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Sufficient conditions for three-particle entanglement and their tests in recent experiments
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We point out a loophole problem in some recent experimental claims to produce three-particle entanglement.
The problem consists in the question whether mixtures of two-particle entangled states might suffice to explain
the experimental data. In an attempt to close this loophole, we review two sufficient conditions that distinguish
betweenN-particle states in which alN particles are entangled to each other and states in which Mnly
particles are entangle@vith M <N). It is shown that three recent experiments to obtain three-particle en-
tangled statefBouwmeesteet al., Phys. Rev. Lett82, 1345(1999; Panet al, Nature403, 515(2000; and
Rauschenbeutet al., Science288, 2024,(2000] do not meet these conditions. We conclude that the question
whether these experiments provide confirmation of three-particle entanglement remains unresolved. We also
propose modifications of the experiments that would make such confirmation feasible.
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[. INTRODUCTION tation values by a maximal factor that grows exponentially
with N [10,11]. N-particle experiments that violate these in-
The experimental production and detection of multipar-equalities are then, again, disproofs of the assumptions of
ticle entanglement have seen much progress during the la%cal realism. o o n
years. Manipulation of such highly entangldd-particle However, the violation of local realism is not sufficient
states is of great interest for implementing quantum informalOf confirmation of the entanglement of & particles. For
tion techniques, such as quantum computing and quantufjiS PUrPOse, one must also address the question of whether
cryptography, as well as for fundamental tests of quantunin® data admit a model in which less thainparticles are
mechanics. Extended efforts have resulted in recent claims §nt@ngled. The standard generalized Bell inequalities men-
experimental confirmation of both three- and four-particlelioned above are not designed to deal with this issue, and
entanglement using photons and atom-cavity techniquedlus: leave the loophole open that the data might be ex-
[1-5]. In this paper, we examine a possible loophole in suctplained by mixtures of states in wh|ch less th‘arpartlcles
claims. are entangled. In fact, as shown in more detail below, the
N-particle entanglement differs from the more well- data of some experiments aimed to produce three-particle
known two-particle entanglement, not only because the cla€Ntanglement may be approximated surprisingly closely by a
sification of different types of this form of entanglement is Mixture of two-particle entangled states. This forms the mo-
still an open probleni6,7], but also because it requires dif- tivation for a closer investigation of conditions needed to
ferent conditions for actual experimental confirmation. In theCl0Se this particular '?Oﬁ_hollf' N formul _—
case of two-particle entangled states, it suffices to show that S°mMe conditions of this kind have been formulated in the
the observed data cannot be explained by a “local realistecent Ilterature{_7] in terms of partial transpositions of the
model. That is, it is sufficient for the correlations between the\-Particle density matrix. Unfortunately, it is not clear at
observed data to violate a certain Bell inequality. In fact, forPréSent how these conditions may be tested experimentally.
pure states, this condition is also necessary, because all pufg (NS Paper, we review two experimentally accessible con-
two-particle entangled states can be made to violate such &tONS; prelsented in Sec. Il as conditioAsandB. In Sec.
Bell inequality by an appropriate choice of the observabled!!: We analyze some recent experimefils2,4] to produce
[8,9]. three-particle entanglement, in order to see whether these
For N-particle systems, generalized Bell inequalities haveCOﬂdItIOﬂS are met. It is shown that this is not the case. This,

been reported by Mermifil0] and Ardehali[11]. These of course, does not prove that there is no three-particle en-
N-particle inequalities are likewise derived under the astanglement in these experiments. Rather, we conclude that on

sumption of local realism. More explicitly, it is assumed that the basis of the conditions reviewed here, the above loophole

each particle may be assigned independent elements of re&foblém remains unresolved. However, we propose modifi-
ity corresponding to certain measurement outcomes. A boungAtions of the experimental procedure that would allow for a
on the expected correlations is then obtained and shown fuore definite confirmation of three-particle entanglement.

be violated by the corresponding quantum mechanical expec- Il SUFFICIENT CONDITIONS FOR N-PARTICLE

ENTANGLEMENT
*Email address: michielp@sci.kun.nl We start with the definition of the basic concept. Consider
"Email address: uffink@phys.uu.nl an arbitraryN-particles system described by a Hilbert space
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H=H,®---®Hy. Ageneral mixed statg of this system is known Bell inequality of Clauser, Horne, Shimony, and Holt
called N-particles entangled if no convex decomposition of (CHSH) [13] for two particles. LetA andA’ be dichotomous
the form observables on the first particle, with possible outcomhés
and similarly for observableB and B’ on the second par-
. ticle. Consider the expression
p=2 pipy with p=0, 3 pi=1 (1) P
F,:==AB+A'B+AB'—A'B'=(A+A")B+(A—A")B'<2.
exists in which all the statgs are factorizable into products (6
of states of less thaN particles. Of course, since each fac- . . .
. . . . : Assuming local realism, the pak and B are conditionally
torizable mixed state is a mixture of factorizable pure states
. . Ihdependent
one may equivalently assume that factorizable stafemre
pure, so that the decompositi¢h) takes the form

Phs(a,b)= prA<a|x>pB<b|x>p<x>dx M
p=2 pil i) . 2
! and similarly for the paird’,B, A,B’, andA’,B’, where

In order to extend the above terminology, Ktbe any pa and pg are probabilities conditional on the hidden vari-

subset C{1, ... N} and letp® denote a state of the sub- able\ € A. If we denote the expected correlations as
system composed of the particles labeledkbyVe will call
anN-particle stateM particle entangledNI <N) if a decom- E,(AB)=>, ab pig(a,b),
position exists of the form ab
M0) 0] we obtain the standard two-particle Bell-CHSH inequality

p=2i pip, @ ®p "1, @ [13]
where, for eachi, K{), ... K is some partition of |Er(F2)|=[(Er(AB)+E;(A'B)+E,(AB")—E(A'B")|
{1,... N} into r; disjoint subsets, each subd€f’ contain- <2. 8

ing at mostM elements; but no such decomposition is pos- ) )
sible when these subsets are required to contain lessMhan /N quantum mechanics, the observaBles represented by
elements. the spin operatoA=a- o with unit three-dimensional vector

An example of arN-particle state that iN particle en- 3, and similarly for the other three observables. The expected
tangled is the Greenberger-Horne-ZeilingéHZz) state correlation in a statg is given by E,(AB)=Tr (pa,(}

1 ®b- 7). In terms of these expectation values, the Bell-CHSH
lonzy=—=(T1T--- D+ L1---1)), (4)  inequality may be violated by entangled quantum states. The
2 largest violation of this inequality by a quantum state i&22
. ) [24].
where| 1) and| |) denote the eigenstates of some dichoto-" e Be|l.CHSH inequality is generalized by Gisin and
mic observable(e.g., spin or polarizatignwhich we will

ke b ; . d al thexis. On th Bechmann-Pasquinucci tN particles through a recursive
take, by convention, as oriented along thaxis. On the  yafinition LetA; andA/ denote dichotomous observables on
other hand, the three-particle state J

the jth particle, (=1,2, ... N), and define

1. . . A
— 2 (pWe Py pg pd 5 1 , 1 o
p=3(FiePsTHPITeR™) ® Fri=s (An+ APy 1+ 5 (A ADFIL1=2, (9)

is only two-particle entangled. Her@{*® and P® denote

projectors on the triplet stateiZ(| 1)+ | 1)) and singlet ;. A/ interchanged. Here, the upper bound foq follows

state W2(11)- L1)), respectively, for particles 2 and 3, 1 natyral induction from the bountb) on F,. One now

andP(1),=| | )( || andP{"=]|1)( 1| are the “down” and  obtains the so-called Bell-Klyshko inequalfty2],

“up” states for particle 1. Note that, as the stdf® exem-

plifies, anN-particle state can b particle entangled even if |[E(Fy)|<=2. (10

it has noM particle subsystem whosg@educed state is

M-particles entangled. In the remainder of this section, werhis Bell-Klyshko inequality is also violated in quantum me-

review two inequalities that allow for a test betweenchanics. That is to say, the expectation value of the corre-

N-particle andM-particle entangled states, focusing mainly sponding operator

onN=3 andM=2. L L
Condition A The following condition has been derived by ey T LT N Ay

Gisin and Bechmann-Pasquinuddi2] for a system ofN Fu=g (At AN @FN-1t 5 (An— Ay ®Fy- =2

two-level particles § bits). As a start, consider the well- (12

whereFy_, is the same expression Bg_; but with all A
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may violate the boundl0) for entangled quantum states. As  The inequality(10) may now be extended into a test of
shown in referencgl2], the maximal value is N—1 entanglement. Consider a state in which one particle
(say theNth) is independent from the others; i.e.5 pyy;

|E (Fy)|=2(NFD72 (12 n—1;- One then obtains

i.e., a violation by a factor of @12,

|E,(FN)|=

1. n n 1 . " ~
Tr p(E(AN+AI,\l)®FN1+ E(AN_AI,\I)®FI,\11)

|(<AN>p+ <Al,\l>p)Tr pIA:Nfl_l— ((AN>p_ <Al,\l>p)Tr pIE,,\l,l|

(AN (Ep(Fr-1) + E (FRo )+ (A (E(Fyo1) —EL(FL_ 1)l

=

Nl NP NP

N N 1 . .
|Ep(FN—1)+ Ep(Fll\l—l)| + §|Ep(FN—1)_ Ep(Fl,\l—l)|

=max(|E,(Fn_1)],|E,(Fy_p)=2"2, (13

where we have usef{Ay)|<1/(Ai)|<1 and the bound 1
(12). F(p):=(anzlpl ¢GHZ>:§(PT+ P))+Rep; , (16

Since IA:N is invariant under a permutation of ti par-
ticles, this bound holds also for a state in which anothemwhere| ¢gyz) is given by(4), Py:=(1---Tlp[1---1), P,
particle than theNth factorizes, and, sindg,(Fy) is convex — =(LL---Llp| [1---1) and py :=(1T---T[p[ L]---]) is
as a function ofp, it holds also for mixtures of such states. the far off-diagonal matrix element in tfebasis. Now, par-
Hence, for every N— 1)-partic|e entang|ed state we have tition the set ofN particles into two disjoint subseksandK’

and consider a pure state of the form
|E, (Fyn)|<2V2 (14)

[ @y=(al 11---1)F+---+bl LL--- ))e(c] 17--- 1)
Thus, a sufficient condition foN-particle entanglement is a ,
violation of Eq.(14), i.e., inequality(10) should be violated +oeetd UL D)9, (17
by a factor larger than ®/2~ 1), _ _ o _
Specializing now to the case wheXe=3, inequality(14) ~ Where| 11---1)" is the state with all particles in subséin
may be written more conveniently as the “up” state and similarly for the other terms. Normaliza-
tion of | ¢) leads tola|?+|b|?<1 and|c|?+|d|?<1. It then
|[E(ABC')+E(AB'C)+E(A'BC)—E(A'B'C’)|<23?2 follows that
15
49 2F(| ) ¢|)=lac|?>+|bd|*+2 Rgab* cd*)

where we have puh;=A, A,=B, andA3;=C.
<(lal*+[bl*)(c[*+[d[»)<1. (18

For example, for a choice of spin directioas-a’ along

the z axis, andb, b’, ¢, ¢’ in the xy plane with angles Thys, the state preparation fidelity is at most 1/2 for any state
B=0, p'=ml2, y=ml4, andy'=—m/4 from thex axis,  of the form(17). From the convexity of (p) it follows that

the mixed state(5) gives E,(F3)=2y2. This violates in- this inequality also holds for any mixture of such product

equality (10), thus indicating two-particle entanglement, but states, i.e., for any stajeas defined in Eq(2).

does not violate inequalityl5), and thus shows no three-  \we have thus found a second sufficient condition for

particle entanglement. N _ N-particle entanglement, namely,
Condition B Another condition forN-particle entangle-
ment follows from the fact that the internal correlations of a F(p)>1/2. (19

guantum state are encoded in the off-diagonal elements of

the density matrix that represents the state in a product basi®f course, analogous conditions may be obtained by replac-
We summarize here the derivation presented by Saekelt  ing the special stat¢ gz in definition (16) by another

[3]. Consider the so-called state preparation fidefitpf a  maximally entangled state, such as\2(1...1])
N-particle statep defined as +|]...1T)), etc. An experimental test of conditid® re-
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quires the determination of the real part of the far off- [(xyy)+(yxy)+{yy») — (xxx)|<2, (21)
diagonal matrix element;, . Now, obviously, Re; is not

the expectation value of a product observable, and informawhere (xyy) is the expectation value of{"® o{?®a{?,
tion about this quantity may only be obtained indirectly. In etc. The reported experimental data are

the next section, we discuss several experimental procedures

by which this information may be obtained. As we shall see, [(Xyy) +{yxy) +{yyx —(xxx)| =2.830.09, (22
it is important that such procedures make sure that no un-

wanted matrix elements contribute to the determination of" clear \{|olat|qn Of Eq(2D). How'ever, as mentlongd in th?
this quantity. Introduction, violating a generalized Bell inequality of this

type is not sufficient to confirm three-particle entanglement.
Thus, again, the question remains whether the reported data
may be regarded as confirmation of three-particle entangle-
Using the conditionsA and B discussed above, we now ment. In particular, one might ask, do these experiments
turn to the analysis of three recent experimental tests fomeet either of the condition& or B?
three-particle entangled states. Upon further analysis, we may answer this question. First,
(1) In the experiment of Bouwmeestet al.[1], the three- We note that the procedure followed by Bouwmeesteal.
photon entangled statgyg)=1/y2(| HHV)+|VVH)) is  does not allow_for a test pf conditioheven in the idegl case
claimed to be experimentally observed. Herel) and|V)  Where the desired state is actually prc_;duce_d. Thls_ is b_ecaqse
are the horizontal and vertical polarization states of the phomeasurements were performed only in various directions in
tons. We represent this state in thdasis usind H)=| 1)  the xz plane. However, for any observable-oc®b-o

IIl. ANALYSIS OF EXPERIMENTS

and|V)=||) as ®C-o with a,b,c unit vectors in thexz plane, we obtain
( Ygla-c®b- c®C- o] ) =cosacosBcosy, with a, B,
| )= i(| T+ LITY). (20) and y tht_e angles these vector; span from xhaxis. These
J2 expectation values are factorizable, and measurements of

spin observables in thez plane cannot lead to a violation of
The experiment consisted, first, of a set of threefold coinciconditionA, i.e., the inequality15). Neither does the choice
dence measurements in thezdirections, in which the frac-  of measurements in this experiment allow for a test of con-
tion of the desired outcomes, i.e., the componefts|) and  dition B. For such a test, one would have to determine the
| 117) out of the 2 possible outcomes was determined andrelevant state preparation fidelity, i.€.4g|p| ¥g) of the ex-
found to be in a ratio of 12:1. Furthermore, to show coherenperimentally produced staje But the reported data do not
superposition of these components, a second set of measuegtow for an estimate of the relevant off-diagonal element
ments was performed in thexx directions. For a large frac- Re(11]|p| || 1). Indeed, the only measurements that are
tion of the observed data, this second set of measuremengensitive to the value of this matrix element, namely, those in
shows correlations as expected from the desired $#®.  the xxx directions, are also sensitive to all other matrix ele-
A third series of measurements performed in e direc-  ments on the cross diagonal in thezeigenbasis.
tions showed no such correlations, again, as expected from The experiment by Pasgt al. is more rewarding in this
the state| ¢g). Bouwmeesteret al. concluded that: “The  respect. The inequalit{21) tested in this experiment is iden-
data clearly indicate the absence of two-photon correlationgical to a Bell-Klyshko inequality(10) for N=3. Since the
and thereby confirm our claim of the observation of GHZ inequality is violated, the experiment is indeed a violation of
entanglement between three spatially separated phptdiis  |ocal realism. However, within experimental errors, the mea-
However, no quantitative analysis was made to determingured valueE(F3)=2.83~2%? does not violate inequality
whether two-particle entangled states may account for of15) that would be sufficient for evidence of three-particle
contribute to the observed data. In order to show that such agntanglement. Thus, although the experimental procedure al-
analysis is not superfluous, it is shown in Appendix A howlowed for a test of conditior, it did not violate it. Further,
most of the salient results of this experiment may in fact bethe experiment of Paet al. did not attempt to test condition
reproduced by a simple two-particle entangled state. Thus either.
we are presented with the loophole problem whether or not However, both experiments may be simply adjusted
the observed data may be regarded as hard evidence for trug test both conditions. If, in the experiment of Bouw-
three-particle entanglement. meesteret al, one measures spin observables in directions

The experiment of Past al. [4], performed by the same 3, b, and¢ in the xy plane, rather than thez plane, one
group, aimed to produce the GHZ stateygyy)

=1/2(| 111)+] 1 11)) by a procedure similar to the previ- obtains & 4,)(ABC)=( '#B'af o®b o®C o] Yig) =cose
ous experiment. Although their main goal was to show at/B~7) wherea, 8, andy again denote the angles from the
conflict with local realism, Paet al. also claim to have pro- X @xis. For the choice:a=m/2, a'=0, p=m/4, B’'=
vided evidence for three-particle entanglement. For this pur=- 7/4, y=m/4, andy'=3/4, the inequality(15) will be
pose, they performed four series of measurements, in thgolated maximally by the value four. .
XXX, Xyy, yxy, and yyx directions, and tested a three- For the state| Yonz) = 12(| TIT)+1111)), used in
particle Bell inequality of the form derived by Mermja0]. ~ the experiment of Panetal, it follows likewise
This inequality is presented {i15] and reads that Egpz(ABC)=( ¢gnza c®b-o®cC- o| gnz) =cos

012107-4



SUFFICIENT CONDITIONS FOR THREE-PARTICE. . . PHYSICAL REVIEW A 65012107

+B+v) when the vectors are chosen in thg plane. Then, Condition B was used to test for three-particle entangle-
inequality (15) will be violated maximally by the value four ment. The measured fidelity is claimed to Wbe=0.54
for the choice:a=/2, a'=0, B=u/2, B'=0, y=m=/2, +0.03 and this is, within experimental accuracy, only just
and y'=0. Using these angles in future experiments will greater than the sufficient value of 1/2. However, we will
thus allow for tests of three-particle entanglement. argue that upon a “worst-case” analysis of the data, this
Finally, we discuss how the experiments can be adjustetesult may no longer be claimed to hold, since one cannot
in order to test conditio8. Determining the populationB; exclude that other off-diagonal density-matrix elements con-
andP, in Eqg. (16) is rather trivial and will not be discussed. tribute to their determination of Re | .
Here, we mention two possible procedures to determine In the experiment, first the individual populations of
Rep,,. The first is to use a three-particle analogue of theeigenstates in thezz directions was determined. These
method used by Sackett al. [3]. Consider the observable populations are the so-called longitudinal correlations in Fig.
S.(¢) ::ﬁ¢. o ﬁ¢. o ﬁ:¢' o where ﬁd,:(cos(;ﬁ,sin $,0). 3 of[2] and give the following resultgall numbers+0.01)
The expectation values { ¥guzSi(p)| ¥onz) and

( ¥|S_()| ¥g), considered as functions ef, oscillate as
A cos(3p+ap)+Bcos(p+ B)+const.,, where A=2 Rep; | .
(That is, A=2Re T17T|p|lll) in the first, and A (25)
=2R€ 11]|p| [ 1T) in the second caseHence, by measur-

ing S, (¢) for the GHZ statd4), or S_(¢) for the stated20),  This gives 1/2P;;;+P,,;)=0.29. Next, the off-diagonal
for a variety of angles, and by filtering out the amplitude - matrix element ReT 7 ||p| 111) is determined by first pro-
that oscillates as cos/8 one obtains an estimate of the rel- jecting particle 2 onto either+), or | —),, and measuring
evant off-diagonal elemenRep, | needed to test condition the so-called “Bell signals’1§+(¢)==o§(1)®ﬁ¢,-a(3) on the

B. . . > .

However, a simpler way to determine this off-diagonal "€Maining pair. Here, agaim,=(cos¢sin¢,0).
matrix element is to take advantage of the simple operator_ 11U, the expectation of these Bell signals is given by
identity: (BL(¢))=Tr (poMePPen, o). The Bell signal
(B (¢)) is predicted to oscillate a& cos¢. The other Bell
signal(B_(¢)) has a phase shift af and thus oscillates as

PrTT PITL PIIT O PILL O PUIT PLTL O PLIT P
0.1 022 006  0.04 0.1 009 036  0.03

0x®oyQ 0yt oy®@oy®@ 0oyt oy®0y®oy— 0x® 0y Ty

=—4( LLICTTTI+I TTCLLLD, (23 —Acosg. In the case of the desired three-particle sta,
the amplitudeA of the oscillatory Bell signals is equal #
so that for all statep =2|(11llpl L11)]. The experimental data give a value of

A=0.28+0.04, leading to the resulE=1/2(P; +P,
(xyy+yxy+yyx—xxx),=—8Rg 111|p| | |]). +A)=0.54+0.03.
(29 However, if one assumes a general unknown state, it turns

_ _ _ _ out that not only the matrix elemeit| 1||p| [ | T) (and its

has already been measured in the experiment of@®ah, — (114|p [|1), (T11|p| [T1) and( 1| 1|p| |11} and their

one may infer from their reported res\i#t2) that respective complex conjugates contribute to the measured
amplitude A. In a “worst-case” analysis, these unwanted
_ 2.83+ 0-09= . density-matrix elements should be assigned the highest pos-
|Re(p;))] 0.35+0.01. ) . .
8 sible value compatible with the values of the measured popu-

lations in table(25). Suppose these contributions sum up to

Thus, only one additional measurement in #zzdirections  the maximal valuav in the amplitudeA, then we may con-
would have been sufficient for a full test of conditi@ If  clude that 2 Rg;, has the “worst-case” value oA—w.
the ratio reported in the experiment of Bouwmeesteail. of Using the data fromi2], such an analysis has been per-
12:1 (corresponding to populations of 048 a feasible re-  formed from which we obtaimv=0.26+0.04 (see Appendix
sult for the setup of Paet al. too, one should expect to B for detaily. 2 Rep;, then has the approximate value of
obtain an experimental value &f(p)~0.75, well above the 0.02+0.05 instead of the value 0.28.04 reported by Rau-
threshold value of 1/2. schenbeutekt al. This value gives an approximate fidelity

(I1). The experiment of Rauschenbeugtlal. [2] was set  F=0.31+0.05, which no longer meets the inequalify
up to measure three-particle entanglement for three spin-1/2 1/2 of ConditionB.
systems(two atoms and a single-photon cavity field mpde  One might object to our worst case analysis because it
The state of the cavity field is not directly observable, andassumes a maximal contribution from other three-particle en-
was therefore copied onto a third atom, so that the actuahngled states. This is not only physically implausible, but
measurement was carried out on a three-atom system. Let Would also give rise to the hope that at leasmethree-
first adapt the notation df2] to the notation of this paper: particle entangled state has been observed. The prospects of
Their target three-atom statb\lftrip,egzllx/i(l er,i2,93) this hope are difficult to assess. Of course, one has to take
+]91,0,,e3)) is represented here dsjg)=1/y2(|11]) into account that a mixture of different three-particle en-
+LLIT)). tangled states is not necessarily a three-particle entangled
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state. But it is difficult to say whether or not this holds for APPENDIX A

the worst-case mixture discussed in Appendix B. The data obtained in the experiment of Bouwmeester
However this may be, it is straightforward to show that . P .\

the unwanted matrix elements may contaminate the datd! al. may be_sur_nmarlzed as follgwe) The measurements

from this experiment, even for two-particle entangled states” thezzzbasis give a value of 12:1 for the ratio between the

For example, consider the incoherent mixture of two puredeslre<j outcomes and the remainder. This means that

Bell signal states (1Ll 111 =CL11lpl L11)=0.4 (A1)

1. R R R and
mi= (PP o PII+ p@)g pU19), (26)
pm2 ® ! (1110l T11y=---=(111]p| 11)=0.033 (A2)

R N for the remaining six outcomes.
(13) (13 i i . . N
where P7™ and Pg™ denote projectors on the triplet state (i) The measurements performed in thex directions

1/\/5(,' TH+111) and'smglet state JJES' 1h- ”»’_ " determined the probability Ve P@e P . The experi-
spectively, for the particles 1 and 3, aff) are the eigen- \antal results are depicted in Fig. 2 of Rgiff], and show a
projectors in thex direction for particle 2. For this state, the jifference between the: settings which is about 75% of the
expected values ofPy;; and P, ; are 0.25, andA  gypected difference in the desired sthies). Hence,
:=max¢|Tr pmixB=(¢)|=1, while ( TT L pmind LiT)y=1/4. R R R R R R
In the experimental procedure of Rauschenbeetell, this Tr pPPePPge®=Tr pPMepP@g(PR-p®)
would lead one to conclude that the state preparation fidelity
is F=1/2(P;+ P ;+A)=0.75, even though its actual value
is only 0.5. This shows clearly how the contribution by un-
wanted matrix elements may corrupt the data for two-particle
entangled states. - _ i (A3)

We conclude that this experiment does not provide evi- 16
dence of three-particle entanglement. In order to exclude the _ _
contribution by undesired matrix density elements in the ex- (i) In a control measurement, the setting of the polarizer
perimental determination of Re,, another experimental for the first particle was rotated to thez dlre(itlon. :l'hIS
procedure is needed, e.g., an analog of the methods discuss@¢asurement thus determines the value Rff)e P2
above, or a test of conditiosand/orB is needed to warrant @ P(® . In this case, no interferendge., no difference be-
such a claim. tween the* setting for particle thréewas observed. This

gives the constraint

3 A A
= 7{ el PP e PP o] yp)

IV. CONCLUSION Tr pPPeP@e =0, (A4)

Experimental evidence foN-particle entanglement for
N-particle states requires stronger conditions than a meré/e now show how most of these results may be reproduced

violation of local realismM-particle entangled states, with PY & simple two-particle entangled state. Consider the state
M <N, have to be excluded as well. This leaves a loophole 1—a

in recent experimental claims of evidence for multiparticle W=aP@g |5(Sl3)+_(|5| . |5| un).  (A5)
entangled states. We have reviewed two experimentally test- 2

able conditions that are sufficient to close this loophole, and 5 (13) ) )

analyzed three recent experiments to see whether they medépere Ps™ is the projector on the singlet stateV2/(| 1)
these conditions. Unfortunately, this is not the case. Hence; | | 1))=112( +—=)—| =+)).

we conclude that the question remains unresolved whether Using this stat€A5), one finds

these experiments provide confirmation of three-particle en- D)o @) e (3)

tanglement. However, we have proposed modifications of the Tr WP e P ®o,"=0 (A6)
experimental procedure that would make such confirmation .
pogsible. Wep hope that further experimental tests of" agreement with Eq(A4). Moreover,

N-particle entanglemente.g., the recently publishefb]), o

will take account of the specific requirements needed to test Tr WPHepP@ge®=——, (A7)
conditions such a# andB discussed above. 2

which gives agreement with EqA3) for a=3/8. Finally,
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to him for helpful comments, and also to Harvey Brown and
Dik Bouwmeester for stimulating discussions and hospitalitywhich is sufficiently close to Eq(A1).
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The only aspect in which the stata5) fails to reproduce | || |), consecutively by 1. ..,8. Astraightforward calcu-
the experimental data is in the constraiAR). Instead, the lation yields

stateW gives . .
2 (B1(¢)—B_(¢))=2|pricod ¢+ ¢7,)
<Tll|WITll>=<lTT|WIlTT>=3—2%0-09, (A9) +2|psd cOS P+ @sa)

+2|padcog ¢+ @30)
CITTIWETT D) =(TLTIWI T1T)
+2|p1gcog ¢+ @19),

=TT where >7=|p7dexpler) and similarly for the other
P72=P37=|p ¢
=(LLHWL])=0. (A10)  matrix elements. !

Of course, the fit of the experimental data might be improved In a worst-case analysis, all the phase factors suap,as

; oo are chosen equal to 0 angds,, |p3d and|pig should be
by varying some parameters of the stet) or utilizing the iven their maximal values compatible with the measured
margins offered by the finite measurement accuracies. HovvgO ulations given in Eq25) Thesg maximal values are ob-
ever, the purpose of this calculation is not to claim that allPoP 9 ‘

these data may consistently be reproduced by two-particlteamed from the following worst-case decomposition of the

entangled state. Rather, we wish to point out that one maunknown density r_natr|xp:_cw+,BT+ yv+dw With o, 7,
nd v the density matrices of the entangled states

approximate the data unexpectedly closely, so that a serio
guantitative test is needed before one may claim that thegla{‘/i(| Tn+LD), N2(| _Til>+_| LI, . anq
data confirm three-particle entanglement. TIN2(| L T1)+]111)), respectivelyw is an arbitrary density

matrix, whose off-diagonal matrix elements, however, are
assumed to have zero entries where any of the three other
stateso, 7, andv has nonzero entries. Using this decompo-

The two “Bell signals” measured in the experiment of sition, it follows that|p,g = a/2, |psd=B/2 and|ps¢ = y/2.
Rauschenbeuteét al. correspond to(B, (¢))=Tr po® However, sincer;g=01,=0gg, and similar relations for
®|5(+2)®0$;,) and (B_(¢))=Tr p0§1)®ﬁ,£2)®0$) where 7 and v, the fractionse, B, and y also contribute to the
5(2) , . . ., . populationsp;; of .the total state, whosg measured values are
P%" are projectors on the “up” and “down” states for spin cq|lected above in tablé25). The maximal values compat-
in the x direction for particle 2. It is, however, more conve- jpje with these measured populatiops are: a/2=0.03
nient to deal with their difference, i.gB_(¢))—(B_(#))  +0.018/2=0.04+0.01,/2=0.06+0.01 and the maximal
=Tr poPeoP@cl)). Let us label the eight basis vectors value ofw is thusw= a+ B+ y=0.26+0.04, and 7,=A
LTIy LT ey ey Ty Terhy 1HT), —w=0.28+0.04-0.26+-0.03=0.02+0.05.
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