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Frozen-core model of the double photoionization of beryllium
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We calculate the ionization-exitation and double ionization cross sections of the valence 2s2 shell of beryl-
lium. Our model combines a multiconfiguration Hartree-Fock expansion of the beryllium atom ground state
and a momentum space close-coupling expansion of the final ionized state. A near-complete set of negative and
positive energy pseudostates is employed to represent various singly and doubly ionized channels. The role of
the frozen 1s2 core is elucidated by comparing the beryllium single and double photoionization cross sections
with those of the ‘‘hollow’’ helium 2s2 atom in which the 2s orbital is made orthogonal to the vacant 1s
orbital. The angular correlation in the two-electron continuum is studied by calculating the triply differential
cross section of Be at equal energy sharing between the photoelectrons.

DOI: 10.1103/PhysRevA.65.012710 PACS number~s!: 32.80.Fb, 31.25.2v
ud

co
e
e
v
im
th
al
h

ve

th
ox
tr
d

p
e

co
el
m

tro

w
re

d in

ng
nce-

en

Mg

ost

r
re,
sed
ner-
by

m
wo-
ess.
he
in-
al

on
e
the
s,
r.
cal
ce

or-
F

y a
m a

tp

tp
I. INTRODUCTION

Two-electron single-photon ionization processes incl
ing ionization with excitation~exitation photoionization,
EPI! and double photoionization~DPI! are only possible due
to many-electron correlations. As such, these processes
stitute an ideal testing ground for various theoretical mod
dealing with correlations. Most of the experimental and th
oretical studies of the two-electron photoionization ha
been peroformed so far on He. The helium atom is the s
plest two-electron target with no relevant structure of
remaining He21 ion. This considerably simplifies theoretic
treatment and interpretation of experimental results. Ot
members of the helium isoelectronic sequence (H2,Li1, etc!
can be treated with the same level of accuracy. Howe
these targets are difficult to handle experimentally.

There is another class of atomic targets, namely,
alkaline-earth atoms, which can be treated, in some appr
mation, as two-electron systems. Indeed, a compact elec
core is well separated, both in the coordinate space an
energy, from the valencens2 shell. At relatively small pho-
ton energies the inner core electrons can be treated as ‘‘s
tators’’ not taking a direct part in the photoionization of th
outer valence electrons. In this case the influence of the
on the valence electrons can be included via the s
consistent field and/or the polarization potential. This sche
is implemented to describe the single-photon one-elec
photoionization of the valence shell in Be, Mg, and Ca.

Several attempts have been made to study the t
electron ionization in the alkaline earth atoms. The fully
solved triple-differential cross section~TDCS! of the DPI of
Ca have been measured in the region of the giant 3p-3d
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resonance@1,2#. These measurements have been analyze
subsequent theoretical papers@3–5#. However, a complete
theory of the DPI in the resonance region is still lacki
because of the complex nature of this process. Resona
free DPI in Ca has been measured very recently@6# and this
new set of data awaits its theoretical interpretation.

Double ionization of Mg by electron impact has be
studied by El-Marjiet al. of the Maryland group with the
view of obtaining the two-electron momentum density@7#.
Experiments on the direct and resonant DPI of Be and
are now underway at the Photon Factory@8#. Theoretical
interpretation of the Be measurements will be the m
straightforward since the valence 2s2 is very well separated
from the 1s2 core. Accordingly, there is good motivation fo
studying the problem from a theoretical perspective. He
we complement the study by Colgan and Pindzola, who u
the time-dependent close-coupling approach at a few e
gies @9#, by a systematic study on a broad energy range
using the convergent close-coupling~CCC! method.

In our earlier works@10,11# we applied the CCC method
to describe the two-electron photoionization of the heliu
atom and its isoelectronic sequence. In this method the t
electron photoionization is treated as a two-stage proc
The single photoionization is followed by scattering of t
photoelectron on the positive ion thus producing various s
gly ionized and excited as well as the doubly ionized fin
states. By employing the Hylleraas or multiconfigurati
Hartree-Fock ~MCHF! ground-state wave functions, th
CCC method provides a very accurate description of both
total and the fully differential photoionization cross section
independent of the gauge of the electromagnetic operato

Here we report an application of the same theoreti
scheme to the two-electron photoionization of the valen
2s2 shell of the beryllium atom. The static ground-state c
relation in this shell is described by employing a MCH
wave function in which the 1s2 core is frozen. The dynamic
correlation in the two-electron continuum is represented b
momentum space close-coupling expansion, obtained fro

:
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A. S. KHEIFETS AND IGOR BRAY PHYSICAL REVIEW A65 012710
CCC calculation for electron-impact ionization of Be1. The
target space is spanned by a set of negative- and posi
energy pseudostates that diagonalize the Hamiltonian of
positive Be1 ion. The lowest, in energy, target state rep
sents the frozen atomic core (1s2 in the case of beryllium!.
The photoelectron wave function is calculated in the Hartr
Fock field of this frozen core.

To elucidate the role of the frozen core we calculate
two-electron photoionization of a simpler target in which t
1s2 shell screens theZ54 charge of Be to theZ52 of He.
We call the resulting system the ‘‘hollow’’ 2s2 helium. Un-
like the autoionizing 2s2 state of the real helium atom, in th
‘‘hollow’’ helium the 2s state is made orthogonal to the mis
ing 1s2 shell.

In addition to the total cross sections of the two-electr
photoionization we also calculate the triply differenti
double photoionization cross section at equal energy sha
between the photoelectrons. We apply a Gaussian ansa
the squared double photoionization amplitude~correlation
factor! and compare the Gaussian width parameters of the
and He atoms.

The rest of the paper is organized as follows. In the n
section we give a detailed description of the MCHF grou
states of Be and ‘‘hollow’’ He. In Sec. III we present th
CCC formalism as applied to the frozen-core beryllium. S
tion IV contains our results for the total and differenti
photoionization cross sections.

II. MCHF GROUND-STATE

We assume theLS coupling scheme and make the follow
ing configuration-interaction expansion of the1S ground
state:

C0~r1 ,r2!5(
nl

Cnl ufnl~r1! fnl~r2! :1S&. ~2.1!

Only diagonalnl2 terms are included in Eq.~2.1! as is
always the case for the MCHF ground-state. This is so
cause a HF ground state is stable with respect to the
electron–one-hole exitations and the first nonvanishing c
rection should be of the two-electron–two-hole type.

The coefficients in the MCHF expansion~2.1! are found
by using theMCHF computer code@12#. The number of terms
in the MCHF expansion is increasing until we are satisfi
with the accuracy in terms of the energy and, more imp
tantly, the asymptotic EPI and DPI ratios. As was shown
Dalgarno and Stewart@13# these ratios can be calculate
solely from the ground-state wave function through the ov
lap integrals

cn} z^fns
1 ud~r2! u C0& z2, c} z^C0u d~r2!uC0& z2. ~2.2!

In the above expressionfns
1 is the one-electronns orbital of

the singly ionized atom. The asymptotic DPI and EPI rat
are then given by
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s11s11 U
v→`

5
cn

c
,

R`5
s11

s1 U
v→`

5

c2(
n

cn

(
n

cn

, ~2.3!

wheresn is the partial EPI cross section, ands15(n51
` sn

and s11 are the total single and double photoionizati
cross sections. Here we follow notations of Refs.@14,15# and
defineRn as the ratio of the partial to thetotal cross sections
whereasR is defined as the ratio of the double tosinglecross
sections. Results forRn

` and R` are shown in Table I. For
comparison, we also show the corresponding results for
ground-state He and the ‘‘hollow’’ 2s helium in which the 2s
orbital is made orthogonal to the missing 1s orbital. The
asymptotic photoionization cross section ratios are qu
close for Be and the hollow He. In the following sections w
will see that other photoionization results are also quite cl
for these two targets. This indicates a relatively minor ro
played by the frozen 1s2 core in the two-electron photoion
ization of the valence 2s2 shell of Be.

III. CCC FORMALISM

The photoionization cross section, as a function of
photon energyv, corresponding to a particular bound ele
tron statej of the ionized target is given by@16#

s j~v!5
4p2

vc (
mj

E d3kb z^C j
(2)~kb! uDu C0& z2

3d~v2E1E0!, ~3.1!

wherec.137 is the speed of light in atomic units.
The dipole electro magnetic operatorD can be written in

one of the following forms commonly known as length, v
locity, and acceleration:

TABLE I. Asymptotic photoionization cross section ratios (%
of various two-electron targets.

He He* Be
MCHF15 MCHF5 MCHF13

l 50, . . . ,4 l 50, . . . ,2 l 50, . . . ,4
Target expansion orbitalsn51, . . . ,5 n52, . . . ,3 n52, . . . ,5

Rn
`n51 92.9071

2 4.7278 91.6062 94.2291
3 0.5970 6.1847 5.0933
4 0.1988 0.4805 0.3961
5 0.0919 0.1483 0.1205
6 0.0504 0.0674 0.0543
7 0.0308 0.0370 0.0296
8 0.0202 0.0228 0.0181
R` 1.7587 0.3660 0.3709
0-2
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FROZEN-CORE MODEL OF THE DOUBLE . . . PHYSICAL REVIEW A 65 012710
D r5v~z11z2!,

D ¹5¹z1
1¹z2

, ~3.2!

D ¹̇5
Z

v S z1

r 1
3

1
z2

r 2
3D ,

with the z axis chosen along the polarization vector of t
photon. We used all the three gauges in our previous ca
lations on He@10,17,11#. However, the acceleration gaug
cannot be used with the presently employed frozen-c
model. This gauge enhances the small distances from
nucleus where the excitations from the core 1s2 shell are
important. These excitations cannot be accounted for in
frozen-core model.

The dipole matrix element entering Eq.~3.2! is calculated
as

^C j
(2)~kb!uDuC0&

5^kb
(2) j uDuC0&

1(
i
X d3k

^kb
(2) j uTu ik(1)&^k(1)i uDuC0&

E2«k2e i1 i0
.

~3.3!

Here the channel wave function̂kb
(2) j u is the product of a

one-electron target orbitalw j with energye j and a~distorted!
Coulomb outgoing wavex (2)(kb) with energy«k . Like in
the case of helium, the target orbital is generated with
asymptotic charge being two, and the asymptotic charge s
by the Coulomb wave is one.

The square-integrable basis set of the target statesfn
N is

obtained by diagonalizing the target HamiltonianHT in a
large Laguerre~Sturmian! basis of sizeN

^wm
NuHTuwn

N&5en
Ndmn . ~3.4!

The target Hamiltonian is defined as

HT5(
i 51

Z

~Ki1Vi !5(
i 51

Z S 2
1

2
¹ i

21Vi
FC1Vi

polD . ~3.5!

The nonlocal frozen-core Hartree-Fock potentialVFC is gen-
erated by performing a self-consistent-field Hartree-Fock
culation @18# for the ground state of the Be21 ion,

VFCwa~r!5S 2
Z

r
12 (

w j PC
E d3r 8

uw j~r8!u2

ur2r8u
D wa~r!

2 (
w j PC

E d3r 8
w j* ~r8!wa~r8!

ur2r8u
w j~r!. ~3.6!

Polarization potential

Vpol~r !52ad/2r 4 W6~r /r!,

where
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Wm~r /r!5$12exp@2~r /r!m#%,

andad is the static dipole polarizability of the core. For th
case of the Be1 ion there is no need to useVpol, and so we
setad50. However, the polarization potential would have
be included for heavier atoms such as Mg and Ca.

The contribution from the final channels^kb
(2) j u is sepa-

rated into single and double ionization according to the
ergy of thee j , which are positive for the double ionize
channels and negative for the singly ionized channels.
also ensure that for the negative-energy-state cross sect
contributions to the ionization-plus-excitation cross sectio
are multiplied by the projection of the state onto the tr
target discrete subspace as is done for electron-impact
ization @19#. The fully differential DPI TDCS is calculated
from the same dipole matrix element~3.2!, but without inte-
gration over the momentum of the one photoelectron. Det
of the TDCS calculation are presented elsewhere@20#.

The number of the statesN in the Laguerre basis~3.4!was
increased until satisfactory convergence is achieved. In p
tice, our calculations were performed with 202 l target states
wherel 50, . . . ,l max is the angular momentum of the targ
orbital andl max55. Higher values of thel max are required for
Be than for He because of a larger radial extent of the ta
orbitals. To get convergence in the TDCS even higher,l max
57 was necessary.

IV. RESULTS

A. Total EPI and DPI cross sections

We test our model by first calculating the ground-sta
single photoionization cross section. This cross section
responds to the Be1 ion being left in its ground-state 2s1.
Our results in the length and velocity forms are shown
Fig. 1. In the same figure we also show the calculations
Radojevićand Johnson@21# ~labeled as RJ! in the random-
phase approximation with exchange~RPAE! and the Tamm-

FIG. 1. Photoionization cross section of Be leaving the Be1 ion
in the ground state. The CCC calculation in the velocity and len
gauge is shown by the thick solid and dotted lines, respectively.
calculations by Radojevic´ and Johnson@21# ~labeled as RJ! in the
random-phase approximation with exchange~RPAE! and the
Tamm-Dancoff approximation~TD! are shown by the thin solid and
dotted lines, respectively.
0-3
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A. S. KHEIFETS AND IGOR BRAY PHYSICAL REVIEW A65 012710
Dancoff approximation~TD!. These calculations are avai
able in a smaller photon-energy range closer to the sin
ionization threshold. Where a comparison can be made,
results are close to those of Radojevic´ and Johnson.

A more complex, truly two-electron process is the ioniz
tion with excitation in which the Be1 ion is left in an excited
statenl,n.2. We show our results for the ionization excit
tion in Fig. 2 in the form of the cross section ratiosRn

5sn /(s11s11) for n53, . . . ,6. Theasymptotical ratiosRn
`

calculated according to formula~2.3! and listed in Table I are
indicated by the arrows. The cross section ratios flatten
photon energy above 200 eV and approach quite closely
asymptotic values. Of course, one should bear in mind
the frozen-core model is most accurate at photon ener
below the third ionization potential, i.e., below 180 eV f
Be. So, approaching a correct asymptotic limit only indica
an internal consistency of our model.

In the same figure we show analogous ratios calcula
for the ‘‘hollow’’ helium. Calculation for the velocity form
only are shown for both targets as the length form is v
close. We see that qualitative behavior of the EPI ratios
similar in Be and the ‘‘hollow’’ helium, especially at large
photon energies. This again indicates a passive role of
1s2 core, which only serves to shield the excessive charg
the nucleus.

In Fig. 3 we show the double-to-single photoionizati
cross sections ratio for He~left panel! and Be~right panel!
calculated in the length and velocity gauges. The MCHF

FIG. 2. Velocity gauge calculation of the cross section ratios
the ionization with excitation to the total photoionization cross s
tion Rn5sn /(s11s11) in Be ~solid line! and the hollow helium
~dotted line!. The asymptotical ratiosRn

` for various n in Be are
indicated by arrows.
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and MCHF-13 ground states were used for He and Be,
spectively, as indicated in Table I. We note that the leng
form calculation with a MCHF-type ground-state is not re
able. Our calculation on He@17# with a far more accurate
Hylleraas-type ground state agreed well with the MCHF c
culation in the velocity form. The length form appeared to
significantly off. So, of the two markedly different results
Fig. 3 we favor the velocity form calculation. Qualitativel
and even quantitatively, the DPI ratio in Be is similar to th
in He. A certain scaling should be applied to the phot
energy scale as the DPI threshold is markedly different
both these targets~79 eV in He and 27 eV in Be!. Again, as
in the case of the EPI ratios, the asymptotic DPI ratio for
is of purely academic interest as the frozen-core model lo
its validity much earlier than the asympototic ratio can
reached.

B. Triple-differential DPI cross section

Much more detailed description of the DPI porcess can
achieved when the fully-differential, rather than an int
grated, cross section is measured or calculated. It has
demonstrated very convincingly in the case of He@22#. Al-
though the DPI cross section ratio in ground-state He and
is quite similar ~see Fig. 3!, we demonstrate here that th
fully resolved TDCS of these two targets are quite differe

We choose the equal energy sharing kinematicsE15E2.
In this case a simple Gassian ansatz can be applied to
TDCS @23#. We assume the coplanar geometry in which t
two photoelectrons are detected in the plane perpendicula
direction of the photon that is fully linearly polarized. Th
TDCS is then given by the formula@24#

ds

dV1dV2dE2
5A expF24 ln 2

~p2u12!
2

u1/2
2 G ~cosu11cosu2!2.

~4.1!

Here anglesu1 ,u2 are counted from the polarization axis o
light, the mutual angle isu125uu12u2u. The magnitude pa-
rameterA absorbs the DPI constant and the width parame
u1/2 defines the width of the Gaussian~4.1! at the half
maximum.

We select the escape energy of the two photoelectron
10 eV. In the case of helium this is a widely studied ene
partition that we adopt for Be also. While detailed compa
son of the TDCS calculated by the CCC and TDCC~time-
dependent close-coupling! methods are given by Colgan an
Pindzola@9#, here we concentrate on an overview.

f
-

n

are
e-
lid
ue
FIG. 3. The double-to-single photoionizatio
cross section ratioR5s21/s1 in He ~left panel!
and Be~right panel!. Calculations are performed
for selected photon energies and results
shown by the closed and open circles for the v
locity and length gauges, respectively. The so
lines are to guide the eye. The asymptotic val
R` from Table I is indicated by an arrow.
0-4
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FIG. 4. Contour plots of the TDCS atE1

5E2510 eV in He ~left panel! and Be ~right
panel!. The escape angles of the two photoele
tronsu1 ,u2 are plotted on the axes, the areas
larger cross section are indicated by a dark
shade of gray. Exponential intensity scale is us
for clarity.
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In Fig. 4 we show the TDCS at the full angular range
the two photoelectronsu1 ,u2. The contour plot is used in
which the areas of a larger cross section are indicated
darker shades of gray. Conventional plots of the TDCS a
fixed escape angle of one of the photoelectrons can be
duced as vertical or horizontal cuts across our thr
dimensional~3D! plots, and are found to be in good agree
ment with those obtained from the TDCC method@9#.

In our 3D representation the TDCS has a characteri
shape of four islands separated by deep valleys. These
leys are formed due to the nodal lines along which cosu1
1cosu250. This forbids the two-electron escape along t
straight lines u16u256180°. In addition, the Gaussia
term in Eq.~4.1! strongly suppresses the parallel emission
the diagonalu15u2. The width of the TDCS perpendicula
to the diagonal is controlled by the Gaussian parameteru1/2.
Looking at the TDCS plots in Fig. 4, we see that this width
markedly different in Be and He. Indeed, if we fit our calc
lated TDCS with the Gaussian ansatz~4.1! we get the width
parameters of 90° and 68° for He and Be, respectiv
Much smaller Gaussian width in Be means much stron
angular correlations. This difference cannot be attributed
different photon energy scale. The excess energy of 20
takes us relatively further from the DPI threshold in Be th
in He. Away from the threshold the width is expected
grow as was confirmed by many studies~see, e.g., Ref.@25#!.

V. CONCLUSIONS

We presented here the integrated and fully differen
cross sections of the DPI of Be in the frozen-core appro
mation. This approximation is expected to be valid at pho
energies not exceeding the ionization potential of the Be21

ion, i.e., below 180 eV.
We observe that the photon-energy dependence of the

tal ionization excitation and the double ionization cross s
tions in Be resembles qualitatively that of He. The effect
the core is weak. This is illustrated in the Fig. 2 where
cross section ratios of the single ionization with excitation
.
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the ground-state ionizationsn
1/(s11s21) are presented for

Be and the ‘‘hollow’’ He 2s2 in which the radial orbital 2s is
made orthogonal to that of the empty 1s shell.

Despite similarity of the total cross sections, the TDCS
Be and ground-state He are quite different. Our calculatio
at the excess energy ofE520 eV shared equally betwee
the photoelectrons, show considerably smaller Gaus
width in Be than in He. This can be interpreted by employi
the arguments of Cvejanovic´ and Reddish@26#. They noted
that the strength of the angular correlation in the tw
electron continuum depends on the time spent by the ph
electrons in the so-called Coulomb zone where they foll
the Wannier trajectory. Stronger angular correlation in
means a larger spatial extend of the Coulomb zone that is
surprising given a large electron radius of the Be atom. In
dentally, a recent nonresonant measurment of the DPI TD
in Ca @6# also indicates quite a small correlataion widt
probably even smaller than that of Be. A poor statistical
curacy of the Ca data prevents us from making a quantita
estimate.

Our results for both the total and fully differential cros
sections of the DPI of Be agree well with another nonpert
bative calculation by Colgan and Pindzola@9#, who used the
time-dependent close-coupling approach. Detailed comp
son between the two calculations is presented in their pa

In the future we plan to extend our frozen-core model t
heavier and stronger polarizable Mg and Ca atoms. T
would require inclusion of the polarization potential both
the ground and final state.
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