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Microscopic model of semiconductor laser without inversion
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From a microscopic set of equations which takes into account spontaneous emission into lasing mode, we
derive a macroscopic quantum model of low-threshold semiconductor lasers that includes the parabolic band
structure, Pauli blocking of the injection current, and the carrier distribution dependence on the temperature.
This model confirms the predictions of lasing without inversion and inversionless intensity squeezing, that
were previously made by Yamamoto and co-authors on the basis of a semiclassical two-level approach. In
addition, our analysis demonstrates the existence of an optimum temperature value that minimizes the injection
current necessary to obtain lasing and intensity squeezing.
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I. INTRODUCTION

The concept of lasing without inversion~LWI ! has often
been proposed in connection with three- or four-level atom
systems involving a field trapped state that interacts w
external coherent radiation as well as with an incoher
pump @1#. This approach, however, seems to be in disagr
ment with the fundamental idea that lasing must develop
self-organizing process that creates a coherent field sta
from an incoherent energy pump, without the need of a
external source of coherence@2,3#. The following question
therefore arises: In the absence of any external coher
source, is inversion indeed necessary for lasing? If the
swer is positive there will be no way to obtain laser gene
tion in all those materials that do not allow for populatio
inversion. In the opposite case it will be possible, at leas
certain conditions, to achieve lasing even from inversionl
media.

In @4# it was pointed out that LWI may be obtained fro
a semiconductor device, under the constraint that a suffic
fraction of spontaneous emission enters the lasing mod
close relation between lasing without inversion and lo
threshold lasing was also demonstrated. Low-threshold
ing has been intensively studied in recent years both th
retically @5# and experimentally@6# for several kinds of laser
such as vertical cavity surface emitting semiconductor las
~VCSELs!, heterostructure diode lasers, microdroplets, hi
Q Fabry-Pe´rot microcavity lasers, and microsphere lase
Threshold reduction in semiconductor lasers is very imp
tant for practical applications, since it helps to decrease
injection current and thus to reduce energy losses and t
mal heating. Also, the reduction of intensity noise in the la
beam would be highly desirable for the purposes of inform
tion transmission and elaboration in optical networks, bu
is well known that intensity noise in quietly pumped sem
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conductor lasers can be suppressed below the shot n
level ~intensity squeezing! only well above the laser thresh
old @7–9#. This high-pump condition contrasts with the r
quirement of small losses and heating, but the trade-off
appears if inversionless lasing is accompanied by inten
squeezing at low pump level. This possibility was confirm
by the well-known analysis of low-threshold semiconduc
lasers carried out in@4#. The research was based on a sem
classical two-level rate equation model, which deals with
noise by using classical Langevin forces and takes into
count spontaneous emission into the lasing mode by me
of the phenomenological parameterb @10#, which is the ratio
of the spontaneous emission rate into the lasing mode to
into free space. Such a model, while providing a clear und
standing of the physical nature of thresholdless lasing,
avoidably misses several quantum aspects of the prob
such as, for example, the pump blocking induced by
Pauli exclusion principle. In addition, it is unable to take in
account some important features of semiconductor las
such as the band structure and the dependence of the c
distribution on the temperature. Moreover, the results
scribed in@4# deviate from the semiclassical limit of a rigo
ous quantum-mechanical model of thresholdless lasing
system of two-level atoms@11#.

All of these considerations make the generalization of
thresholdless semiconductor laser model originally presen
in @4# a topical theoretical problem. However, a comple
quantum-mechanical analysis unavoidably presents a lev
complication much higher than that of the basic two-lev
model. In particular, it is quite difficult to carry out a micro
scopic analysis of the thresholdless semiconductor la
keeping all its features and, in the meanwhile, presenting
results in a reasonably compact form, so that they can
employed in practical applications. The aim of this paper
to present research that consolidates and extends the re
of @4#, with an effort to keep the basic quantum equations
simple as possible. It is well known that a considera
source of difficulties when dealing with a quantum
©2001 The American Physical Society01-1
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I. E. PROTSENKO AND M. TRAVAGNIN PHYSICAL REVIEW A65 013801
mechanical description of semiconductor lasers is carr
carrier interaction. Technically, this interaction can be tak
into account by means of a hierarchy of coupled equati
@12#, an approach unavoidable when one deals with ma
body effects like nonlinear excitonic emission or second
emission after very short pulse excitation@13#. On the other
hand, the influence of carrier-carrier interactions on the no
properties of semiconductor lasers is still an open quest
summarizing and commenting on the results published
several papers~ @14#!, the authors of@15# point out the dif-
ficulty of handling the memory effects arising from the no
equilibrium Green function that solves the many-body pro
lem, and admit that these effects are usually neglected
@16–18# carrier scattering was taken into account by me
of a damping term in the microscopic equation for the car
distribution, and it was concluded that it does not affect
ther the intensity or the phase noise spectrum. In a v
recent paper the standard macroscopic Yamamoto appr
was employed very fruitfully to analyze the possible coex
ence of squeezing and thermal noise@19#. Our research and
that described in@19# are in many respects complementa
since they study the impact on squeezing of carrier temp
ture and of thermal noise, respectively. Another basic
sumption of the present paper is the spatial homogeneit
the laser under investigation. As a first approximation suc
limitation holds for small area devices, but it prevents t
study of the spatial coherence of spontaneous emiss
whose impact has been clarified by the research reporte
@15#.

In this paper we present a quantum analysis of thresh
less semiconductor laser starting from the microscopic~i.e.,
resolved in the electronic wave vectork) set of quantum
equations presented and studied in@16–18#, and proceed to
the formal derivation of quantum rate equations by tak
into account spontaneous emission into the laser mo
which was previously neglected. The derivation of the qu
tum macroscopic rate equations is shown in Sec. II, and
Sec. III the dependence of the coupling efficiencyb on the
laser parameters is described. In the following Sec. IV
laser stationary state is determined, and in Sec. V the z
frequency intensity noise is found. The results are sum
rized and discussed in the final Sec. VI. Our estimations
made for parameter values typical of microcavity VCSEL
because of the great importance of these lasers for infor
tion technology applications.

II. THE MACROSCOPIC RATE EQUATIONS

In this section we derive the operatorial rate equatio
that describe a single-mode semiconductor laser, taking
account the contribution of spontaneous emission into
lasing mode. Our starting point is the set of microsco
operator equations introduced in@16–18# for the laser field
Â, the material polarizationŝk , the electron and hole distri
butions n̂ak (a5e,h), and the total carrier populationN̂a

5(kn̂ak . To each one of these operators is associate
Langevin noise termF̂Ô , Ô5Â,ŝk ,n̂ak ,N̂a , so that the re-
sulting set of equations reads
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dÂ

dt
52@k1 i ~V2n!#Â2 i(

k
gk* ŝk1F̂Â , ~1a!

dŝk

dt
52@g1 i ~vk2n!#ŝk1 igkÂ~ n̂ek1n̂hk21!1F̂ ŝk

,

~1b!

dn̂ak

dt
5gp

f pk

Np
~12n̂ek!~12n̂hk!2S 1

tnr
1

1

tsp
omD n̂ekn̂hk

2ga~ n̂ak2 f̂ ak!1 i ~gk* Â†ŝk2gkŝk
†Â!1F̂ n̂ak

,

~1c!

dN̂a

dt
5gp(

k

f pk

Np
~12n̂ek!~12n̂hk!2S 1

tnr
1

1

tsp
omD

3(
k

n̂ekn̂hk1 i(
k

~gk* Â†ŝk2gkŝk
†Â!1F̂N̂a

.

~1d!

In Eqs.~1! k, g, andga are the cavity field decay rate, th
polarization relaxation rate, and the relaxation rate of carr
toward the Fermi-Dirac quasiequilibrium distributionf̂ ak ,
respectively;V is the empty cavity mode frequency,n is the
lasing mode frequency,vk is the frequency associated wit
the radiative recombination of ak wave vector electron-hole
pair, andgk is the light-material coupling constant, with th
dimensions of 1/time;f pk andNp5(kf pk represent the dis-
tribution and the total number of carriers in the pump sour
respectively, while the pump parametergp is determined by
the macroscopic parameters of the electric circuit that dri
the laser.

The term(kn̂ekn̂hk /tnr represents nonradiative recomb
nation, while the term(kn̂ekn̂hk /tsp

om represents spontaneou
radiative recombination of carriers into all the field mod
except the lasing one. We stress that the term(kn̂ekn̂hk /tsp

om

does not include the spontaneous emission into the la
mode, because this particular contribution is taken into
count by the Hamiltonian part of Eqs.~1!. In the previous
analysis@16–18# spontaneous emission into the lasing mo
was neglected, because the focus was on the system sta
ary and noise behavior well above the lasing threshold. N
we refine that model by considering spontaneous emis
into the lasing mode and investigating its effects. With th
aim we determine the time derivative of the cavity phot
number operatorÎ[Â†Â,

dÎ

dt
5

dÂ†

dt
Â1Â†

dÂ

dt
, ~2!

and use Eqs.~1a,d! to obtain the macroscopic dynamic
equations that controlÎ and the carrier number in the activ
volume:
1-2
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MICROSCOPIC MODEL OF SEMICONDUCTOR LASER . . . PHYSICAL REVIEW A65 013801
dÎ

dt
522k Î 1 i(

k
~R̂k2R̂k

†!1F̂ Î , ~3a!

dN̂a

dt
5gp(

k

f pk

Np
~12n̂ek!~12n̂hk!2S 1

tnr
1

1

tsp
omD

3(
k

n̂ekn̂hk2 i(
k

~R̂k2R̂k
†!1F̂N̂a

, ~3b!

where we have defined the photon number noise operat

F̂ Î[F̂Â†Â1Â†F̂Â ~4!

and the field-medium coupling operator

R̂k[gkŝk
†Â. ~5!

We remark that, due to the conservation of total carrier nu
ber (kn̂ak5(k f̂ ak , the scattering term proportional toga is
not present in Eq.~3b!.

Note that the set of Eqs.~3! is incomplete, since the dy
namical evolution ofR̂k depends on the material polarizatio
ŝk , which in turn depends on the carrier distributionn̂ak . To
obtain a closed set of equations, we take the time deriva
of Eq. ~5!,

dR̂k

dt
5gkS dŝk

†

dt
Â1ŝk

† dÂ

dt
D , ~6!

and use Eqs.~1a,b! to obtain

dR̂k

dt
52~k1g1 idk!R̂k2 i ugku2Î ~ n̂ek1n̂hk21!

2 igk(
k8

gk8
* ŝk

†ŝk81F̂R̂k
. ~7!

In the above equation, we have defined

dk5V2vk ~8!

and introduced the noise operator

F̂R̂k
5gk~ F̂ ŝk

†
Â1ŝk

†F̂Â!. ~9!

Let us now examine the term(k8gk8
* ŝk

†ŝk8 that appears in

Eq. ~7!, and note that the relative phase of the operatorsŝk
†

andŝk8 with k85” k changes randomly withk andk8, so that
the contribution to the overall sum arising from the term
like ŝk

†ŝk8Þk averages to zero. We therefore obtain

(
k8

gk8
* ŝk

†ŝk8'gk* ŝk
†ŝk5gk* n̂ekn̂hk , ~10!

where the operatorial identityŝk
†ŝk[n̂ekn̂hk has been em-

ployed. By using Eq.~10!, Eq. ~7! takes the form
01380
-

e

dR̂k

dt
52~k1g1 idk!R̂k2 i ugku2Î ~ n̂ek1n̂hk21!

2 i ugku2n̂ekn̂hk1F̂R̂k
, ~11!

which makes it apparent thatR̂k evolves at the ratek1g. We
now recall that in semiconductor lasers in the cw regime
polarization decay rateg and the carrier scattering ratesga
are by far larger than all the other rates, namely, the fi
decay rate, the pump rate, and the nonradiative, spontane
and stimulated emission rates. This allows us both to eli
nateR̂k adiabatically and to assume intraband quasiequi
rium, so that from Eq.~11! we obtain, neglectingk!g,

R̂k5
2 i Î ugku2~ f̂ ek1 f̂ hk21!2 i ugku2 f̂ ekf̂ hk1F̂R̂k

g1 idk
. ~12!

The intraband quasiequilibrium carrier distribution follow
Fermi-Dirac statistics and is determined by

f̂ ak~N̂a!5
1

11e[Eak2ma(N̂a)]/(kBT)
, ~13!

whereT is the carrier temperature,kB the Boltzmann con-
stant, andEak5\2k2/(2ma), ma being the effective carrier
mass. The chemical potentialma(N̂a) is determined by the
relation

N̂a5(
k

f̂ ak . ~14!

Substituting Eq.~12! in Eqs.~3!, we obtain a set of equation
that involves only the macroscopic operatorsÎ and N̂a :

dÎ

dt
522k Î 1(

k

2g

g21dk
2

ugku2Î ~ f̂ ek1 f̂ hk21!

1(
k

2g

g21dk
2

ugku2 f̂ ekf̂ hk1F̂ Î1F̂R̂ , ~15a!

dN̂a

dt
5gp(

k

f pk

Np
~12 f̂ ek!~12 f̂ hk!2S 1

tnr
1

1

tsp
omD(k

f̂ ekf̂ hk

2(
k

2g

g21dk
2

ugku2 f̂ ekf̂ hk2(
k

2g

g21dk
2

ugku2

3 Î ~ f̂ ek1 f̂ hk21!1F̂N̂a
2F̂R̂ , ~15b!

where we introduced the macroscopic noise operator

F̂R̂[ i(
k

F̂R̂k

g1 idk
2 i(

k

F̂R̂
k
†

g2 idk
. ~16!
1-3
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I. E. PROTSENKO AND M. TRAVAGNIN PHYSICAL REVIEW A65 013801
We remark that the macroscopic set of Eqs.~15! is closed,
since the carrier distributionf̂ ak is determined by the tota
carrier numberN̂a via Eqs.~13! and ~14!.

For the sake of simplicity, from now on we will assum
that electrons and holes have the same massm, given by the
average

m5~me1mh!/2, ~17!

and define the total carrier number operator and the rela
noise operator as

N̂[~N̂e1N̂h!/2, ~18a!

F̂N̂[~ F̂N̂e
1F̂N̂h

!/2. ~18b!

We therefore obtain from Eqs.~15!

dÎ

dt
522k Î 1ĝÎ 1B̂lm1F̂ Î1F̂R̂ , ~19a!

dN̂

dt
5L̂2B̂nr2B̂om2B̂lm2ĝÎ 1F̂N̂2F̂R̂ , ~19b!

where the following definitions have been introduced:

L̂[gp(
k

f pk

Np
~12 f̂ ek!~12 f̂ hk!, ~20a!

B̂nr[
1

tnr
(

k
f̂ ekf̂ hk , ~20b!

B̂om[
1

tsp
om (

k
f̂ ekf̂ hk , ~20c!

B̂lm[(
k

2g

g21dk
2

ugku2 f̂ ekf̂ hk , ~20d!

ĝ[(
k

2g

g21dk
2

ugku2~ f̂ ek1 f̂ hk21!. ~20e!

Let us summarize the meaning of every symbol:L̂ repre-
sents the pump,B̂nr the nonradiative recombination,B̂om the
spontaneous emission in all the other field modes excep
lasing one,B̂lm the spontaneous emission in the lasing mo
and ĝ the laser gain.

III. THE CONTROL PARAMETER b

The expectation values of the operators relative to
photon and the carrier number are, respectively,

I[^ Î &, ~21a!

N[^N̂&. ~21b!
01380
ve

he
,

e

Under the assumption expressed by Eq.~17! we obtain

^ f̂ ek&[^ f̂ hk&[ f k~N![
1

11e[Ek2m(N)]/(kBT)
, ~22!

whereEk5\2k2/(2m).
Let us now definetsp as the total spontaneous emissi

time in the semiconductor material, which spans a typi
range of 1–3 ns@4#. It can easily be verified that the variatio
of ugku2 with k is much smoother than the variation of th
Fermi-Dirac distribution, so that in the summations appe
ing in Eqs.~20d,e! we can substituteugku2 by ug0u2, whereg0
is the light-material coupling coefficient for a transition fro
the bottom of the conduction band to the top of the valen
band, i.e., fork50. In agreement with@20#, the coupling
efficiencyb of spontaneous emission into the lasing mode
given by

b[
2ug0u2tsp

g
. ~23!

Thus, we can rewrite the spontaneous emission time rat
the collection of all the field modes except the lasing one
terms ofb andtsp :

1

tsp
om

5
12b

tsp
. ~24!

By means of Eq.~23! and Eq.~24!, we obtain from Eqs.~20!
the expectation values

L[^L̂&5gp(
k

f pk

Np
~12 f k!

2, ~25a!

Bnr[^B̂nr&5
1

tnr
(

k
f k

2 , ~25b!

Bom[^B̂om&5
12b

tsp
(

k
f k

2 , ~25c!

Blm[^B̂lm&5
b

tsp
(

k
Lkf k

2 , ~25d!

g[^ĝ&5
b

tsp
(

k
Lk~2 f k21!, ~25e!

where

Lk[
g2

g21dk
2

~26!

is the dimensionless Lorentzian function ofdk .

IV. THE STATIONARY STATE

The stationary values of the photon number in the la
cavity and of the carrier number in the active volume a
1-4
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MICROSCOPIC MODEL OF SEMICONDUCTOR LASER . . . PHYSICAL REVIEW A65 013801
determined by the stationary solution of the semiclass
system of equations

dI

dt
522kI 1gI1Blm, ~27a!

dN

dt
5L2Bnr2Bom2Blm2gI, ~27b!

which was obtained from Eqs.~19! by taking the expectation
values of the operators and factorizing them. The station
valueNst of the carrier number can be obtain numerically,
solving the nonlinear equation

~L2Bnr2Bom2Blm!~2k2g!2Blmg50, ~28!

which follows from Eqs.~27a,b! by setting the time deriva
tives to zero and eliminating the photon number. OnceNst
and thereforef k(Nst) is known, the stationary photon num
ber is given by

I st5
L2Bnr2Bom2Blm

g
. ~29!

The valueL th of the pumping threshold, as determined
semiclassical laser theory~‘‘semiclassical’’ threshold!, can be
found by settingI 50 in the stationary Eq.~27b!:

L th5Bnr1Bom1Blm. ~30!

In order to better characterize the deviations from semic
sical behavior we introduce the ratio

r[
L

L th
5

L

Bnr1Bom1Blm
. ~31!

The injection current is given by

J5eL, ~32!

wheree is the electron charge.
In Fig. 1~a! we have plotted on log-log scaleI st as a

function of the injection currentJ, for a temperature of 300 K
and three different values ofb, and the other parameter va
ues typical of VCSELs@21#. The solid lines correspond t
negligible nonradiative recombinations (tnr→`), while the
dashed lines correspond totnr520tsp . This figure is similar
to Fig. 1 of @4#, and the intersections with the lineI st51
correspond to the lasing thresholds, according to the de
tion adopted in that paper. Figure 1~b! shows the temperatur
dependence of these thresholds, in the casetnr520tsp . One
can observe that forb50.1 there is an increase of the thres
old for small temperatures, and a minimum that indicates
optimum temperature (;80 K) to achieve lasing with the
lowest possible injection current. We found that a minimu
exists also for 0.1,b,0.9, while for b.0.9 the lasing
threshold becomes almost independent of the temperatu

In Fig. 2~a! we have represented the stationary pho
number versus the normalized pumpr defined in Eq.~31!.
The parameters are the same as those employed in Fig.~a!,
01380
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and the plot is on a linear scale. By inspecting Fig. 2~a! one
can clearly identify a critical point, i.e., a value ofr for
which the slope ofI st(r ) abruptly changes. The critical poin
is always well defined, even whenb is close to 1; it ap-
proaches 0 asb→1, and 1 asb→0. This abrupt change in
the laser behavior may be identified as a phase trans
taking place as the parameterr is varied.

Looking back at Fig. 1~a! and comparing it with Fig. 2~a!
we can see that the definition of threshold according to@4#
suffers from two major drawbacks: the first one is that
depends on the arbitrary assumptionI st51, and the second
one is that asb approaches 1 it does not mark any app
ciable change in the laser behavior. Both these problems
removed if one refers to the pumping parameterr instead of
the injection currentJ.

Figure 2~b! displays the normalized inversiong/(2k) as a
function of r. One can see that forr ,1 the inversion is
negative, forr 51 it is zero, and only forr .1 does it be-
come positive, for every value ofb. The gain clamping con-
dition g52k is satisfied forr→`. The fact thatr 51 marks
the zero inversion point is another advantage of introduc
the parameterr. Comparing Fig. 2~a! with Fig. 2~b! we con-
clude that the critical value ofr is situated in the region

FIG. 1. ~a! Stationary photon number fortsp53 ns, average
massm50.09m0 , m0 being the free electron mass, active volum
2.5310213 cm3, g51013 s21, Np5N, f pk5 f k , k51011 s21.
The circles indicate the threshold determined according to the c
dition I st51. ~b! Temperature dependence of the lasing thresho
indicated by the circles in~a!.
1-5
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I. E. PROTSENKO AND M. TRAVAGNIN PHYSICAL REVIEW A65 013801
without inversion, even though forb50.1 the critical value
of r is very close to 1.

However, we recognize that even though the laser m
exhibit a phase transition at the critical value ofr, this is of
no help in the experimental determination of the las
threshold asb approaches 1. Indeed, whiler can easily be
derived from the theoretical model, it cannot be extrac
directly from the experimental data. To help in the expe
mental identification of the threshold also for lasing witho
inversion, we propose the approach described in Fig. 3~a!,
which was also independently adopted in@19#. Let us pro-
long the linear behavior ofI st(J), which is characteristic of
I st@1, to the intersection withI st50, and define this poin
as the lasing threshold. The number of photons at this thr
old is given by the intersection of the vertical segment w
the I st curve. One can see that the threshold, according
this definition, is close to the end of the intermediate reg
of the I st(J) curve between the nonlasing region~small
slope! and the ‘‘full-strength’’ lasing region~large slope!. On
the contrary, the threshold defined by the conditionI st51
and indicated in Fig. 3~a! by the squares, corresponds to t
very beginning of the intermediate region. The definiti
adopted in@19# and here has the advantage that it can
easily derived from the experimental data, it correspond
I st.1, and thus it is less affected by noise. It fails only in t
limiting case of negligible nonradiative processestnr→`
and b very close to 1, whenI st(J) becomes practically a
straight line starting from 0.

FIG. 2. ~a! Stationary photon numberI st as a function of the
normalized pump parameterr. The notation and the parameter va
ues are the same as in Fig. 1~a!. ~b! Normalized inversiong/(2k) as
a function of the normalized pumpr. The valuer 51 corresponds to
zero inversion for any value ofb.
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Figure 3~b! shows the temperature dependence of
threshold determined according to Fig. 3~a! ~dashed lines!
and the injection current at zero inversion~dot-dashed lines!.
The temperature dependence of the injection current at
inversion, not shown in Fig. 2~b! or Fig. 4~b! below, is the
same as in Fig. 3~b!. With the lasing threshold defined ac
cording to Fig. 3~a!, we do not have lasing without inversio
for b50.1 in the whole temperature range examined, wh
we have it forb50.9. This in contrast with Fig. 1~b!, which
predicts lasing without inversion even forb50.1.

For the purpose of comparing our model with that of@4#,
we note that Eqs.~27! can be formally reduced to equation
similar to Eqs.~2! and ~3! of @4# by setting in Eqs.~27! f k

2

' f k andLk'1. Such approximations are valid at least in t
low-temperature limit and for low enough threshold curre
Indeed, for low temperaturef k

2' f k , and nonzero contribu-
tions to the sum(kLkf k come only fromk<kF , wherekF is
the wave vector corresponding to the quasi-Fermi level
we now take into account that the cavity mode frequencyV
is bounded byVg<V,Vg1vkF

, whereVg is the band gap

FIG. 3. ~a! Stationary photon numberI st as a function of the
injection currentJ for tnr520tsp and two different values ofb. All
the other parameters are as in Fig. 1~a!. The points corresponding to
I st51 are indicated by boxes, those corresponding to our defini
of the laser threshold by empty circles, and those correspondin
zero inversion by full circles.~b! Temperature dependence of th
lasing threshold indicated by the empty circles in~a! ~dashed lines!
and of the injection current corresponding to zero inversion, in
cated by the full circles in~a! ~dash-dotted lines!.
1-6
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frequency, one can estimatedk
2<dF

2[(Vg2vkF
)2. The

smaller the threshold current, the smaller will be the popu
tion in the conduction band, the quasi-Fermi level, and c
sequently the term (Vg2vkF

)2. Therefore one can, in prin

ciple, satisfy the conditiondk
2<dF

2!g2, and accordingly se
Lk'1 in a laser with small enough threshold current. Su
posing this is the case, and neglecting pump blocking,
obtain

L5gp , ~33a!

Bnr'N/t nr, ~33b!

Bom'~12b!N/t sp, ~33c!

Blm'bN/t sp, ~33d!

g'~2b/t sp!~N2Nt!, ~33e!

whereN5(kf k and 2Nt5(kLk . We therefore obtain from
Eqs.~27!

dI

dt
522kI 1

2b

tsp
~N2Nt!I 1

b

tsp
N, ~34a!

FIG. 4. ~a! Zero-frequency intensity noise as a function of t
injection currentJ. Full circles correspond to zero inversion, emp
circles to squeezing threshold.~b! Temperature dependence of th
squeezing thresholds indicated in~a! as empty circles.
01380
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dN

dt
5gp2

N

t nr
2

N

t sp
2

2b

t sp
~N2Nt!I . ~34b!

To conclude, we have shown that, using the approximati
f k

2' f k andLk'1, the microscopic Eqs.~27! can be replaced
by a set of equations very similar to Eqs.~2! and ~3! of @4#,
with the only difference of an extra factor 2 in the stimulat
emission term. A set of equations identical to Eqs.~34! is
reported in@19#.

V. THE ZERO-FREQUENCY INTENSITY NOISE

To calculate the zero-frequency intensity noise we
back to Eqs.~19!, and separate the operatorsÎ andN̂ into the
mean value and a fluctuating part:

Î 5I 1d Î , ~35a!

N̂5N1dN̂. ~35b!

Then we linearize Eqs.~19! with respect tod Î anddN̂ and
obtain

dd Î

dt
52~2k2g!d Î 1~BN

lm1IgN!dN̂1F̂ Î1F̂R̂ ,

~36a!

ddN̂

dt
52gd Î 2~2LN1BN

nr1BN
om1BN

lm1IgN!

3dN̂1F̂N̂2F̂R̂ , ~36b!

where QN means]Q/]N. The field intensity fluctuations
d Î out in the output laser field are linked to the photon numb
fluctuations inside the cavity by the relation

d Î out52kd Î 2F̂ Î . ~37!

Taking the Fourier transform of Eqs.~36!, setting the Fourier
component frequencyv to zero, resolving the resulting set o
linear algebraic equations with respect to the zero-freque
Fourier component ofd Î , and inserting the result into Eq
~37!, we obtain

d Î v50
out 5@~2k2g!~2LN1BN

nr1BN
om1BN

lm1IgN!

1g~ IgN1BN
lm!#21@g~2LN1BN

nr1BN
om!F̂ Î

12k~2LN1BN
nr1BN

om!F̂R̂12k~ IgN1BN
lm!F̂N̂#.

~38!

From the stationary state solution of Eqs.~27!, it can be
noted that if spontaneous emission in the lasing mode
neglected theng becomes equal to 2k, and consequently in
Eq. ~38! 2k disappears from all the coefficients that multip
the noise operators.
1-7
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If thermal photons are neglected~otherwise see@19#! the
only significant noise diffusion coefficients take the form
~see Appendix and@17#!

2DÎ Î52kI , ~39a!

2DR̂R̂5
b

tsp
(

k
Lk@ I ~122 f k12 f k

2!1 f k
2#, ~39b!

2DN̂N̂5jL1Bnr1Bom, ~39c!

wherej must be set equal to zero under the assumption
quiet pump. With the help of Eqs.~38! and~39! we find that
the zero-frequency noise, normalized to the shot noise le
2kI , is

S~v50!5
^d Î v50

out d Î v50
out &

2kI

5@~2k2g!~2LN1BN
nr1BN

om1BN
lm1IgN!

1g~ IgN1BN
lm!#223Fg2~2LN1BN

nr1BN
om!2

1
2kb

tsp
~2LN1BN

nr1BN
om!2

3(
k

LkS 2 f k
222 f k111

f k
2

I D
1

2k

I
~ IgN1BN

lm!2~jL1Bnr1Bom!G . ~40!

Figure 4~a! displays the zero-frequency intensity noise d
termined by Eq.~40! as a function of the injection curren
under the assumption of a quiet pump. The values of all
parameters and the notation are the same as in Fig. 1~a!. For
the casetnr520tsp the empty circles indicate the squeezi
threshold, i.e., the value of the injection current at which
noise goes below the shot noise level. The full circles m
zero inversion points. It can be seen that squeezing ta
place for positive inversion whenb50.1, while there is
squeezing without inversion forb50.9 andb50.99. The
temperature dependence of the squeezing thresholds is
ted in Fig. 4~b!. A comparison between Fig. 1~b! and Fig.
4~b! reveals that the temperature behavior of the squee
threshold is similar to that of the lasing threshold. In partic
lar, we find that, ifb is not too big, there is an optimum
temperature at which squeezing can be obtained for a m
mum value of the injection current. Asb approaches 1, the
squeezing threshold becames essentially independent o
carrier temperature.

VI. CONCLUSIONS

In this study we derived the macroscopic dynamical eq
tions of a VCSEL, starting from a microscopic model th
takes into account spontaneous emission into the la
mode, pump blocking, and the temperature dependenc
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carrier distribution. Our analysis confirms that a low
threshold VCSEL may operate without inversion@4#. We
used the fractionb of spontaneous emission that enters t
lasing mode as a control parameter, and fixed the total sp
taneous emission timetsp to a value in the range commonl
reported in the literature. The specific values ofb and tsp
depend on the particular configuration of the VCSEL cav
and they can be calculated by taking into account the den
of the cavity field modes and the solid angle available
spontaneous emission@22,23#.

We investigated the temperature dependence of the l
threshold, determined according to@4# as the injection cur-
rent corresponding toI st51. We found that there exists
particular temperature that minimizes the lasing thresh
@see Fig. 1~a!#, at least ifb is not too close to 1. Forb'1
the threshold essentially does not depend on the tempera

As mentioned in@4#, the lasing threshold can be define
only approximately, because the intermediate region t
separates the nonlasing from the lasing regime enlargesb
approaches 1. However, as shown in Fig. 2~a!, a clear-cut
transition point can be identified if instead of the injectio
current we use the dimensionless pump parameterr, defined
as the ratio between the pump rate and the semiclas
threshold. Another advantage of introducing the normaliz
pumpr is that the valuer 51 separates, for all the paramet
values, the regions with negative (r ,1) and positive (r
.1) inversion; see Fig. 2~b!. We can therefore suggest tha
as soon asb is different from zero, the laser undergoes
phase transition without inversion for a well-defined critic
value of r. Further investigations of this inversionless pha
transition would be very interesting.

Since the pump parameterr cannot be extracted directl
from experiments, it is not possible to use it in practice fo
definition of the lasing threshold. On the other hand,
remark that the threshold defined in@4# corresponds to the
very beginning of the intermediate region@see Fig. 3~a!#, and
that it may be difficult to identify precisely the injectio
current corresponding toI st51, because of the noise in th
lasing mode. This is why we proposed, in accordance w
@19#, to identify the lasing threshold as explained in Fig. 3~a!.
Such a threshold corresponds toI st.1, so that it is less
affected by noise and can easily be found from experime
data. We calculated the temperature dependence of
threshold and found again the possibility of lasing witho
inversion; see Fig. 3~b!.

For the purpose of comparison of our microscopic mo
and the model studied in@4# we considered the low-
temperature limit. In such a case the equations that fol
from the microscopic model can be reduced to a form v
similar to the equations of@4#, and identical to the equation
of @19#.

We also studied the zero-frequency intensity noise for
case of a noiseless pump. Our model confirms that there
be intensity squeezing even in the case of lasing with
inversion, if only the value ofb is sufficiently close to 1; see
Fig. 4~a!. We calculated the temperature dependence of
injection current that corresponds to the shot noise level,
we found that there exists an optimum temperature at wh
squeezing takes place for a minimum of the injection curre
1-8
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as shown in Fig. 4~b!. In connection with the results dis
played in Fig. 4, we recall that because of pump blocking
zero-frequency intensity noise does not decrease dow
zero for diverging injection current, but reaches
asymptotic value determined by several laser parame
@16–18#. However, the noise-increasing effect of pum
blocking has been found to be negligibly small for curre
values as small as those corresponding to the circles in
4. We can therefore conclude that the temperature de
dence of the squeezing threshold evidenced in Fig. 4~b! does
not depend on pump blocking.

In a forthcoming paper our microscopic model will b
generalized for the study of the noise properties of mu
mode semiconductor lasers, on the basis of the appro
shown in@24#.
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APPENDIX: THE NOISE DIFFUSION COEFFICIENTS

The diffusion coefficients of the field operators are det
mined by the noise correlation functions

^F̂Â†~ t !F̂Â~ t8!&52DÂ†Âd~ t2t8!, ~A1a!

^F̂Â~ t !F̂Â†~ t8!&52DÂÂ†d~ t2t8!, ~A1b!

and neglecting thermal photons they are@3#

2DÂ†Â52k, ~A2a!

2DÂÂ†50. ~A2b!

For an analysis that does not neglect the noise effect
thermal photons, the reader is referred to@19#. As shown in
@17#, in a semiconductor laser the only other significant no
diffusion coefficients are 2D ŝ

k
†ŝk

, 2D ŝkŝ
k
†, and 2DN̂aN̂a8

,

which are related to the noise correlation functions

^F̂ ŝ
k
†~ t !F̂ ŝk

~ t8!&52D ŝ
k
†ŝk

d~ t2t8!, ~A3a!

^F̂ ŝk
~ t !F̂ ŝ

k
†~ t8!&52D ŝkŝ

k
†d~ t2t8!, ~A3b!
01380
e
to

rs

t
ig.
n-

-
ch

s

f

-

of

e

^F̂N̂a
~ t !F̂N̂a8

~ t8!&52DN̂aN̂a8
d~ t2t8!. ~A3c!

The procedure outlined in@17# leads to

2D ŝ
k
†ŝk

52g f ekf hk1Lk2Bkf ekf hk'2g f ekf hk ,

~A4a!

2D ŝkŝ
k
†52g~12 f ek!~12 f hk!2Lk1Bkf ekf hk

'2g~12 f ek!~12 f hk!, ~A4b!

where the terms proportional toLk andBk can be neglected
with respect to those proportional tog, and intraband quasi
equilibrium has been assumed. The diffusion coefficie
2DÎ Î and 2DR̂R̂ , linked to the correlation functions

^F̂ Î~ t !F̂ Î~ t8!&52DÎ Îd~ t2t8!, ~A5a!

^F̂R̂~ t !F̂R̂~ t8!&52DR̂R̂d~ t2t8!, ~A5b!

can be found from the definitions ofF̂ Î andF̂R̂ by using the
expressions of the diffusion coefficients 2DÂ†Â , 2DÂÂ†,
2D ŝ

k
†ŝk

, and 2D ŝkŝ
k
†. In the end, the only important nois

diffusion coefficients turn out to be

2DÎ Î52kI , ~A6a!

2DR̂R̂5(
k

2g

g21dk
2

ugku2@ I ~12 f ek2 f hk12 f ekf hk!1 f ekf hk#,

~A6b!

2DN̂N̂5jgp(
k

f pk

Np
~12 f ek!~12 f hk!1S 1

tnr
1

1

tsp
omD

3(
k

f ekf hk5jL1Bnr1Bom. ~A6c!

The parameterj has been addedex post factoand takes the
valuesj51 andj50 in the cases of Poissonian pump noi
and a noiseless pump, respectively. The diffusion coefficie
2DÎR̂ and 2DN̂R̂ , respectively determined by the correlatio

^F̂ Î~ t !F̂R̂~ t8!&52DIRd~ t2t8!, ~A7a!

^F̂N̂~ t !F̂R̂~ t8!&52DNRd~ t2t8!, ~A7b!

are proportional tok/g!1 and can be neglected.
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