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Eliminating frequency and space-time correlations in multiphoton states
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Multiphoton states constructed from photon pairs generated in the process of spontaneous parametric down-
conversion possess frequency and space-time correlations that may carry undesired distinguishing information.
It is shown that these correlations may be eliminated if certain conditions in the source configuration are
satisfied. For the cases in which these conditions cannot be satisfied because of experimental constraints, it is
shown that the correlations may be reduced through proper choices of crystal length and pump bandwidth. The
advantage of such source engineering is that it yields much higher count rates, since no photon pairs are lost
by predetection spectral filtering.
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Entangled pairs of photons play a central role in fund
mental tests of quantum mechanics, as well as in sev
quantum communications technologies. The recent dem
strations of quantum teleportation@1#, entanglement swap
ping @2#, and three-photon entanglement@3,4# all rely on this
resource for their success. In all these cases, the pho
were entangled with respect to their polarization degree
freedom. Care must be taken, however, in appropriately
gineering the other degrees of freedom~the directions of
travel, arrival times, or wavelengths! if either entanglemen
or the availability of distinguishing information in these d
grees of freedom may compromise the interference pro
dures central to experiments of this kind. Both teleportat
and entanglement swapping rely on Bell-state measurem
and in these, it was essential that some or all of the pho
were detected in such a way that it was impossible to de
mine their origins. When experiments involve the interf
ence of photons from different sources, it turns out that t
may be quite difficult, since strong frequency or space-ti
correlations often exist betweenpairs of photons comprising
the multiphoton state.

The problem of distinguishing information is most pres
ing when photon pairs are generated using spontaneous
metric fluorescence. Currently, this method is the most pro
ising for the generation of a multiphoton state since
minimizes, in practical terms, the number of sources requ
to generate the multiphoton state@5,6#. It is possible to gen-
erate an even-numbered photon multiplet by concatena
several biphoton sources, each of which is pumped by a s
optical pulse whose duration is less than the coherence
of the emitted photon wave packet. In this case, the pho
are emitted spontaneously, but the times of emission
known to within the duration of the pump pulse. This elim
nates most, but not all, of the distinguishing timing inform
tion @7# ~a small amount of temporal information remai
due to the different group velocities experienced by
pump field and the signal and idler fields!. Information asso-
ciated with the energies of the photons is more difficult
eliminate, however, as there is typically a strong correlat
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between the frequencies of the signal and idler photons.
cause of these correlations, it is occasionally possible
identify pairs of photons as siblings. By measuring the f
quencies of the photons detected in a multisource exp
ment, one could determine, with some degree of certai
the source of a pair of photons. Unfortunately, this is enou
information to seriously degrade fidelity of the inference th
the input photons were in, say, the Bell-polarization sing
state.

The challenge in an experiment involving three or mo
photons may be summed up as follows: the experimenta
wishing to take advantage of the simultaneous generatio
two photons in a down-conversion event must find some w
to negate the deleterious effects of their strong freque
correlations. One approach to this problem is to eliminate
frequency entanglement by filtering the ensemble of pho
pairs just prior to detection, retaining only those lacking d
tinguishing information. With the sources employed to da
this may be accomplished only if the spectral filters are qu
narrow, thus resulting in a prohibitively low-count rate@6#.
This appears to be the greatest stumbling block to the de
opment of viable multiphoton sources, since the rate
which two or three crystals will emit photons simultaneous
is quite low, even without filtering.

In this paper, we propose a more direct solution to t
problem. It is shown that, by adjusting parameters such
crystal length, crystal material, and the bandwidth and ce
wavelength of the pump, it is possible to configure a dow
conversion crystal in which the signal and idler arecom-
pletely uncorrelatedin frequency. With this type of source,
is not necessary to take steps to eliminate distinguish
spectral information since no such information exists. Unl
the method described above, therefore, every photon
may be used and none need be discarded. We show, fur
more, that the photons emitted from such sources are
free of space-time correlations. Finally, we show that st
may be taken to minimize frequency correlations, even wh
experimental constraints do not permit them to be elimina
entirely.
©2001 The American Physical Society15-1
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If the frequencies of the photons emitted from a dow
conversion source are truly uncorrelated, then the freque
of either of the photons should yield absolutely no inform
tion about the frequency of its conjugate. This condition
satisfied if the signal and idler frequencies are statistic
independent. That is,

S~vs ,v i !5ps~vs!pi~v i !, ~1!

where ps(vs) @pi(v i)# is the probability that the signa
@idler# photon has frequencyvs @v i # and the joint spectra
intensity S(vs ,v i) is the probability that the signal photo
has frequencyvs and the idler photon has frequencyv i . We
note that this condition is not satisfied in any biphoton sou
demonstrated to date. Because they are related to the p
frequency, there is often a strong correlation between
signal and idler frequencies.

To calculateS(vs ,v i), it is useful to imagine a pair o
energy-sensitive detectors monitoring the signal and id
beams. The joint spectral intensity is simply the probabi
that a photon of frequencyvs is detected in the signal beam
and a photon of frequencyv i is detected in the idler beam
For a two-photon state given by

uc&5
1

~2p!2 E E dvsdv i f ~vs ,v i !âs
†~vs!âi

†~v i !uvac&,

~2!

whereâs
†(vs) and âi

†(v i) are the photon creation operato
for the signal and idler beams, the joint spectral intensity

S~vs ,v i !5^cuâs
†~vs!âi

†~v i !âs~vs!âi~v i !uc&

5u f ~vs ,v i !u2. ~3!

It is seen by comparing this equation to Eq.~1! that the
signal and idler frequencies are independent only
f (vs ,v i) can be factored, that is only if there exist som
f s(vs) and f i(v i) such thatf (vs ,v i)5 f s(vs) f i(v i). It is
worth noting that if f (vs ,v i) may be factored in this way
then the two-photon stateuc& is not entangled in frequency
since it may be written as

uc&5
1

~2p!2 E E dvsdv i f s~vs! f i~v i !âs
†~vs!âi

†~v i !uvac&

5F 1

2p E dvsf s~vs!âs
†~vs!G

3F 1

2p E dv i f i~v i !âi
†~v i !G uvac&, ~4!

which is a direct product state.
In addition to having no frequency correlation, this ty

of two-photon state is also free of space-time correlati
That is, the probability distribution for the time of detectio
of a signal photon, for example, is independent of the id
detection time. To show that this is the case, we calculate
joint temporal intensity, which is given by

I ~ ts ,t i !5^âs
†~ ts!âi

†~ t i !âs~ ts!âi~ t i !&, ~5!
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where

âm~ t !5
1

2p
*dv âm~v!e2 ivt ~m5s,i !. ~6!

It is not difficult to show that if the joint spectral intensity i
given byS(vs ,v i)5u f s(vs) f i(v i)u2, then the joint temporal
intensity is

I ~ ts ,t i !5ugs~ ts!gi~ t i !u2, ~7!

where

gm~ t !5
1

2p
*dv fm~v!e2ivt ~m5s,i!. ~8!

Thus, if the frequencies of the signal and idler photons
uncorrelated, then so are their emission times. That is no
say that the photons are emitted at random times. On
contrary, each is emitted within a time interval whose du
tion is on the order of the pump-pulse duration. Beyond t
constraint, however, the emission time of one photon is co
pletely independent of the emission time of its conjugate

Returning to the frequency domain, the general expr
sion for the probability amplitude of the two-photon sta
generated in the process of spontaneous parametric do
conversion is@8#

f ~vs ,v i !5Na~vs1v i !f~vs ,v i !, ~9!

whereN is a normalization constant,a(vs1v i) is a function
describing the envelope of the pump field, andf(vs ,v i) is a
phase-matching function given by

f~vs ,v i !5sincH L

2
@kp~vs1v i !2ks~vs!2ki~v i !#J

3expH 2 i
L

2
@kp~vs1v i !2ks~vs!2ki~v i !#J .

~10!

In this expression,kp(v)@ks(v),ki(v)# is the wave number
for the pump@signal, idler# beam andL is the crystal length.
A plot of S(vs ,v i)5ua(vs1v i)f(vs ,v i)u2 for a type-II
beta-barium borate~BBO! crystal oriented for collinear
down-conversion of a pump field with a center waveleng
of 400 nm is shown in Fig. 1~the treatment for the noncol
linear case is similar!. The plot indicates that the depicte
state is not maximally correlated in frequency, since ther
not a strict one-to-one relationship between the signal
idler frequencies. Rather, detection of a particular idler f
quency specifies a range of frequencies available for the
nal photon. On the other hand, the correlation is not ze
since the range of signal frequencies depends on the par
lar idler frequency detected. The correlation could be
duced or eliminated if it were somehow possible to ‘‘rotat
this joint spectral intensity so that its major axis were para
to one of the two frequency axes.
5-2
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ELIMINATING FREQUENCY AND SPACE-TIME . . . PHYSICAL REVIEW A 64 063815
The shape ofS(vs ,v i) depends, of course, on the shap
of the functionsua(vs1v i)u2 and uf(vs ,v i)u2. To under-
stand this relationship, it is instructive to examine plots
these functions individually. The pump envelope functi
shown in Fig. 2~a! is assumed to have a Gaussian shape w
a width that is proportional to the spectral width of the pum
field. Since the argument ofua(vs1v i)u2 is the sum of the
frequenciesvs andv i , the function has constant value alon
lines defined byvs1v i5const and reaches its peak value
every point on the line

vs1v i5v̄s1v̄ i 5v̄p, ~11!

wherev̄s, v̄ i , andv̄p are the center frequencies of the si
nal, idler, and pump fields, respectively.

Figure 2~b! shows a plot ofuf(vs ,v i)u2, which has a
somewhat more complicated shape in the signal-idler
quency space. It may be thought of as a ridge lying along
contour defined by setting the argument of the sinc funct
to zero, i.e., 05kp(vs1v i)2ks(vs)2ki(v i). By retaining
only the lowest-order terms in power expansions about
center frequencies, and assuming perfect phase matchi
the center frequencies, this contour may be approximate
the overlap region as the line defined by

05~vs2v̄s!~kp82ks8!1~v i2v̄ i !~kp82ki8!, ~12!

where

km8 5
dkm~v!

dv U
v5v̄m

~m5p,s,i !. ~13!

FIG. 1. The joint spectral intensity for degenerate type-II dow
conversion in BBO with a 400 nm pump. In this and subsequ
figures, the two axes represent the signal and idler frequen
although as an aid to the reader, the frequencies have been
verted to wavelength. The inset shows the numerical value of
entropy of entanglement, as well as the magnitudes of the
seven eigenvalues in the Schmidt decomposition of the two-ph
state.
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In directions transverse to this contour,uf(vs ,v i)u2 has the
shape of the square of a sinc function whose width va
inversely with the crystal lengthL.

The experimentalist controls the shape of the joint sp
tral intensity primarily through the adjustment of tw
parameters—the pump bandwidth and the length of the n
linear crystal. These affect the widths ofua(vs1v i)u2 and
uf(vs ,v i)u2, respectively. Reducing the pump bandwid
gives a narrower pump envelope function, resulting in a jo
spectral intensity that lies closer to the pump envelope c
tour. @A monochromatic pump represents the limiting ca
and yields a joint spectral intensity lying exactly on the li
vs1v i5vpump.# Likewise, increasing the crystal lengt
tends to align the joint spectral intensity more closely to
contour of Eq.~12!. By adjusting these two parameters, it
possible to align the joint spectral intensity along any dire
tion between the two extremes represented by Eqs.~11! and
~12!. In the BBO example given above, therefore, the jo
spectral intensity will be oriented somewhere between
two functions shown in Fig. 2. Unfortunately, this range
orientations does not yield the desired factorability. That
no combination of crystal length and pump bandwidth w
eliminate frequency correlations between the signal and i
photons in type-II BBO with a 400 nm pump.

There are certain conditions, however, under which it
possible to eliminate frequency correlations entirely. T
can be seen more easily if the phase-matching functio
approximated by the Gaussian

-
t
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e
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n

FIG. 2. The joint spectral intensity in Fig. 1 is the product of~a!
the pump envelope function and~b! the phase-matching function.
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f~vs ,v i !'exp$2gL2@~vs2v̄s!~kp82ks8!1~v i2v̄ i !~kp82ki8!#2%expH 2 i
L

2
@kp~vs1v i !2ks~vs!2ki~v i !#J , ~14!

whereg50.04822. The value of this constatnt was chosen so that the functions sinc(x/2) and exp(2g x2) have the same
widths at half maximum. Taking the pump envelope function to have the form

a~vs1v i !5expH 2F ~vs2v̄s!1~v i2v̄ i !

s
G2J , ~15!

the joint spectral intensity simplifies to

S~vs ,v i !5N2 expH 22F ~vs2v̄s!1~v i2v̄ i !

s
G2

22gL2@~vs2v̄s!~kp82ks8!1~v i2v̄ i !~kp82ki8!#2J
5N2 expH 22~vs2v̄s!

2F 1

s2 1gL2~kp82ks8!2G J expH 22~v i2v̄ i !
2F 1

s2 1gL2~kp82ki8!2G J
3expH 24~vs2v̄s!~v i2v̄ i !F 1

s2 1gL2~kp82ks8!~kp82ki8!G J . ~16!
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Note that, as long as

1

s2 52gL2~kp82ks8!~kp82ki8!, ~17!

~and as long as the Gaussian approximation is warran!
this function may be written in the formS(vs ,v i)
5ps(vs)pi(v i). A quick examination of this result revea
that this condition may be met either whenki8,kp8,ks8 or
whenks8,kp8,ki8 . Since the derivativedk/dv is the recip-
rocal of the group velocity, one of these inequalities will
satisfied whenever the group velocity of the pump lies
tween the group velocities of the signal and idler. It sho
be pointed out that this is impossible in degenerate typ
down-conversion—because the similarly polarized sig
and idler photons have identical group velocities, the pha
matching function is oriented parallel to the pump envelo
function. Although the analysis presented here neglects q
dratic and higher-order dispersive terms, it is straightforw
to show that if these terms are included the same conclu
is reached for type-I phase matching, i.e., neither of
above inequalities may be satisfied. In type-II crystals, ho
ever, the signal and idler photons are of different polari
tions and in some cases it is possible to find wavelen
ranges for which one of the above inequalities is satisfie

None of the experiments recently reported in the literat
make use of crystals meeting the above requirements.
should not be surprising, since it would require a materia
which one of the daughter photons has a smaller group
locity than the pump, which necessarily has a shorter wa
length. One way to realize the required relationships betw
the group velocities, however, is to access different wa
length ranges, i.e., different center wavelengths for
pump, signal, and idler fields. For example, the group velo
ties in a BBO crystal oriented for degenerate collinear type
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phase matching of an 800 nm pump aren i5182.6 mm/ms,
ns5179.5 mm/ms, andnp5181.4 mm/ms. Although detec-
tion is more difficult at 1.6mm, there are some obviou

FIG. 3. ~a! The phase-matching function for degenerate type
down-conversion in BBO with an 800 nm pump.~b! The corre-
sponding joint spectral intensity. The inset shows the details of
Schmidt decomposition.
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ELIMINATING FREQUENCY AND SPACE-TIME . . . PHYSICAL REVIEW A 64 063815
advantages associated with these wavelengths. The p
wavelength is easily accessed with Ti:Sapphire lasers and
1.6 mm photons are well suited for fiber applications. Figu
3~a! shows the phase-matching function corresponding
this configuration. Recall that the orientation of the jo
spectral intensity is constrained to lie somewhere betw
those of the phase matching and the pump envel
functions—and since the orientation of the phase-match
function is significantly different than that of the pump e
velope, this configuration offers greater flexibility in craftin
the shape of the joint spectral intensity.

Once a material with the proper group-velocity misma
has been identified, the joint spectral intensity may be en
neered by adjusting the relative widths of the pump envel
and phase-matching functions. As discussed above,
widths of these functions are related to the pump bandw
and the crystal length. To eliminate frequency correlatio
these two parameters should be chosen so as to satisfy
~17!. For a pump field centered at 800 nm having a full wid
at half maximum~FWHM! bandwidth of 15 nm, the BBO
crystal should have a length of 2.6 mm. As shown in F
3~b!, these parameters yield a joint spectral intensity nea
circular in shape, being slightly elongated along one a
Note, however, that the signal and idler frequencies are
correlated. For a given down-conversion event, that is,
range of frequencies expected for either photon is indep
dent of the frequency detected for its sibling.

Of course, the requisite group-velocity mismatch may
obtained at other wavelengths, as well. In BBO it is possi
to eliminate frequency correlations in a degenerate collin
configuration as long as the center wavelengths of the si
and idler are within the range 1.169mm,l,1.949mm.
Different crystal materials, with different dispersive prope
ties, yield additional wavelengths at which the grou
velocity mismatch may be attained. The ranges for sev
common materials@9# are shown in Table I. The joint spectr
tend to be highly elliptical for wavelengths near the upp
and lower limits of these ranges and become more circ
near the center. They are exactly circular, in fact, at
wavelengths for whichkp82ks85ki82kp8 . The wavelengths
that satisfy this condition for the materials listed in Table
are shown in the column marked, ‘‘group-velocity matc
ing.’’ When the group-velocity matching condition is sati

TABLE I. Group-velocity mismatch range and group-veloci
matching condition for beta-barium borate~BBO!, ammonium di-
hydrogen phosphate~ADP!. potassium dihydrogen phospha
~KDP!, deuterated potassium dihydrogen phosphate~KD*P!, and
lithium triborate~LBO!.

Material

Group-velocity
mismatch range

~mm!

Group-velocity
matching condition

~mm!

BBO 1.169,l,1.949 l51.514
ADP 0.822,l,1.637 l51.082
KDP 0.830,l,1.825 l51.102
KD*P 0.952,l,1.829 l51.252
LBO 0.979,l,1.771 l51.283
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fied, the signal and idler have identical spectra and the re
rocal group velocity of the pump is equal to the average
the signal and idler reciprocal group velocities. An intere
ing consequence in this case, as pointed out in@10#, is that
the signal and idler photons are indistinguishable~from each
other! for all crystal lengths and pump bandwidths, exce
for an easily compensated difference in average emis
times. This has important consequences in experiments
volving only single pairs of frequency-degenerate photo
where the two-photon wave function is required to be sy
metric but need not be free of correlations. We remind
reader, however, that in multisource experiments, the dis
guishing information is carried in the correlations. Thus, t
group-velocity condition alone is not sufficient for the elim
nation of unwanted spectral information—it is also necess
to choose the pump bandwidth and crystal length appro
ately.

Of the crystals listed, ammonium dihydrogen phosph
~ADP! seems to be the best suited for incorporation in
existing experimental schemes. Indeed, the lower limit c
responds to a pump wavelength of 411 nm, which is ea
generated via second-harmonic generation of the output
Ti:sapphire laser. Figure 4 shows the joint spectral inten
for an ADP crystal pumped by a field centered at 425 nm a
having a FWHM bandwidth of 3 nm. It is clear from th
figure that the signal and idler frequencies are uncorrela
That is, the joint spectrum may be represented as the pro
of the individual spectra. The fact that the two spectra
markedly different does not introduce distinguishability in
a multisource experiment as long as care is taken to en
that the interference process does not involve the mixing
the signal from one crystal with the idler from another. Ev
though ADP seems to offer a means of eliminating freque
correlations, experimental implementation may be difficu
At the lower limit of the mismatch range, the crystal leng
required by Eq.~17! is quite large, having a value ofL
54.8 mm for the plot in Fig. 4. In this regime, it is likely tha
effects not considered in this treatment will be important.

The calculations carried out above show that it is poss

FIG. 4. The joint spectral intensity for degenerate type-II dow
conversion in ADP with a 425 nm pump. The inset shows the
tails of the Schmidt decomposition.
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W. P. GRICE, A. B. U’REN, AND I. A. WALMSLEY PHYSICAL REVIEW A64 063815
to eliminate frequency correlations for any down-convers
crystal in which the group velocity of the pump falls som
where between the group velocities of the signal and id
As demonstrated in the examples, however, experime
constraints such as wavelength accessibility may put
condition out of reach. It is possible, nonetheless, to cho
the pump bandwidth and crystal length in such a way so a
minimize the frequency correlation in such cases. O
method for quantifying the degree to which a two-phot
wavefunction is factorable is to perform a Schmidt deco
position @11#, which consists of finding a biorthogonal sy
tem $um(v)%, $nm(v)% such thatf (vs ,v i) may be written
as

f ~vs ,v i !5(
m

Almum~v̄s!nm~v i !, ~18!

where lk , uk(v), and nk(v) satisfy the eigenvalue equa
tions,

E K1~v,v8!um~v8! dv85lmum~v!,

~19!

E K2~v,v8!nm~v8! dv85lmnm~v!,

with K1(v,v8)5* f (v,v2) f * (v8,v2) dv2 and K2(v,v8)
5* f (v1 ,v) f * (v1 ,v8) dv1 . The amount of spectral en
tanglement may be quantified by the degree of nonsepar
ity of f (vs ,v i). One such measure is given by the entro
of entanglement,

S52 (
k50

`

lk log2lk . ~20!

For the two-photon state having no frequency correlatio
f (vs ,v i) is completely factorable and there is only a sing
nonzero term on the right-hand side of Eq.~18!. The entropy
of entanglement in this case is zero, i.e., there is no spe
entanglement. The more terms present on the right-hand
of Eq. ~18! the greater the spectral entanglement as qua
fied by the entropy of entanglement, and also the higher
correlation between the signal and idler frequencies.

Depending on the specific form of the two-photon pro
ability amplitude, calculation of the entropy may be qu
difficult, often requiring numerical methods to solve the
genvalue equations~19! @12#. For the special case in whic
the phase-matching and pump envelope functions may
described as in Eqs.~14! and~15!, it is possible to carry out
the Schmidt decomposition analytically. In this case,
eigenfunctions are the Hermite functions and the eigenva
are

ln5
m2n

p~12m2!
, ~21!

wherem5(12A12r2)/uru and
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1

gs2 1L2~kp82ks8!~kp82ki8!

AF 1

gs2 1L2~kp82ks8!2GF 1

gs2 1L2~kp82ki8!2G
.

~22!

The parameterr is constrained to take values between21
and 1, and is zero whenf (vs ,v i) is completely factorable.
We stress that the analytic Schmidt decomposition prese
here is valid only for type-II collinear down-conversion, in
regime where the Gaussian approximation@given in Eq.~11!#
and the truncation of the phase mismatch at first order@again
as given in Eq.~11!# are acceptable. In general, these a
proximations will be less adequate at large deviations fr
the central frequenciesvs0 and v i0 . Examples of Schmidt
decompositions calculated using the above equations
shown graphically in the insets of Figs. 1, 3, and 4. T
entropy of entanglement is also shown for each case. N
the relationship between the shape of the joint spectrum
the corresponding Schmidt expansion. The more spec
correlation, i.e., the further the joint spectrum is from bei
aligned with the signal and idler axes, the greater the num
of Schmidt modes having appreciable amplitudes, and a
the higher the entropy of entanglement.

The dependence of the entropy of entanglement on cry
length is shown in Fig. 5 for several materials. For this pl
the center pump wavelength was assumed to be 400 nm
the pump FWHM bandwidth was set to 3 nm. Note th
although the entropy of entanglement does not reach zero
any of the materials shown, it tends to be lower for AD
Note also that with the pump field specified, there is an
timum crystal length for each crystal material. The crys
length for which the entropy of entanglement attains
smallest value is simply the length for whichuru is mini-
mized. For the case in which the group velocity of the pum
is either greater than or less than the group velocities of
signal and idler photons,r cannot be made to vanish, bu
reaches its minimum in absolute value when the crys
length is

FIG. 5. The entropy of entanglement for several common cry
materials, plotted as a function of crystal length. The center pu
wavelength was assumed to be 400 nm and the pump FWHM b
width was set to 3 nm.
5-6
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L5
1

s
A 1

g~kp82ks8!~kp82ki8!
. ~23!

When this crystal length is used, the frequency correlatio
reduced, but not eliminated. Whether it is small enough
pends, of course, on the particular experimental configu
tion.

The technique proposed in this paper suggests a diffe
approach to the management of distinguishing information
experiments involving multiple pairs of photons. Instead
removing the unwanted information via some filtering pr
cess, the source is reconfigured so that the distinguis
information is never present. One way that this may be
complished is to choose the parameters of the do
conversion source such that it produces pairs of photons
are uncorrelated in frequency and, consequently, in sp
time. Such sources are preferred because each photon c
no spectral or temporal information betraying its source
even the identity of its conjugate. Because no suppleme
spectral filtering is required, the emission rate is likely to
06381
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-
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ce
ries
r

tal
e

several orders of magnitude higher than for existing sour
~by our estimates, the count rate cited in Ref.@3# would
increase by a factor of greater than 104 if the spectral filters
were not necessary!. In cases in which it is not possible t
attain the group-velocity mismatches needed to comple
eliminate frequency correlations, it is still possible to choo
parameters that will minimize these correlations.
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