is on resonance with one of the molecular
tentials. The Condon radius can be viewed as
intermolecular-dependent detuning that can lead to enha
spontaneous emission resulting from resonant molecular
citation. The design of the entangling gate must balance
need to bring the atoms close together in order to obta
large dipole-dipole interaction, while simultaneously ma
taining sufficient separation so that there is negligible pr
ability to be at a Condon radius. Finally, the three-lev
model treatsVc as a scalar when in fact the dipole-dipo
interaction depends on the orientation of the induced dipo
relative to the internuclear separation. In order to take th
important features into account, a more complete calcula
is required, as discussed in the next section.

III. MOLECULAR HYPERFINE STRUCTURE

An appropriate set of ‘‘good’’ quantum numbers for d
scribing the molecular potentials depends on the strength
the atom-atom interaction as a function of internuclear se
ration compared to the intra-atomic energy scales~e.g., opti-
cal S-P transitions, and fine or hyperfine interactions!. Our
02231
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description will be determined by a choice that gives the b
fidelity for performing quantum logic with the informatio
encoding according to Eq.~1!. In order to maintain the logi-
cal basis, we must preserve the ground-state hyperfine q
tum numbers. In our system, all interactions are media
through virtual transitions to the excitedS1P manifold
whose energy levels are shifted by the dipole-dipole inter
tion. We thus require that the dipole-dipole shift never
much greater than the ground-state hyperfine splitting at
distances spanned by the relative coordinate probability
tribution. At these separations theexcited-statehyperfine
structure of alkali-metal atoms is small relative to the dipo
dipole interaction and therefore the excited-state hyper
labels no longer represent good quantum numbers. We o
ate here at relatively large internuclear separations bey
Hund’s case~c! @16# conditions, where dipole-dipole shift
are small compared to spin-orbit coupling and large co
pared to hyperfine shifts. Because the dipole-dipole inter
tion induces mixing among the atomic orbitals, an atom
product basis set describing a given fine-structure asymp
is inappropriate.

We restrict our attention then to the molecular potenti
that asymptotically connect to the multiplet of hyperfine le
els associated with a given fine-structure manifold. For s
plicity we consider theD1 line in alkali metals,S1/21P1/2.
The Born-Oppenheimer Hamiltonian for these states
then be expressed as

HS1/21P1/2
5HS1/2

1HP1/2
1Hhf1Hdd , ~10!

where HS1/2
,HP1/2

,Hhf describe the energy levels of th
atomic orbitals, including the hyperfine interaction, a
Hdd5Vdd2 i\Gdd/2 is the dipole-dipole coupling in the nea
field,

Vdd5(
q

~21!qdaq
† db2q23da0

† db0

r 3 1H.c.,

Gdd5
G

2 (
q

~21!q~Daq
† Db2q1Dbq

† Da2q!,

~11!

where thedn are the actual electric dipole operators~with
dimensions! for each atom. Here the dipole operators a
described with a quantization axis along theinternuclear
~body-fixed! axis. Diagonalizing as a function ofr yields the
Born-Oppenheimer molecular potentials. In principle, E
~10! should also include rotational energy of the dimer,H rot

5 l̂ 2/(2mr2). Each partial-wave component in the groun
state will couple to the appropriate rotational states in
excited state. We ignore this effect for two reasons. First,
consider separated atoms such thatH rot!Hhf over the range
of probable internuclear separations. Thus, the manifold
rotational levels can be treated as nearly degenerate. Sec
we consider trapped atomsprepared in the vibrationa
ground state and we assume the light shift induced by
catalysis field to be a perturbation to the optical lattice. R
tations of the dimer would correspond to coherent couplin
3-4
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QUANTUM LOGIC FOR TRAPPED ATOMS VIA . . . PHYSICAL REVIEW A65 022313
to higher vibrational levels in the ground state, via mixi
with the excited states. These are suppressed by an en
gap equal to the trap oscillator energy. In other words,
ground-state wave-packet reshaping by adiabatic mix
with the untrapped motional states in the excited state
suppressed by the trapping potential. In this way the c
plings to higher rotational states in the excited-state mani
are effectively calculated as an incoherent sum over deg
erate eigenstates and can act only as an additional w
internuclear-dependent shift.

To find the molecular potentials and eigenstates, we s
with the asymptotic (r→`) basis of eigenstates. These a
symmetric and antisymmetric states with respect to excha
of the two atomic orbitals, denoted by the quantum num
n561,

uS1/2~F,mF!,P1/2~F8mF8!;n&

5
1

&
@ uS1/2~F,mF!&auP1/2~F8,mF8!&b

1nuP1/2~F8,mF8!&auS1/2~F,mF!&b], ~12!

with all magnetic quantum numbers defined with respec
the internuclear axis. In this basis the dipole-dipole inter
tion has the matrix representation

^S1/2~F jmF j !,P1/2~F j8mF8 j !;nuVdduS1/2~FimFi !,

3P1/2~Fi8mF8 i 8!;n&5n
2d2

r 3 A, ~13a!

whered is the reduced matrix element of the atomic dipo
operator, and the indicesi and j label the quantum number
for the initial and final states. The coefficientA accounts for
the angular momentum coupling for this tensor operator,

A5~21!Fi1F jA~2Fi11!~2F j11!H Fi I 1/2

1/2 1 F j
J

3H F j8 I 1/2

1/2 1 Fi
J (

q
c

mF j ,q,mF8i

F j ,1,Fi8 c
mFi ,q,mF8 j

Fi ,1,F j8

23c
mF j ,0,mF8 i

F j ,1,Fi8 c
mFi ,0,mF8 j

Fi ,1,F j8 , ~13b!

where the c’s are Clebsch-Gordan coefficientscm,q,m8
F,1,F8

5^Fm,1quF8m8&, and the terms in curly brackets a
Wigner 6j symbols. Ignoring rotational effects, the intera
tion obeys the selection rule

mFi1mF8 i5mF j1mF8 j[M tot ~14!

corresponding to conservation of the total magnetic pro
tion along the internuclear axis. This is required by Eq.~11!,
where Vdd is proportional to 1/r 3 times the second-ran
spherical harmonicY2

0. Further, Vdd is invariant under a
change of the sign ofM tot , amounting to invariance unde
interchange of the two atoms though the diatomic origin. T
excited-state eigenvalues and eigenvectors are calculate
02231
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diagonalizing Eq.~13! in blocks labeled byM tot andn. Note
that M tot is not conserved in the situation where rotation
excitation of the atomic fragments is not suppressed by
trapping potential.

We consider two87Rb atoms (I 53/2) driven by a cataly-
sis laser detuned from theD1 resonance 5S1/2→5P1/2. In
theS1/21P1/2 manifold, including hyperfine interactions wit
energy splittingVhf(S1/2)51263.4\G, Vhf(P1/2)5151.2\G
(G52p35.41 MHz), there are 128 properly symmetrize
atomic basis states. The resulting 128 molecular poten
are plotted in Fig. 2, and clearly correlate with the fo
asymptotic combinations of atomic hyperfine energy lev
as r→`, and to six Hund’s case~c! states forkr,0.05.

For weak saturation, we treat the dipole-dipole interact
as a perturbation to the trapping potential, and the excit
state molecular potentials can be adiabatically eliminat
Given a coupling strength defined by atomic Rabi frequen
V, the reduced ‘‘dressed’’ Hamiltonian in the ground-sta
basis~i,j! is

Hi j 5
\uVu2

4 K (
ue~r !&

cei* ~r !ce j~r !

de~r !1 ige~r !L
rel

. ~15!

The sum is taken over allue(r )&, the Born-Oppenheime
internal ‘‘molecular’’ states atr5rẑBF whereẑBF is the body-
fixed internuclear axis. The position-dependent molecular
cillator strengths, detunings, and decay rates are defined

cie~r !5^e~r !uDW †
•eW cu i &, de~r !5D2le~r !,

FIG. 2. Molecular potentials of theD1 line of 87Rb. For larger
the states asymptote to uncoupled atomic states, and for smalr to
the Hund’s case~c! states, as shown. Logicalu0& andu1&, encoded in
the internal statesS1/2(F51) andS1/2(F52), respectively, are ex-
cited by a catalysis laser, blue detuned from the transit
S1/2(F51)→P1/2(F51). The differential light shift on the logica
states leads to theCPHASEgate. The relative coordinate probabilit
distribution is shown for two atomic Gaussian wave packets of r
width z050.05|, separated byDz55.2z0 . By keeping the packets
separated, resonant excitation at the Condon radius is stro
suppressed.
3-5
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BRENNEN, DEUTSCH, AND WILLIAMS PHYSICAL REVIEW A65 022313
ge~r !5G/21^e~r !uGddue~r !&. ~16!

Here, eW c is the space-fixed catalysis polarization, t
‘‘atomic’’ detuning is defined with respect to theuS1/2,F
51&→uP1/2,F851& resonance, le(r ) are the Born-
Oppenheimer eigenvalues of Eq.~10! relative to the
S1/21P1/2 asymptote, andGdd is the near-field cooperativ
part of the decay defined in Eq.~11!.

The average in Eq.~15! is taken over the relative coord
nate probability distribution of the atomic pair. To calcula
this expression, it is necessary to integrate over all rela
orientations of the interatomic separationr with respect to
the space-fixed~SF! axis ẑ. Assuming a catalysis beamp
polarized with respect to the SF axis, the atomic grou
states uS1/2;(F,mF)&SF will couple to excited states
uP1/2;(F8,mF8)&SF, where we have usedm to denote the
magnetic quantum number with respect to the SF axis.
molecular eigenstates are calculated as linear combina
of product states quantized along thebody-fixed~BF! axis.
To calculate the expectation with the external coordin
wave function we perform a rotation or frame transformat
@17# on the excited molecular eigenstates to a SF basis
identical structure,

uS1/2~FmF!,P1/2~F8mF8!;n&BF

5 (
mF ,mF8

DmF ,mF

~F ! ~f,u,0!DmF8,mF8

~F8!

3~f,u,0!uS1/2~FmF!,P1/2~F8mF8!;n&SF,

~17!

where the arguments of the Wigner rotations matrices,~u, f!,
are polar angles between the internuclear coordinater and
the space-fixed axisẑ. Under this transformation,eW c

→eW c(r ) with components now defined relative toẑBF . The
integration then involves the product of a Gaussian for
relative coordinate of the separated atoms with polynom
of trigonometric functions, and can be carried out analy
cally.

IV. RESULTS AND DISCUSSION

Using the results from Sec. III we calculate the fidelityF,
defined in Eq.~8!, for performing a CPHASE gate using
trapped87Rb atoms. Figure 3 shows a surface plot ofF as a
function of catalysis laser detuning relative to atomic re
nanceD, and the separation between the atomic wave pa
etsDz, with localization parameterh[kz050.05, wherez0
is the rms width of the ground vibrational packet alongẑ. A
comparison with Fig. 2 shows that the region of best fide
occurs for internuclear separations whereVdd;Vhf . We cal-
culated the fidelity for positive detunings only because
treat the potentials coupled to in Eq.~15! as supporting a
continuum of states. At negative detunings, potentials
scale like21/r 3 support a finite number of bound states@18#.
An interesting question that we do not address here
whether one could reach higher fidelities by red-detuning
catalysis between bound states of the excited-state poten
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The effect of spontaneous decay for red detunings relativ
blue detunings is described in@19#. One additional complex-
ity with detuning to the red is the high density of boun
levels at detunings on the order ofv01, especially for the
heavier alkali metals.

The behavior of the fidelity depends on both the geome
of the separated atomic wave packets and the strength o
induced dipoles, and can be inferred from the results in F
3. According to Eq.~8!, high fidelity in our protocol requires
large differential energy level shifts of the logical basis sta
arising from the different detunings and oscillator streng
which couple the ground molecular potentials to the exci
molecular potentials. The bigger the differential shift, t
faster the gate, and the less chance for decoherence resu
from spontaneous emission. Such differential couplings
most prominent at small internuclear separations and la
detunings where the dipole-dipole coupling yields large sp
tings between the excited potentials. Of course the Con
points, the internuclear separations where the catalysis l
is resonant with one of the molecular potentials, should
avoided. To balance these two effects it is found that optim
fidelity for large detunings occurs at wave-packet separati
such that the Condon radius lies;1–3 rms widths outside
the peak of the relative coordinate wave function. Wav
packet separations closer than this are not plotted in Fig.
the atoms experience substantial decay and the adiabati
proximation no longer provides a valid description of t
wave function. At separations just beyond the optimal
gion, the range of internuclear radii yielding the largest d
ferential couplings lies in the tails of the relative coordina
wave function, and the fidelity drops exponentially as is ve
fied by fitting the fidelity toe21/k for large Dz. For even
larger separations, the wave packets look like point dipo
and the figure of merit falls off as 1/Dz3, as expected. This is
verified by fitting the fidelity toe21/k for largeDz.

The functional dependence of fidelity on detuning d
pends in a detailed way on the relative oscillator streng
and the ground-state splitting as presaged in the simple th
level model of Sec. II. Some features can be understood
qualitative manner. At detunings in the range 0,D

FIG. 3. Calculated fidelity, including loss from photon scatte
ing, for a CPHASEgate via laser-catalyzed interaction. FidelityF is
plotted as a function of wave-packet separationDz in units of rms
width h5kz050.05, and laser detuning in units of atomic natu
linewidth G.
3-6
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,2000G the fidelity is quite poor, reflecting the fact that th
Condon radii for these detunings correspond to very la
internuclear separations where the excited-state potential
weakly split when compared to the ground-state splitti
Thus, there is not a substantial differential light shift acc
mulated on the logical basis states. The small peak in fide
at D;1000G corresponds to detuning between the hyperfi
splitting of the asymptotic excited states. The wave-pac
separation needed to avoid photon scattering at this detu
is too large to yield a high fidelity. At larger detuningsD
.2Vhf(S1/2), the fidelity shows a gradual improvement wi
increased detuning. This can be understood from the fact
the largest scattering rate scales as 1/D2, decreasing slightly
faster than the differences of the coherent light shifts.

There are several constraints that must be satisfied fo
model presented here to be self-consistent. First, the
time must be short compared to the time to scatter a pho
Our analysis accounts only for possible scattering from
catalysis and completely neglects spontaneous emission
the optical lattice. We thus require that the atomic satura
parameter for the lattice must be small compared to tha
the catalysis. This puts a constraint on the peak intensity
detuning of the lattice and catalysis according toh2I L /DL

2

!I c /Dc
2, where we use the fact that the lattice is blue d

tuned, so that atoms are trapped at the nodes of the stan
waves where the scattering is suppressed by the Lamb-D
factor h2. Second, we have assumed throughout that
dipole-dipole shift is a perturbation to the trapping potent
This is ensured by requiring the gate time to be much lar
than the oscillation period of the trap,t@2p/vosc. We write
the gate time ast5p/(jGc8)52pI 0 /(I cjG), where j
[Re@E001E1122E01#/(\Gc8) is the strength of the differen
tial ground-state level shift in units of the photon scatter
rate on atomic resonance,Gc85GI c /(2I 0) with I 0 the satura-
tion intensity. Using the relation\vosc52A2U0ER/3 with
U0 the maximum light shift induced by the lattice@20# and
ER the recoil energy, we obtain the constraint

h2S Dc

DL
D 2

!
I c

I L
!

1

j S vosc

G D S I 0

I L
D . ~18!

For the parametersER5\G/1500, h50.05, Dc5104G, we
find that at a well separationkDz50.15 the fidelity is maxi-
mum and j>3.531027. Under these circumstances, E
~18! can be satisfied for the experimentally achievable
rametersI L510I c53.23106I 0 andDL5104G, which would
result in a gate speed 1/t>0.1(vosc/2p)5144 kHz.

In the above calculation of fidelity, imperfect operatio
arose solely from spontaneous emission of the excited q
simolecule. There are, of course, many other sources
degrade performance, even if one neglects technical e
For example, off-diagonal couplings, both within and outs
the computational basis, correspond to errors in theCPHASE

gate. The latter is typically referred to as ‘‘leakage.’’ Of
diagonal transitions can be induced by the dipole-dipole
teraction or through ground-state scattering. We focus firs
the former mechanism and show how it can be suppresse
the geometry of the trapping potential to a degree that affo
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sufficiently large overall gate fidelity. The discussion
ground-state collisions is deferred to later in this section.

It follows from the tensor form of the electric dipole
dipole interaction that the atomic ground-state magne
quantum numbers are not conserved, as seen in the fr
transformation Eq.~17!. Only in the limit of point dipoles
does the BF axis coincide with the SF axis where the lig
shift interaction for ap-polarized laser either conserves
exchanges the quantum numbersmFi . The issue of minimiz-
ing leakage is discussed in detail in@8#. As shown in Eq.
~14!, the allowed transitions must conserve the total m
netic quantum number. Off-diagonal transitions that chan
the individual mF but preserveM tot are suppressed by th
state-dependent nature of the optical lattice trap. For d
wells, the potentials near the minima are approximately h
monic, and the spatial overlaps between ground-state w
functions of the different spinor componentsuc F,MF& expo-
nentially decrease with wave-packet separation~for the de-
tailed form, see@21#!. Because the dipole-dipole interactio
conservesM tot any transition by one atom must be accom
panied by a corresponding transition in the other, e.g., fr
the logical u11& state uc0

2,1& ^ uc0
2,21&→uc0

2,2& ^ uc0
2,22&,

where the subscript denotes the vibrational quantum num
Thus the off-diagonal coupling is suppressed by a fac
^c0

2,2uc0
2,1&^c0

2,22uc0
2,21&5 z^c0

2,2uc0
2,1& z2. Figure 4~b! shows

graphs of the spatial overlaps between the common exte
wave functions for the logical basis states of each spe
atom and neighboring external states. The worst case w
function overlap isz^c0

2,2uc0
2,1& z2 and is negligible~,0.1! for

separationskDz.0.38, which at the localizationh50.05
corresponds to separationsDz.7.6z0 . An additional barrier
to leakage is the energy gap between ground vibratio
states of different internal states. As seen in Fig. 4~a!, there is
an effective longitudinal magnetic field due to the optic
lattice itself @20#. Provided the energy uncertainty of th
dipole-dipole interaction is much less than the energy g
DE, or \/t!DE, wheret is the gate time, transitions to
neighboring ground vibrational states are off resonan
There can be appreciable coupling between initial grou
states and the excited vibrational states of neighboring w
at separations where the two energies are degenerate
example of such a degeneracy occurs for a localizationh
50.05 and a well separation ofkDz50.117. In this case, the
overlap amplitude between the ground motional stateuc0

F↓,1
&

and the nearly degenerate first excited motional state
z^c0

F↓ ,1uc1
F↑ ,22

& z2>0.37. It isthus necessary to separate t
atoms sufficiently that these leakage channels are minim
while maintaining large differential level shifts on the logic
basis states.

The effect of off-diagonal leakage on the fidelity is show
in Fig. 5, which shows a sharp drop at small separatio
This plot also shows the extreme sensitivity of the fidelity
atomic localization. As the atoms are more tightly trapp
the wave packets can be brought closer together before
nificant overlap with Condon points occurs. For a localiz
tion h50.05, and at the detuningD5104G, the peak fidelity
is F50.925 atkDz50.15. At the same detuning but at th
localization h50.01, the peak fidelity isF50.987 atkDz
3-7
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50.078. Such an improvement comes at the cost of increa
laser trapping power as the localization scales weakly w
the reciprocal of the trapping intensityh;I trap

21/4.
In addition to photon scattering and coherent off-diago

leakage induced by the catalysis, there are various grou
state collisional processes that can further reduce the fide
For example, elastic ground-state collisions, which are at
heart of the proposal discussed in@6#, have the undesirable
effect here of introducing phase decoherence and additi
coherent leakage channels. Inelastic collisions produce s
lar detrimental effects and/or can kick the atoms out of
trap altogether. These processes typically occur at in
nuclear separations that are much smaller than those req
for our protocol. We can estimate the strength of collisi
rates by examining the dominant ground-state interacti
between two spin-1/2 alkali-metal atoms. At low energi
the relevant interatomic potential can be written as@22#

V~r !5Vse1VD1VSO. ~19!

FIG. 4. State-dependent trapping in an optical lattice and s
pression of leakage.~a! Trapping potentials for the localizationh
50.05. The left and right displaced solid lines correspond to tr
ping for the states (F↓,↑ ,mF561) and (F↓,↑ ,mF571), respec-
tively, the long-dashed lines to states (F↑ ,mF52) and (F↑ ,mF

522), and the short-dashed line to states (F↓,↑ ,mF50). ~b! The
wave-function overlap between ground vibrational states of dif
ent internal states falls off exponentially with increasing well se

ration Dz. The short-dashed line shows the overlaps^c0
F8,0uc0

F,1&,
the solid line^c0

F↓,1uc0
F↑,1

&, and the long-dashed linêc0
F↑,2uc0

F↑,1
&.

The vertical dashed line indicates the separationkDz50.38 at
which the largest overlap isz^c0

F↑ ,2uc0
F↑ ,1

& z250.1.
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The spin-exchange termVse originates from the Heisenber
interaction for electrons and arises when the charge of
two atomic clouds begins to overlap. This occurs only
kr<0.02 and therefore does not play a role in the curr
situation. The second termVD describes magnetic dipole
dipole interaction of the electrons,

VD5
me

2

r 3 @sY a•sY b23~r•sY a!~sY a•r !#, ~20!

whereme is the electron Bohr magneton. The last contrib
tion VSO is the second-order spin-orbit interaction, which
due to modification of ground-state spin interactions throu
distant excited electronic states of the molecule. This
term also has exponential character and has its domi
character at even smaller interatomic separation thanVse.

For atoms with nuclear spin that are not necessarily p
pared in spin-polarized statesuF,mF56F&, the potentialVse
depends on the multiple scattering lengths associated
the hyperfine sublevels. The actual functional form of t
exchange interaction for alkali-metal atoms can be estima
using the formulas given in@23#. Perturbation theory show
that this interaction is negligible in the current situation. T
much weakerVSO plays an even less important role.

The dipolar interactionVD has a long range but the ca
culation of its strength can be simplified by invoking th
constraint that the optical lattice suppresses transitions
magnetic states trapped in wells separated in space and
ergy. In particular, if we invoke the selection ruleDM tot50
then

VD52
2me

2

r 3 P2~cosu!sazsbz , ~21!

whereu is the angle between the internuclear vectorr and
the spin quantization axis. Using the Lande´ projection theo-
rem, we findsazsbz5gFagFbmFamFb , where the Lande´ g
factors gF561/F↑ for F↑(↓) . Our logical basis, Eq.~1!,

p-

-

-
-

FIG. 5. Calculated fidelity, including loss from photon scatteri
and leakage, for aCPHASEgate. The plots show fidelity at the lase
detuningD5104G for the indicated localizations as a function o
wave-packet separation in units of rms width for each localizati
For comparison, the dashed line shows the calculated fidelity ah
50.05 when leakage is not included in the model.
3-8
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stores atoms in pairs of states with opposite-signg factors or
mF numbers meaning that all logical states experienc
common shift fromVD . Thus, this interaction does not de
grade our gate protocol.

A final source of decoherence can arise from excitation
motional degrees of freedom outside the computational
sis. For positive catalysis detunings, the atoms are excite
repulsive states which can reshape the wave packets ove
time of the gate and then couple to higher trap vibratio
states in the ground-electronic manifold. As discussed in S
III, these effects are highly suppressed because of the en
gap provided by the trapped vibrational levels. Correction
this model would require us to numerically integrate t
time-dependent evolution of the spinor wave packets for
two atoms in three dimensions—a nontrival task. If corre
tions are substantial for a specific geometry, it may be p
sible to design a gate that would be tolerant to motio
excitation without the introduction of phase decoheren
For instance, in the context of the ion trap, quantum ga
acting between two ions and a common vibrational bus m
generally entangle motional and internal degrees of freed
during the interaction. Mølmer and Sørenson@24# have
shown that they can be disentangled at the end of the gat
waiting the appropriate recurrence time for the harmonic
cillator states, leaving only entanglement between inter
states of the constituent ions.

V. SUMMARY

We have presented a realistic protocol for implement
quantum logic with laser-trapped neutral alkali-metal ato
using electric dipole-dipole interactions. Both diagonal a
exchange interactions can be designed to create enta
ment between internal degrees of freedom. Including the
-

v.
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perfine molecular structure of interacting alkali-metal atom
it is shown that the universalCPHASE gate can be execute
with high fidelity given the constraints on the system such
localization and losses from photon scattering, leakage,
collisions. The specific trapping system of the optical latt
offers flexibility in terms of designing atomic wave packe
with adjustable interatomic separations, and the introduc
of a catalysis laser allows the creation of ‘‘on-demand’’ e
tanglement of the atoms.

Much of this research falls under the realm of molecu
coherent control and in particular demonstrates the use
laser-trapped atoms to probe dimer dynamics. The ability
move pairs of tightly bound atomic wave packets togeth
interact the atoms, and measure the output state can b
important diagnostic tool to study the effects of groun
ground- and ground-excited-state collisions. In particular,
ability to use the geometry of a trapping potential such as
optical lattice to constrain coherent leakage outside a w
defined logical basis has considerable promise for the st
and control of molecular interactions.
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