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General scheme for superdense coding between multiparties
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Dense coding or superdense coding in the case of high-dimension quantum states between two parties and
multiparties is studied in this paper. We construct explicitly the measurement basis and the forms of the
single-body unitary operations corresponding to the basis chosen, and the rules for selecting the one-body
unitary operations in a multiparty case.
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Quantum dense coding or superdense coffigs one of To present our scheme more clearly, let us first begin with
the important branches of quantum-information theory. It haglense coding between two parties in three dimensions. The
been widely studied both in theory and in experimgng]. general Bell basis of the Hilbert space of two particles with
The basic idea of quantum dense coding is that quanturthree dimensions ig5,6]:
mechanics allows one to encode information in the quantum
states that is denser than classical coding. Bell-basis states |\I’nm>:; 23|\ @ |j +mmod 3/+/3, )

¥y=(]00)+|11))/v2,
| > (| > | >) \/— wheren,m,j=0,1,2. Explicitly,

[)=(100~[12)/2, [Woo)=(100)+(11)+[22))/1/3,
|67)=(|0D)+]10)/12, |W10)=(|00) + > 11) + &7 22))/3,
16~ y=(|0D) —|10)/\2, ) W20 =(00)+e* ™| 11) + 77 22)) 13,

are used in dense coding. Bell-basis states are in the Hilbert [Wop)=(|0D)+[12)+ |20>)/\/§'

space of two particles, each with two dimensions, and they

are the maximally entangled states. Suppose Alice and Bob W19 =(|01)+e*™"] 12>+e4w|/3|20>)/\/§'

share the maximally entangled stéde’ ). Bob then operates . .

locally on the particle he sharesmh>Alice, one of the four |W1)=(|01) + ™7 12>+92m/3|20>)/\/§'

unitary transformationd,oy,ioy,0,, and this will trans-

form | ¥ ") into |[¥+), |¢*), |¢~), and| ¥ ), respectively. W02 =(102)+]10)+|21))/1/3,

Bob sends his particle back to Alice. Because the four ma- . .

nipulations result in four orthogonal Bell states, four distin- |W12)=(]02) +e*™510) +e* 71" 21)) /13,
guishable messages, i.e., 2 bits of information, can then be _ _

obtained by Alice via collective measurement on the two W50 = (102 + e 10) + ™% 21)) /3. 3
particles. The scheme has been experimentally demonstrated i ) i

by Mattle et al. [3]. Superdense coding can be done in the following way. Sup-

With the realization of preparing high-dimension quantumP©S€ Alice and Bob share the maximally entangled state
state[4], it is of practical importance to study the high- |‘_lf00). Through simple calculation, it can be shown that the
dimensional aspects of various topics in quantum informaSingle-body operators
tion. For example, a multiparticle high-dimensional quantum 1
teleportation has been constructed receftly The telepor-
tation and quantum dense coding are closely related. In this Ug=|0
paper, we present a quantum dense coding scheme between 0
multiparties in an arbitrary high-dimensional Hilbert space.

As two-party dense coding is of primary importance, we first 1 0 0
present the two-party dense coding scheme in arbitrary high omi/3
dimensions. Then we present the general scheme for dense Uie=| 0 e 0
coding between multiparties using a high-dimensional state. 0 0 e

o — O
= O O
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1 0 0 (Unm)jj=€*™"98,0 i1 mmodd» (7)
U,=|0 e471'i/3 0 . L.
20 J where n,m,j=0,1,...d—1. The procedure for realizing
0 0 B dense coding in this high-dimensional case is similar to that
for the two-dimensional case: Alice and Bob share the state
0 O | ¥ o0, then Bob performs one of the operations in Efj.on
U 1 0 his particle and sends this particle back to Alice. Alice then
01~ , ; ; ; ;
performs a collective measurement in the basis states in Eq.
010 (6) to find out what Bob has done to the particle and hence
_ A3 reads out the encoded message. In this case, Alice gets
0 0 e log, d? bits of information by just making only one measure-
Up=|1 0 0 |, ment.
2mil3 0 Dense coding between two parties can be generalized into
- - multiparties Boseet al. [7] have generalized the Bennett-
- 0 273 Wiesner scheme of dense coding into multiparties in the qu-
bit system. The multiparty dense coding scheme can be un-
Uxy=l1 O (U derstood in the following way. There aké+ 1 users sharing
4T3 an (N+1)-particle maximally entangled state, possessing
i ) one particle each. Suppose that one of them, say user 1,
01 0 intends to receive messages from thether users. Thé&
senders mutually decidepriori to perform only certain uni-
Ugp=|0 0 ' tary operations on their particles. After performing their uni-
1 0O tary operations, each of thé senders sends his particle to
user 1. User 1 then performs a collective measurement on the
0 e™B 0 N+1 particles and identifies the state. Thus, he can learn
4il3 about the operation each of the otiNusers has performed.
Up,=|0 0 e , That i . . -
at is to say that a single measurement is sufficient to re-
1 0 0 veal the messages sent by all theisers. We now discuss the
) high-dimension generalization of this scenario. We also be-
0 e® 0 gin with an example with three particles in three dimensions.
Uy,=|0 0 €™k 4 We take the maximally entangled states as our basis,
1 0 0

will transform|W¥ o) into the corresponding states in E8),

respectively,

|k =2, e2™K3j)|j+nmod3)®|j+mmod3/3,
J
(8)

wheren,m,k=0,1, 2. More explicitly,

W0 =(/000 +|111) +[222)/13,
W) =(|00D)+|112 +[220)/13,
W62 =(1002 +[110 +[221)/13,

Unmlq,00>:|q}nm>- (5)

Bob operates on one of the above unitary transformations

and sends his particle back to Alice. Alice takes only one

measurement in the bagisV op),| V1), - . . | W22}, and she

will know what operation Bob has performed, that is, what

the messages are that Bob has encoded in the quantum state.

As a result, Alice gets logf bits of information through only

one measurement. It should be pointed out that Reck and

Zeilinger[8] have given the method by which to realize any

discrete unitary operators and the operators used here can be

constructed according to their protocol. Suppose Alice, Bob, and Claire share the maximally en-
It is straightforward to generalize the above protocol totangled state

arbitrarily high dimensions for two parties. We denote the

dimension agl. The general Bell-basis states are

|W2,)=(]022+e*"100) + 2™ /3211))/\3.  (9)

| W30 =(|000 +|111) +|222)//3,

6) and Bob and Claire hold particles 2 and 3, respectively. The
essential issue in dense coding is to find a limited number of
one-body operations that Bob and Claire can perform so that

where n,m,j=0,1,...d—1. Obviously, there exist one- the statd¥ ) is transformed into all possible states in Eq.

body operatorsU,, on Bob’s particle that satisfy (9). Meanwhile these operations have to be identified by

Unml P00 =|¥.m- The matrix elements of the unitary trans- Alice uniquely. If Bob and Claire are both allowed to per-

formationU,,,, may be explicitly written as form any of the nine operations in E@), the total number

(10

[V =2 €29}y ® |j+mmodd)/d,
]
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TABLE I. Transformation table fotJ ,(B)U/m (C) ¥ oo From the above example, we can generalize the scheme
into multiparty superdense coding in high dimensions. Sup-
Un'm (C) pose the dimension i@. We construct the following basis:
Unm(B) U00 UlO UZO UOl Ull U21 U02 U12 U22
n N\ 2ijn/d|; Do
Ugo ‘Pgo \I’cl)o ‘I’go ‘Pgl \Pél qf%l ‘sz \I’(l)z ‘1’32 |q,'1"2"""'\‘> ; € |J>®|J iz modd)
U Y5 Yoo Yoo o Y& W5 Vg W Yo o
Uxp W5 oo Voo Y& Yo ¥y W V5, Vg ® - - - ®/[j+iymodd) \/a: (11
UOl \Pgo \Ijio q’%o \pgl \Ijil qf%l \1,22 \IjiZ ‘P%Z .. . . 2
Un v w2 w0 vl ow? w0 wl w2 yo wheren,j,iq,io, ...,in=0,1,...d—1. The d° one-body

Uy W2, WO wi w2 wo wi wZ wl wyl unitary operations can be written explicitly as
(Unm)j’j:esznIdNﬁj’,j+mmodd1 (12)

wherej=0,1, ... d—1. Thus, if theN senders mutually de-
cide a priori that user 2 can perform all th@® one-body

of operations is %9=81, which is greater than the total operations in Eq(12), user 3 through usel+1 can only
number of the basis states in B§). Alice cannot identify ~perform thed one-body operationsy,,,, m=0,1,...d

the operations of Bob and Claire uniquely. Thus not all the—1. Then theN users can encode their messages by per-
operations are allowed, and some restriction has to be mad&rming their allowed operations on the particles at their dis-
In the qubit system, this problem is solved by allowing Bobposal and return the particles to user 1. After user 1 receives
to perform all four possible unitary operatiohso,, ioy, all the particles, he can then perform a single collective mea-
and o,, and Claire only performs any two of these opera-surement of all hi?N+ 1 particles so that he can read out the
tions. However, direct generalization of this rule needs caumessages thi users have encoded. In this way, teisers
tion. By a direct calculation, we find that allowing Bob to can send out logd**-bit messages and the receiver, user 1,
perform all nine operations and restricting Claire to perform-receives and identifies them with only one measurement.
ing any three of the nine operations will not always work. This is because th&l senders are allowed to perforaf
Look at Table I, where we have given the results of thexdx - --xd=dN*! different combinations of the one-body
operationsU,,(B)Up m (C) on |¥y0). Now allow Bob to  unitary operations on the initialN+ 1)-particle maximally
perform all nine unitary operations. Then from Table | we entangled state

see that the product of the nine operations of Bob with each

operation in the subsgtUqy,Uqq,U,o} of Claire can only [Woo...0=(]00...0+|11... D)

give nine of the 27 basis states in H§). This is evident
from Table I: the first three columns are just a rearrangement +ooHld-1d-1...d-1))/Vd, (13
g:/(t)he sSaL\]rQsegne 2?55 ;;?2{:’{;2?32?3 EtLrJlﬁ for ;?1(3 Oth\(/avrhile there ara™* ! orthogonal states in the Hilbert space of
{Ug2,U12,U,,}. Thus, Claire’s three operations can be cho—'\|+ 1 particles.

sen one from each of the three subsets arbitrarily. One such In summary, we have given gef‘efa' sch_er_nes for m'ultl—
set is the three-operatiod,,, with n=0: Uy, Ugy, and party high-dimensional dense coding. Explicit expressions
- nm - VY. 00 Yo1,

Ug,. Other combinations are also possible. For convenienc for the measuring basis and the forms of the one-body uni-

i : . - l?ary transformation operators have been constructed. In par-
we can simply choose this subsét,,, with n=0} as the . :
. ) ticular, the operations allowed for users 3 throdgmust be
allowed operations of Claire.

With the identification of the allowed operations, say, BobChosen carefully.

. : . ; Note added in proofRecently, it was brought to our at-
is allowed to perform all nine unitary transformations and . : . . X

o ) tention that the capacity of multiparticle qubit channel dense
Claire is allowed to perform the three operatiddg,,, m

=0, 1, and 2, the three-party dense coding can be done ea%(-)Ollng has been studied in R¢8)]

ily. Bob and Claire perform their operations on their respec- This work was supported by the Major State Basic Re-

tive particles and return the particles to Alice. When Alice search Developed Program, Grant No. G200077400, the
receives the operated on particles from Bob and Claire, sh€hina National Natural Science Foundation, Grant No.

can find the messages Bob and Claire have encoded by jus0073009, the Fok Ying Tung Education Foundation, and the
one measurement in the basis of Eg). That is, Alice gets  Excellent Young University Teachers’ Fund of the Education

log, 27 bits of information with a single measurement. Ministry of China.
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