PHYSICAL REVIEW A, VOLUME 65, 012706

Full quantum-mechanical study of protonium formation in slow collisions of antiprotons
with hydrogen atoms
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Arigorous full quantum-mechanical wave-packet calculation is carried out to study the protonium formation
E+ H—>Ep+e. The present paper directly solves the time-dependent 8iciyer equation for the heavy
particle Coulomb collision system. A discrete-variable-representation technique is used to evaluate the action
of the Hamiltonian operator on the wave packet. The cross sections for the protonium formation are obtained
at center-of-mass translational energies up to 10 eV. The present quantum-mechanical results are compared
with those of previous studies based on classical trajectory Monte Carlo and semiclassical methods. Applica-
bility of the adiabatic molecular picture to the protonium formation is also discussed.
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I. INTRODUCTION mentum-dependent pseudopotential, which had been first in-
troduced by Kirschbaum and Wilefg'] for the study of
In the antiproton decelerator facility @ErRN, low-energy  atomic structure. As another way, an adiabatic molecular
antiprotons p) are now experimentally available for various (i.e., quantum chemisthypicture may be applicable because
purposeg1,2]. The study of the interaction between antipro- the procesg1.1) occurs at low energies. The QM nature of
tons and ordinary matters is of special importance to testhe electron motion during the collision may be able to be
fundamental physical principles such as charge-parity-timémplicitly taken into account in the adiabatic potential. By
invariance and the gravitational weak equivalence principlesupposing that the classical trajectory of the relative motion
Projects for such experimental studies are progressing as tf¢ determined from the adiabatic potential, Morgan and
collaborations 0ASACUSA, ATHENA, andATRAP [1,2]. As the  Hughes[8,9] estimated the adiabatic limit of the cross sec-
need arises, the collision processes involving antiprotons beion for the protonium formatior(1.1). Very recently, the
come very important also from the point of view of atomic present authof10] (hereafter referred to as paper Has
physics. shown that the nonadiabatic transition is rather a dominant

The collision of antiprotons with hydrogen atoms may bemechanism for the formation procegk?). In the adiabatic
regarded as one of the most basic processes in atomic physiyre, the electron emission cannot occur unless the rela-

IC_S’ and is Inte rest|r_19 also as a_ prodgchon process of prOtQ[i_ve radial distanc® betweerﬁ and H becomes less than the

nium atoms pp). Since the collision is a three-body prob- g, _cajled Fermi-Teller radiuRe;=0.639 a.u.(c.f., Fig. 1.

lem, its rigorous numerical treatment is possible by the usgy, ine contrary, paper | has shown that the probability for

of recent computers. In the present study, we carry out e protonium formation still remains unity even if the clos-

rigorous full qqantum—mechanlc@M) calcu!atlon toobtain gt distance is larger thaRer; the formation probability

the cross section for the protonium formation falls off from unity when the closest distanceRs>1 a.u.,

— — and becomes negligibly small at last fee>2 a.u. For this
p+H(1ls)—pp+e. (1.)  reason, if we rely on the adiabatic picture, the formation
cross section is underestimated in the energy region above 1

This rearrangement process becomes important only at enedy [10]. As a full QM study, Voronin and Carbone]lL1]

gies less than about the threshold of breakup ionizatn ( have carried out a calculation for the proc€sd) by intro-

+p+e) [3—6]. We consider the center-of-mass translationalducing a coupled-channel model, in which the effect of

energies up to 10 eV. In this energy region, the breakuglosed channels corresponding to the protonium continuum
ionization channel is closed, and thereby the emission o$tates is presumed to be the appearance of the polarization
electrons just means the formation of protonium atoms.  potential. Only thes and p waves have been calculated for
So far, several theoretical studies have been made for thide total angular momentum, and accordingly, they have
protonium formation(1.1). Cohen[3-5] and Schultzet al.  studied the low-energy limit<10 % eV) of the formation

[6] applied a classical trajectory Monte Carl€TMC)  cross section. As shown in CTMC studies5] and in paper

method. However, a classical treatment would not be apprad; the total angular momentum quantum numbers up- &0

priate to describe the low-energy collisions and especiallcontribute to the formation cross section at energies

the electron motion. Cohgr,5] also took partly account of <10 eV.

a QM effect in the CTMC calculation by means of a In paper |, the present author has studied the formation
process(1.1) within a framework of a semiclassicaSC0
theory. A SC approach was also made for the negative muon

*Email address: sakimoto@pub.isas.ac.jp (u”) capture, i.e.u” +H—u " p+e[12]. In these SC treat-
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L 1 L L II. THEORY AND NUMERICAL METHOD

A. Total Hamiltonian operator

In the three-body system, three sets of Jacobi coordinates
Adiabatic potential energy B each correspond to different arrangement channels. Here, we
describe the collision proces$s.1) in the Jacobi coordinates
suitable for thep+ e p arrangement: namel® andr denote

the position vectors gb from the center-of-mass of H and of

e from p, respectively. The related reduced masgesndm

are expressed in terms of the electron magsand the pro-

ton (antiproton) massm, as

Energy (a.u.)

_ my(Me+m,) __Memy 2.0
me+2m, Me+m,’ '

0.2 -

Since the calculation is carried out merely for the total prob-
ability for the protonium formation in the present study, as
seen later, we may do without the other sets of Jacobi coor-
dinates.(A summary of the Jacobi coordinates for tee
+ pp channel is shown in the Appendjx.
' Raw) ’ We further employ a body-fixetBF) frame in which the
z axis is chosen alon®. The rotation from a space-fixed
(SP frame to the BF frame is represented by the Euler
FIG. 1. Adiabatic potential and adiabatic ionization energies of . . .
— o angles @,B,v), whereR=(f,a) in the SF frame and is
the p+H system, taken from Wallst al. [20]. The ionization en- . A . .
ergy vanishes at the Fermi-Teller radiRgr=0.639 a.u., and be- the azimuthal angle af. Then, the total I—_|am|It0n|an opera-
comes 0.5 a.u. aB—s o, tor of the three-body system may be written[&6,17]

0.1 -

0.0

ments, a common classical trajectory is assumed for the rela- 1 P (L-T)? 1 52 T2
tive motion between a massive negative particle and a hy- H=—--—-—FSR+——5 —— I+
drogen atom, and the other motions are described in quantum 2uR IR 2uR 2mr or
mechanics. In paper I, the common trajectory is defined in
the way that the expectation of the total Hamiltonian is equal
to the total energyi.e., the energy conservation in an aver-

age senseAlthough this assumption seems to be one of thgyhere ¢ is the polar angle of. We use atomic units unless
most appropriate choices, there is no unambiguous way 18, ico siated. In E@2.2), L andT are the total and elec-
define a common trajectory in a semiclassical manner. Furfronic angular momentum vectotsperatory, respectively
thermore, it is not certain that the common trajectory treat- '
ment is satisfactory to describe the rearrangement process
such as Eq(1.1) at low energies. Carrying out a full QM (C-Ty2=02+T2-2L
calculation is necessary to precisely understand the collision z
dynamics.

In paper |, the variable treated in classical mechanics igs the Coriolis operatof18], andV(R,r, ) is the sum of all
only one degree of freedom, i.e., the relative radial distancéhe Coulomb potentials, i.e.,
R, and the conservation of the total angular momentum is
already taken into account. Therefore, we can straightfor-
wardly extend the calculation of paper | to the full QM man- mp Me r
ner though the numerical computation becomes substantially Me+m, Me+m,
laborious. As the natural extension of paper |, we adopt a (2.9
time-dependent wave-packet propagation picture to describe
the collision process. In paper I, a numerical technique of

discrete variable representatid@VR) [13] has been used to B. Time-dependent Schralinger equation

solve the time-dependent Schinger equation. The effi-  The time-dependent picture is employed to solve the col-
ciency of the DVR technique for the+ H collision has been lision problem. The time-dependent Sctiirger equation for
already discussed elsewhéfiet, 15. The present work is an the total wave function?'M is

attempt to apply the time-dependent full QM method to
heavy particle collisions of the Coulomb three-body system
by using the DVR numerical technique.

2mr?

+V(R,r,0), (2.2

T,L_-T_L, (3

7

-1 -1

—r 1

r

V=|R— ~|R+

i%\I’LM(R,r,t)zﬁllfLM(R,r,t), (2.5
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whereL and M are the total angular momentum quantumchannels. As shown in paper I, the use of the adiabatic basis
number and its magnetic component in the SF frame, respeteads to the reduction of the computation time. The adiabatic
tively. The total wave functionP™ may be written in the basis is given by the following eigenvalue equation for each

form [14] fixed R:
PR, =(RD LY Dy (@8, N RT,6,0) L VRO | 8R)
by = MM\ "M 1, Uy ] 2m arz 2mr2 0 XF)\ , 0,
(2.6
:EFK(R) XF)\(ryg;R)a (213
where
"™ where (",\) classifies the adiabatic state. In Fig. 1, the adia-

L * batic potentialEr, (R) — Er,(R— =) and the adiabatic ion-
[Din(@.8,7)] @7 ization energy, taken from Wallst al. [20], are shown for
. . . . ) the electronic ground stat¢The adiabatic states of Walls
is the normalized Wigner’s rotation matrix elem¢i®], and et al. are given by settingn,— in Eq. (2.13), but the dif-

A=L,=T,isthe magnetic quantum number in the BF frame.ference is actually negligibleln the p+H system, the adia-
In the actual calculation, the conservation of parity is furtherpatic state is meaningless Bt Rgr because the electronic
The tlme-dgpenQent wave funqtmﬁﬂ.B) has the same form _coupling becomes negligible.4,10. Accordingly, for suffi-
as the semiclassical one given in paper | except for the rad@ienﬂy largeR(>2 a.u.), the wave function may be written

Skll}\(ang!‘)/): 8’772

R part. _ _ _ ) in the form
We may write the stationary solution of E@.5) in the

form PR, 0,E)=xr o (T R, (RS,
VIM(R,r,E)exp(—i Et), (2.9 N )
. o . ~ 2 xn(1,6:R) Fra(R)SEx rorg

where W"M(E) is the time-independent wave function for r

the total energy, i.e., (2.14
(H-E)¥Y"M(R,r,E)=0, (2.9  where S%%,Fo%o is the Smatrix element for the elastitor

inelastig transition. The breakup ionization channel is closed
in the present energy region. To take account ofRltepen-
dences of the centrifugal potential and the adiabatic basis,
VMR r E)=(Rr~1> DY, (a,B,7) ¢ MR r,6,E). the WKB functions are used to express the inconfingand

A outgoing(+) waves[21]:

and is given by{16,17

(2.10
o _ _ . P 112 R
In terms of the time-independent wave functigh*(E) in f(R)=|5—=——5| ex tif kryn(R" AR’
Eq. (2.10, the time-dependentnonstationary solution 2mkra(R) 21
YN (1) in Eq. (2.6) may be expanded as the wave packet (2.19
having the form with the local radial wave-numbés-, (R) defined by
LA _ LA s L(L+1)—2)\2 12
PNRTL6,1) J C(E)y~*(R,r,0,E)exp(—i Et)dE. kr)\(R)={2u E-——R —En(R) ] :

The coefficientC(E) determines an explicit form of the ini-

tial wave packey/-*(t=0), and is normalized to unity, In the Appendix, we present the asymptotic form of the time-

independent wave function representing &epp channel.
This asymptotic form becomes essential only if we intend to
J' |C(E)[*dE=1. (2.12  calculate the final-state specified probabilities for the proto-
nium formation. However, the consideration of the
Evidently, the quantityC(E)|? gives the energy distribution asymptotic form(2.14) alone is sufficient just for the calcu-
of the initial wave packet. lation of the formation probability summed over all the final
states.

C. Asymptotic form of time-independent wave function

. . . D. Preparation of initial wave packet
To calculate theSmatrix elements for collisional transi- P P

tion, we see the asymptotic form of the time-independent The initial condition ofy*(t) att=0 may be taken as
wave functiony-*(E). Because of the low-energy collision, N o )
the adiabatic state may be used to define the asymptotic ¥ (R,r,B,t—O)—Xroxo(r,0,R)§(R)5MO. (2.1
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Here, (Cg,\o) is the initial state of the hydrogen atom, and a  Since the breakup ionization channel is closed here, the
Gaussian wave packet is assumed f(R), i.e., probability for the protonium formation may be calculated

from
_ (R-Rp)?

{RY=(278%) 1’4exp[——2—nko(R—Ro> , ] ]

46 ng(ro)\o)zl_rzx Prx o (2.29

(219 where the sum is taken over all the bound states of the hy-
where § is a width parametelR; is the center of the wave drogen atom. Finally, the formation cross section is defined
packet, andk, is the center in the momentum space. Fromby
Egs. (2.14 and (2.17), the coefficientC(E) in Eq. (2.11)

may be given by O'Ep(ro)\o)=+2 z (2L + 1)P%p(r0)\0)-
CE=(112). 219 [krpg(Ro) T -

When R is large, the adiabatic wave-function
Xron (1 0;R) is loosely dependent oR. Therefore, if the F. Discrete variable representation

wave-packet(R) is well localized aroundR,, we may as- In solving the time-dependent E.5), we use the DVR

sume xron o, 0;R) = xror (7. 0iRo) In the initial condition o i 1ef13] to evaluate the action of the Hamiltonian op-
(2.17). However, theR dependence of the local wave-number grator on the wave packet. In the DVR method, a grid is
kp\(R) should not be neglected in the calculation of Eq.constructed from zero points of an orthogonal polynomial.
(2.19. We introduce a grid-based functian(x) [24]

N

E. Analysis of final wave packet
Un(¥) =[ @ W) Y2 FoX)F (x),  (2.26

To extract theSmatrix elements or the transition prob-
abilities from the scattered wave packet, we need to make a
proper analysis of the wave packet. This is done in the folwhereF (x) is a normalized orthogonal polynomial of de-
lowing way. We introduce a fixed radial distané&=R; gree r; andXx, is the zero point ofFy(x); W(x) is the
where the asymptotic forrt2.14) is satisfied. Making a time ~ weight function; andw,, is the quadrature weight. Arbitrary
integral (Fourier transformat R=R;, we define the energy- types of orthogonal polynomials are acceptable. The grid-

dependent amplitude: based function satisfies the following orthogonal properties:
1 (= |12
L — H LA r)=\|— ’ r)= ’ .
AMFOAO(E)—JﬁftO expli Et) (x| ¢\ (1))r-r dt, Un(Xp1) wﬂ) Sy (Un[Up )=, (2.27)

(2.29 where we have pV,=W(x,).
wheret, is the first time that satisfieg"*(to) =0 at R=R; As shown recently in Ref[15], the (generalizeyl La-
just after the incoming phase of the wave-packet propagaguerre polynomial$25]
tion. If the S'matrix elements are requested for a center-of- 1y @)
mass translational enerds;, the total energi is give as FAn=[(r+2)(r+1)] 7L(r) (2.28

E=Ei—Iry, (2.21)  are appropriate for the coordinate because of the Coulomb
nature. One may expect that the Legendre polynomials

wherel Fohg™ — EFO)\O(R—>OC) is the ionization energy of the
hydrogen atom. From Ed&.11), (2.14), and(2.20), we can
easily show that

F,(cosd)=(27+1)Y?P (cos6) (2.29

are efficient for thed coordinate. However, this is true only
AL (E) when A =even[27,26. The present authdr26] has shown
AT oA

__ that the following ultrasphericdbr Jacobji polynomials[25]
Starg(E) = T —. (2.22
' 27C(E)fr, (Ry)
o (27+1)(7+1)]Y? (1.1)
Alternatively, using the flux formalism, a numerically more F.(cose) = ar - i(cosd) (2.30

convenient expression for the transition probability

PEx 1gne = Siarg,|” i8 directly given by[22,23 should be used in the case of addFor theR coordinate, we
use the Chebyshev polynomials
dAIL‘)\,FO)\O

1
Pk E)=—=—Im| (Ak ) —. 7R 2 R
F)\,Fo)\o( M|C(E)| ( '\ Tghg de F"(SinR_”): _SinR , (2.3
(2.23 ma ™ max
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where R,. defines the outermost radius in the numel‘ica|ficient|y large value ofR,,. resolves the edge problem, but
calculation. It is mentioned that only the Chebyshev zeromakes the computation time impractical. As usually done in
points construct an equally spaced grid. most of the wave-packet propagation calculatip®8], we
Putting u;(7R/Ria, Uj(r), anduy—=*"°{cosé) as the  have applied a negative imagina@bsorbing potential[29]
DVR functions(2.26) for the coordinateR, r, and @, respec- near the edge, and thereby we can chdggg=6 a.u.
tively, we may have The central translational energiES=k3/2u of the initial
1o Gaussian wave packé.18 have been taken to be 5 and 7.5
jWjOy eV for the calculation of the formation cross sections. The
np“‘(R,r,a,t)=ij2k (W—W-WA) YR T 'Hﬁ’t) wave packet has some range of translational eneigjes
HTk The weight of each energy component is given by @dL9.
><ui(wR/Rmax)uj(r)uﬁ(cosa), (2.32 In the present study, the probability has been extracted for
the translational energl; that satisfies

where W;=1, W.:r,ze—l’j’ W)l;:even: 1, Wﬁ:c’dd

J J 2

=sirtgy %, and w;, w;, o} ", and o} *" are the C(Ei— 11y )3
quadrature weights of the Chebyshev, Laguerre, Legendre, C(E% 1) (239

and ultraspherical polynomials, respectively. Inserting Eq.

(2.32 into the time-dependent Schiinger Eqg.(2.5), and

using the orthogonalitie§2.27, we have a set of coupled Then, the two wave packets &’=5 and 7.5 eV cover the
linear equations with respect to the wave packet given on thenergy range of 3E,<10 eV. We have checked the accu-

DVR grid points ®;,rj,6), i.€., racy of this extraction by taking’=E, for the initial wave
L packet, and we estimate that the error of the formation prob-
difiji(t) _ [M“' abilities in the present calculation is much less than 1%. As
dt N the occasion demands, another value has been chosen for the
/ central energye? .
—iV(R;,rj ,aﬁ)é)\)\’éii’5jj’5kk’]¢:_r)}rkr(t)' The number of grid points has been changed according to
(2.33 the total angular momentuin We have takemNg=60-200

(a larger value ofNg for low L where the wave packet
where we have put reaches smalR) andN,=20-40(a larger value olN, for
high L where the formation probability becomes smalh

oo ot | 2 the process(1.1), the protonium is formed in very high
L\ 1%k LA A . . .
dije(t) = YN (R ry, 6,1, (2.34  orbital states. The present choice fog gives, for example,
) W, W W2 . : -
P VYK the protonium energies of 7.8203 eV for the angular mo-

The coupling matrix elementd "', ., come from only the mentum| =10, ~7.8128 eV forl =20, and —7.8126 eV
ping kK y for | =30 when the principal quantum numbeis 40, while

kinetic-energy operators, and hence, this matrix is sparsg !

s . -the accurate value is 7.8126 eV. A convergence check for
Thisis a grea}t advantage Of the DVR T(it,hOd in the m{me“the description of the hydrogen bound states has been given
cal computation. The explicit forms &fl;;, ", .., are easily iy Ref.[15]. Voronin and Carbone[l11] found that the con-

calculated using the properties of orthogonal polynomialssideration of the electronic angular momernta0 and 1

[24], and can be found in previous papétg,19. were sufficient in their calculation because of the very light
mass of an electron. In the present calculation, the value of
G. Numerical calculations Ny,=2 or 3 has been chosen, and the states witt0 and 1

have been coupled. This consideration for the angular part
corresponds to the inclusion of the electronic angular mo-
, L menta up td =3 or 4. All these choices have been made so
ds:ggzrt]hi[(:argelfg?/srsaunrggdﬁélli% Irg{ﬁ!ﬂg;;ﬁggg%gaéleés- that the convergence error of the cross sectio_ns is estimated
= ] . ' to be less than a few percent. To solve the time-dependent
tic [p+H(1s)] and protonium formation channels are open|inear Egs.(2.33, a fourth-order Runge-Kutta formula has

in the collision, and the other inelastip+H(n=2)] and  been applied although several numerically efficient methods
breakup ionization channels are closed. The valueRgf were developed28]. A simple method of the Runge-Kutta
=4 a.u. is slightly smaller than the initial distanc® ( algorithm has sufficiently served the present purpose. For the
=5 a.u.) chosen in paper |I. We have confirmed the appromatrix multiplication in the right-hand side of E(.33), the
priateness of this choice by comparing with the results fomumber of the numerical operations is not so tremendous
Ro=Rf=6 a.u. When we make the integré®.20 over a  since the coupling matrix is sparse and may be easily stored
long time, the portions of the wave packet propagated backin advance. The calculation has not been made for all the
ward into the entrance channel will eventually reach the edgeartial waves required in the summati¢2.25. Since the

of the gridR= R, and will be reflected back onto the grid. probabilities form a smooth function @f, those for partial
This phenomena is evidently unphysical, and produces a fiovaves not calculated may be obtained appropriately by a
titious result in the present calculation. The choice of a sufcubic-spline interpolation.

We have prepared the initial wave-pack2tl?) by taking
6=0.25 a.u. anRy=4 a.u., and have s&=R;,. The hy-
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] make the reflection effect negligible at energiegs=3 eV.

E? =6.8eV To calculate the time integral.20 for these energies, we

_ need the end time up t~900 a.u. If the translational en-

L =30 ergy is lower, longer-time propagation is required, and a
‘ larger value ofN, will be necessary.

(a) t=18 a.u.
> Ill. RESULTS AND DISCUSSION
4_@ r (a.u.) ] A. Time evolution

10 20 30 40 10 20 30 4 In Figs. 2 and 3, we show the time evolution of the prob-
ability distribution defined by

pL(R,r,t)=R2r2f |[WIM(R,r t)|2dRdr.  (3.1)

The wave packets prepared for the figures are for the central
translational energ;E?=6.8 eV and the total angular mo-
mental =30 and 40. The wave packet is initially localized
o . . — o . . . around the position oR=4 a.u. andr=1.5 a.u., and is
10 20 30 40 10 20 30 40 then propagated through the entrance chafiree| along the
R axis). The panelga) and(b) of the figures correspond to
this early stage. The panels) or (d) indicate the dynamical
feature that the wave packet is just reflected back akRby

1 1 the centrifugal barrier. We see that the positi®) of the
27 27 reflection area is an important factor to understand the for-
mation mechanism. The protonium formation is expressed as
3 (@ t=178au. |, (f) t=218 a.u. two dynamical actions of the wave packet, i.e., the stretch of
| | the wave packet alongand then the breakaway of its por-
. 4 tions into larger. These two successive actions are rapid

T 20 40 T 100 20 0 40 because they are also related to the escape motion of the

electron, and are nearly completed while the wave packet is
lying around the reflection area. The reflection position is
mostly R<1 a.u. for the lower angular momentulo+ 30,

In Ref.[15], we have found that the Laguerre grid is more @nd IS I:<R<2 a.u. for the highei.=40. WhenL =30,
attractive to describe the electron continuum motion than th&fter the reflection, the most portions of the wave packet
Chebyshev grid since the argument of the Laguerre polynomove through the+ pp channel(i.e., along the axis), and
mials ranges to infinity. It should be noted, however, that thehever return into largeR. This means that the protonium
interval between adjacent grid points increases rapidly foatom is formed in the probability of nearly unity. Whén
very larger;. (As an example, wheN, =30, the interval is =40, on the other hand, the main part of the wave packet is
about 4.5 a.u. for~40 a.u. The interval around the same propagated backward into the entrance channel, and the pro-
decreases with increasimg; .) Therefore, the Laguerre grid tonium formation does not occur so frequently. In the SC
is certainly not suitable for an accurate description of thestudy of paper I, we have been able to see a similar dynami-
electron continuum motion in the asymptotic region. Thecal aspect, which are characterized well in terms of the first
practical use of the Laguerre grid is limited to the electronturning point of the common trajectory.
motion in the range <ry . Furthermore, the reflection of the In Fig. 4, the time evolution of the electron distribution

wave packet occurs unphysically aroundr . This reflec- defined by

tion causes a problem when long-time propagation is re-

quired. Fortunately, here we do not need to know detailed p'-(r,t):J pH(R,r,t)dR (3.2
information on the wave packet for largesince the final-

state specified formation probabilities are not calculated,

Therefore, a negative imaginary poteniiad] has been ap- S ;hown for threg total angular momenta atlthe central trans-
plied also at >r,,=40 a.u.to avoid the above troublesome lational energye;=7.5 eV. The three partial waves &f
problems. However, owing to the sparseness of the Laguerrg 30, 40, and 50 represent the wave packets mostly moving
grid for larger, the imaginary potential has not been able tothrough thee+ pp channel, partly moving through this chan-
work absolutely for the absorption of the wave packet. Thenel, and reflected back into the entrance channel, respec-
efficiency of the imaginary potential improves with increas-tively. For L=30 and 40, the two actions of the stretch and
ing N, . In the present choice &, , we have found that the breakaway can be seen clearly. However, only the stretch
function of the imaginary potential is efficient enough to motion is present fot. =50.

3 (© t=138au. | .| (d) t=158 a.u.

FIG. 2. Plots of the probability distributiop-=3%(R,r,t) for
E?: 6.8 eV at different points of time, as shown by contours.
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The results are shown in Fig. 5. The smallest valugRgt))
will be helpful to characterize the reflection position in the
wave-packet propagation. The average distam¢e)) may
measure the extent of the electron cloud. When30 and
40, as seen in Fig. 4, the wave packet has a finite amplitude
at larger. However, once a portion of the wave packet
reaches >r,, that will be absorbed by the imaginary po-
tential. For this reason, tracing the time evolution of the av-
erage distances has no meaning after the absorption of the
wave packet begins. Therefore, the curves are drawn only for
the time range that the absorption is negligible.

In Fig. 5, we also show the time dependence of the aver-
14 14 age distances calculated by the SC method of paper I. We
1 I can see that the average distaicét)) is nicely described
! 2 by the SC method as expected from Fig. 4. The average

R (a.w)

EY = 6.8¢V
L =40

(a) t=18 a.u.

. :@ r(a.u.)

L] v L v LI 1
10 20 30 40

40

| value (R(t)) is also very close to the SC quantiBg{t),

(c) t=138au. |, (d) t=198 a.u. which is just given by a common trajectory itself. The use-

fulness of the SC method for predicting the average distances

is easily understandable in the casesLef30 and 50 be-

L S ST S S S cause most of the collisions induce merely single process
(elastic transition or protonium formatipnVhenL =40, as

. 1 may be seen in Fig. 4, however both the elastic and proto-

14 1 nium formation processes will occur equally in the colli-

| sions. Hence, in the classical treatment, two quite different

2% A ® kinds of trajgctorie$i.e., recoil and captuyenust be consid-
ered for thep motion at the same time. The common trajec-
(e) t=238au. |, () t=278 a.u. tory assumption would be no more valid in such case. Nev-

ertheless, we find in Fig. 5 that the common trajectRgyt)
is still a good approximation t¢R(t)) even forL =40.

.1I0l2:) lE)IOILIO '15 .2I0.3:) 40
- C o B. Formation probabilities
FIG. 3. Plots of the probability distributiop"-=*%(R,r,t) for ) _
EC=6.8 eV at different points of time, as shown by contours. First, we compare the formation probabilities calculated

by the present QM method with the SC results of paper | at

We also display in Fig. 4 the electron distribution calcu-three energieg=4.0, 6.8, and 10.0 eV. In Fig. 6, we show
lated by using the SC method of paper I. The SC electrorthe opacities defined by (_’él—l)P%p as a function of the
distribution may be defined in the same way as BJ1)  total angular momenturh. From Eq.(2.25), the summation
except for the radial distand® In the SC calculation, the of the opacities ovet provides the quantity proportional to
translational energ¥; and the initial distanc&® have been the formation cross section. The SC opacities are found to be
set to be equal to the corresponding central values of theery close to the QM ones fdr higher than and also much
wave packefi.e., E? and R%). It should be noted that the lower than the peak position. However, around the peak, the
initial wave packet spans some rangekfor R, which de-  SC calculation gives larger opacities, and even exhibits pe-
pends on the width parametérthrough Eq.(2.18. Hence, culiar L dependence.
the QM electron distribution reflects the overlapping for To understand thé. dependence of the SC formation
various energies or various initial distances. In this sense, wprobabilities, it may be helpful to consider the energy con-
may not have to make a detailed comparison between thgervation expected to be satisfied in the SC calculation, i.e.,
QM and SC results. Nevertheless, the comparison is very
interesting, and we see a close similarity between the QM Ei—l1s=E{ +ePs—115(1- Py, (3.9
and SC electron distributions in Fig. 4. From this result, we _ _ _ _
may expect that the SC method is very useful to describe th&#/here E" is the final translational energy, is the mean

QM motion of the electron during the collision. energy loss due to the electron emission, &ggis the SC
For the cases shown in Fig. 4, we have further calculate@robability for the electron emission. In the common trajec-
the time dependence of the average radial distances, tory treatment, it may be judged that the antiproton is cer-

tainly captured ifE,’ <0. Sincee>0, we find that the con-

dition E;" <0 holds whenever the emission probabilities are
— L t
<R(t)>_f Rp™(R.r.)dRdr, (33 P§C> E:/l1s. (It should be noted, however, that there is no
definite way to evaluate the emission probability in the com-
_ L mon trajectory treatment Whelﬁéc> E:/l1s.) Consequently,
(r(t))—f rpo(R.r,HdRdr. (3.4 the SC formation probabiliies become unity fdpL,
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never provide any information on the bound motion of the
protonium atom.

In the QM calculation, the formation probabiliti@%p are
close to, but not equal to unity fdc<L.. Hence, the SC
probabilities are slightly larger than the QM ones there. The
error of the SC probability becomes the largest00x (1
—E/l15)% atL=L.. As a result, the main error of the SC
calculation for the cross section comes frara equal to and
slightly lower thanL.. If we may evaluate the emission
probabilitiengC for the low L(<L.), the SC method will
give more reliable formation probabilities by equatiﬁé*p
=PL..

In paper I, we have found that the position of the first
turning point of the common trajectory is a key point to
understand the mechanism of the electron emission, and fur-
thermore that the turning point may be well estimated from
the adiabatic potential. Accordingly, we show in Fig. 7 the
present QM formation probabilities as plotted against the
turning pointRf’pd for the adiabatic potential. The probabilities
are displayed in the same figure for the translational energies
E;=3.5,5.0, 6.8, and 10.0 eV all together. A very interesting
thing is that all the points are almost put on a single curve.
This result supports the finding of paper | that the relative

motion of p and H can be nicely described by the adiabatic
potential at least until reaching the first turning point. We
may further expect that the turning point is the almost only
important factor to determine the dynamics of the protonium
formation (1.1) in the present energy region.

The solid line in Fig. 7 is a fit of all the data fdg,
=2.72-10 eV, and its function form is assumed as

FIG. 4. Time evolution of the electron distribution
p-=30405¢ t) as shown by contours. The QM and SC results are 3
0_ _ :
for E;=7.5 eV andE;=7.5 eV, respectively. Pfit(R?pd): — RadeXF[_ C(R?;'—d)“], (3.6)
. . . . tp
>E,/l5. This appears in Fig. 6 as a linear curve ZL g
+1) of the SC results frorh =0 to the critical peak position WwhereRg<2 a.u. anda=88, b=94.5, c=2.3, d=0.426.
L. defined byp;g: E/lys. For ng’s Rer (except very smaIRf;)d), the probabilities take
WhenL>L,, the common trajectory exhibits a behavior @ nearly constant valué.=0.93. By using this fit, we may
of only the recoil motion for the antiproton although the calculate the formation probabilities for any energies where
capture is possible in the QM calculation unlésgs much  the calculation has not been made. For the adiabatic turning

higher thanL.. (Accordingly, the SC emission probability POINtsR ranging from~ Ry to 2 a.u., the formation prob-

PL.could be rather evaluated in paperit.has been assumed ability decreases to zero, but has a significant contribution to
in paper | that the formation probability is given WL_ the cross section. This fact indicates the importance of nona-

: . PP diabatic coupling for the low-energy formation procésdl).
=PL_for L>L.. From Fig. 6, we see that this assumption is ping gy process)

acceptable. It is very interesting that the SC method, which
offers only a recoil behavior of the common trajectory, is still
useful to describe the protonium formation. As may be seen In Fig. 8, we plot the formation cross sectioag, as a

in Fig. 3 (or shown in paper)| the electron is ejected rapidly function of the translational energlf;. The present QM

only around the reflection positiofi.e., the first turning cross section is compared with those calculated by the SC
point). Hence, the common trajectory would not deviate somethod(paper ), the CTMC method4], the CTMC method
much from real trajectories at least until it reaches the firstith the pseudopotentidh], and the adiabatic methd@].
turning point, and consequently, we could calculate the emisThe adiabatic cross section is given by assuming that the
sion probability forL>L. in a reasonable accuracy by using formation probability is unity ifR?pds Rer and is otherwise

the common trajectory. We can see in Fig. 5 that the commorero. The usefulness of the adiabatic potential mentioned
trajectory is in fact a good approximation (&(t)). When  above appears as the fact that the energy dependence of the
L>L., it should be noted that although the common trajec-adiabatic cross section is similar to the QM one. However,
tory treatment will be justified for the calculation of the for- the adiabatic method significantly underestimates the forma-
mation probability summed over all the final states, it cantion cross section at these energies as found in paper I. The

C. Formation cross sections
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a 1 1 1 1 1 80 1 1 1 1 1

— QM (EP=75¢V)
=== SC (E, =75¢eV)

<R(t)> (a.u.)

<r(t)> (a.u.)

150 2(I)0
Time t (a.u.)
20—
FIG. 5. Time dependence of the average distaqé&$)) and
(r(t)) for L=30, 40, and 50. The QM and SC results are Iﬁﬂr
=7.5 eV andE;=7.5 eV, respectively. On the upper panel, the 0
common trajectonR(t) is shown for the SC results.

0 10 20 30 40
Total angular momentum L

SC cross sections are about 15% larger than the QM ones. FIG. 6. Opacities (2+1)P_ as a function of the total angular
As seen in Fig. 6, this error manly comes from the defect offomentuni for E;=4.0, 6.8, and 10.0 eV. The SC results of paper
the common trajectory treatment far<L.. The CTMC | are also shown.

cross sections are larger than the QM results for the high

energies and smaller for the low energies. When the pseudo- _ (2I_+ 1)P%:'
potential is introduced to present a QM effect in the CTMC f( ):—L- (3.7
calculation, the cross section becomes much closer to the ; (2L+1)Pﬁp

QM value. This result suggests that the QM nature is impor-

tant in the protonium formatiofd.1). In Fig. 9, the relative fractions calculated in this way are

shown for three energids=2.72, 5.44, and 8.16 eV, and are
D. Angular momentum distribution of protonium compared with the analytical fits of the CTMC results given
In the CTMC study, Cohef4] calculated the level distri- by Cohen[4]. In contr.ast to th.e case of the cross section, it
bution of the protonium atom formed in the proce4sd). seems tha}t the relative fraction given by the pure CTMC
Since we have not made a complete analysis of the wavethod (without the pseudopotentjalagrees rather better

packet for the arrangement Chanee{ap, we cannot obtain with the QM result.
the accurate level distribution of the protonium atom. Nev-
ertheless, since very high total angular momertt& () are
mostly important in the protonium forrﬂatidll.l), it would We have applied a time-dependent full QM wave-packet
be allowed that the angular momentunof the protonium  propagation method to a Coulomb three-bogy+-H) colli-
atom is approximated by=L. (See, also, the Appendjx. sion problem. A DVR technique has been employed for the
Therefore, we may define the relative fraction of the proto-numerical calculation. Cross sections have been obtained for
nium atom having the angular momentunas the protonium formation procegs+H—pp+e at transla-

IV. SUMMARY AND FURTHER DISCUSSION
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tional energies below 10 eV. Although the time-dependent 10 L ' '
full QM approach has been widely accepted in the field of
chemical reactioh21,23,28, the present work is probably its
first application to heavy patrticle collisions of the atomic
Coulomb system. The present study and recent application tt 0.8
the electron-impact ionization vigorously made by Pindzola
and Schultz, and Robicheaux, and Colgaral.[30] encour-
age the theoretical treatment based on the time-dependel
picture also in atomic collision processes. ;
A plot of the QM formation probabilitie@% for various

energies against the adiabatic turning poR{s gives a uni-
versal curve in a good approximation. The adiabatic potentiatz
and especially the adiabatic turning point are of critical im- g 04
portance to understanding the mechanism of the protoniun=
formation. However, it does not mean that the adiabatic pic-
ture is fully acceptable. The significance of the adiabatic
turning pointst})d> Rer for the protonium formation indi- 0.2
cates that the nonadiabatic transition is very important in this
process.

Paper | has shown that when the translational energy is
below 1.57 eV, the formation cross section is identical to the o9 | | | s Y
so-called orbiting cross sectiarfs, that is obtained using the 0.0 0.5 oo 13 20
adiabatic potential. It is not easy to extend the present calcu Turning point R,," (a.u.)
lation to these low energies because the wave-packet propa- ] L ) )
gation must be performed for a very long time. Nevertheless, FIG- 7. Formation probabilitieB,, are plotted against the adia-
the present results may be helpful to estimate the formatioR@tic tuming pointRy, for £,=3.5, 5.0, 6.8, and 10.0 eV. A solid
cross section in the orbiting energy region. We have foundurve is afit of all the data foE =2.72-10.0 eV.
that the protonium formation occurs in the probability of ]

P. (=0.93) in cases oRf‘g’s Rer. Paper | has suggested those of the QM study of Voronin and Car'bor{eillll]. How-

that whenL is lower than the critical value that the orbiting €Ver. unfortunately, the time-dependent picture is not appro-
occurs, the relative motion to the small distand®s Rer prlate_for the calculation of the _coII|S|ons at ext_remely low
becomes classically allowed. Therefore, we may expect thi"€rgies because of the necessity of very-long-time propaga-
the formation cross section in the orbiting energy region idion and still more the diffuseness of the wave packet. The
given by oy,= P2 which is about 10% smaller than the time-independent picture will be much more suitable for ex-
orbiting value. It should be noted that the orbiting approact®Mely low energies.

becomes meaningless at extremely low energies since it is a 't IS VEIy important to obtain the final-state specified cross
classical picture. In fact, the orbiting treatment gives togS€ctions for the protonium formation. To calculate the accu-

large cross sections at energiesspk 107 eV [11]. rate cross sections specified by the principal and angular mo-

It has been shown that the SC method assuming a conite€ntum quantum numbers,() of the protonium atom, the
mon trajectory{10] can describe well the time evolution of coordinates R,r) must be transformed into another set of
some QM quantities. Therefore, the SC method is very uselacobi coordinatesq,q), which correspond to the arrange-
ful to gain a physical understanding of the collision dynam-ment channe¢+ pp. (See the Appendix.In doing an analy-

ics in p+H. However, the SC method is not always reliablesis of the final wave packet, we must remember that the
to obtain an accurate formation probability just because théaguerre grid is not appropriate because the grid points be-
common trajectory is assumed. It is very interesting to invengome scattered for large distances. To avoid this problem, for
a more sophisticated trajectory for the relative motion in thenstance, we will be able to take the following step: the wave
SC method. packet is propagated using the present numerical method un-
In a CTMC method 4], if a pseudopotential is added in til it reaches a reaction zone, the transformatid®,r{
the interaction, the formation cross section agrees well with—(Q,q) is made there, the Chebyshev grid is applied both
the QM results at the energies considered in the presefier the Q andq coordinates, and then the wave packet may
study. For relative angular momentum distribution, the purede propagated into sufficiently large The calculation of the
CTMC method(without the pseudopotent)dd] seems to be final-state specified cross sections for the protonium forma-
rather better. It should be noted, however, that the CTMQ@ion remains in future work.
methods both with and without the pseudopoterjéidigive When the translational energy is higher than the ioniza-
the formation cross sectior{sespectively, 163 and 67 aju. tion energy € 13.6 eV) of the hydrogen atom, the breakup
largely different from the orbiting valuegﬁ‘b (=91 a.u.) at ionization p+p+e becomes an open channel. The CTMC
E=0.272 eV. studies[6,4] showed that the protonium formatigh.1) was
It would be interesting to compare the present results witmegligible atE;>15 eV. Of special interest is the question

ty

1

0.6 —

on probabil
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FIG. 8. Formation cross sectiong, as a function of the trans- 005+ B
lational energyE,. The SC results are taken from paper I. The E =8.16eV
results of the CTMC method and the one with the pseudopotential 004 o%o ~
are given by Cohefd]. The cross sections obtained under the adia- ,,,—"‘ .
batic assumption are also shown. 003 z-” ‘\‘ -
whether the SC method with the common trajectory assump- %% 4 B
tion is satisfactory also to describe the breakup ionization. a2 o\
The extension of the present QM approach to the energy %7 %% ) i
region above the ionization threshold may be made straight: o
. . . 4 O d
forwardly. The full QM calculation for the breakup ioniza- 000 ! T T T A oy
tion and the comparison with the SC results will be reported
in a next study[31]. Angular momentum

FIG. 9. Relative angular momentum distribution of the proto-
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A
(A2)
APPENDIX: ASYMPTOTIC FORM FOR PROTONIUM

FORMATION whereq=(¢,y’).

For the arrangement channek pp, we have a set of For sufficiently largey, the wave-functions™(R.q, ¢, E)
Jacobi coordinate® andq, which are the position vectors of becomes

Hfrom p and of e from the center-of-mass gip, respec-

tively. The coordinate§ andq are expressed in terms Bf Lx __ Sh Lnl ’
andt as R A.6E)=— 2 Pl(cosd) 7 (R 2k
. L
. Me 1 . Me+2m,, AL Xexp(+iKa®) Sy po, (A3)
QR merm, 97 2R a(mamy T AY

whereP} is the normalized associated Legendre function,
Becauseme<m,, we may setQ=R unlessr is too large. is the electronic angular momentum quantum numiveérjs
Therefore, in the BF framezER), the time-independent the reduces mass of tieet-pp systemk; is the wave num-
wave function(2.10 may be re-expressed as ber of the ejected electron, ar@hw,roxo is the Smatrix
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element for the protonium formation. In EGA3), the radial Since the electronic angular momentunms very small
wave function of the protoniuny:") ,(R) in the BF frame is compared with. in most cases, we may assuteL in Eq.
defined by ' (A4). Then, we have
o 21+1 — _ Ll oy
o (R1=2 5= (IO LN) 7 (R)(TOIN LX), M (RI= 7L (R) S (AG)
|

(A4)  and the asymptotic form of*(E) becomes

where 77,1(R) is the ordinary radial Coulomb function, and
(n,1) are the quantum numbers of the protonium atom. It LA __N pr _ / m’
should be noted, however, that the final magnetic component v(RaA.b.E) %: Pr(cosé)mn(R) 27k

. L . .
N"in S5,/ ... is not a good quantum number even in the
= 0™0

limit of g—oo. If we describe the protonium state in the SF
frame, theS-matrix element becomes

X exp(+i k) S

AT oh (A7)

This approximation is just the same as the one usually done

in the study of molecular spectroscopy: i.e., the Coriolis cou-

pling is neglected for thep-p motion in the BF(rotating
(A5) protonium frame.
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