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B-spline expansion of scattering equations for ionization of atomic hydrogen by antiproton impact
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We study ionization processes of atomic hydrogen by antiproton impact in the energy range of 0.1–500 keV
by the close-coupling method based on theB-spline expansion. Superposition of piecewiseB-spline functions
enables us to express the continuum wave functions more flexibly than the traditional pseudostate representa-
tion, in which overall functions such as the Sturmian are used for the expansion. The present expansion also
remedies the defect of the traditional one-center expansion that the ionization cross section is underestimated
at low energies owing to the finite range of the pseudostates. Our ionization cross sections agree excellently
with recent two-center calculations at all the energies. The electron probability densities are also presented in
both the coordinate and the momentum spaces.
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I. INTRODUCTION

The representation of continuum states is a key is
when we deal with ionization processes by the clo
coupling method. Discretization of the continuous energy
genvalues is necessary to accommodate the infinite num
of states to the finite-basis-set expansion. For the probl
of ion-atom collisions, the pseudocontinuum states, wh
are square-integrable functions represented as superpo
of the Slater or the Gaussian orbitals, have been used t
tionally. As both the projectile and the target can supp
bound states, the two-center expansion is inevitable in
case. Difficulties arise in the interpretation of transition pro
abilities if we use continuum states with infinite range in t
two-center expansions since they have finite overlaps w
bound states even at infinite separation. There has not
achieved satisfactory agreement between measurement
theoretical calculations even for the simplest case of the
ton on hydrogen-atom collisions@1,2#.

The collision of a hydrogen atom with an antiproton
often contrasted with the collision with a proton as an e
ample of charge asymmetry@3,4#, similarly to the compari-
son between electron and positron scatterings with a hy
gen atom. Because the Born cross sections for excitation
ionization of hydrogen atoms are independent of the cha
sign of the projectile, the cross sections are expected to
equal for proton and antiproton impacts at high energies
the collision energy decreases, asymmetry shows up gr
ally between the two scatterings. The negative charge of
antiproton shields the attractive interaction between the
get nucleus and the electron and hence the ionization p
ability by the antiproton impact becomes larger than by
proton impact at low energies. Another factor that brin
about asymmetry to the scattering is that the compe
channel of the electron capture is totally absent for the a
proton collisions.

Most of theoretical calculations of the low-energy ioniz
tion cross sections of hydrogen atoms by antiprotons
based on the close-coupling method in the semiclass
1050-2947/2001/64~6!/062704~9!/$20.00 64 0627
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impact-parameter representation. Since the antiproton d
not have a bound state of an electron, the one-center ex
sion has been used widely. The most standard proce
among them is the expansion of the scattering wave fu
tions in terms of the atomic-orbital~AO! pseudostates@5–7#.
Owing to the recent progress of high-speed computers,
number of states for the expansion has been increased u
a satisfactory level that enables the results to be comp
with more elaborate calculations. Pons proposed a new
pansion designed for the treatment of ionization proces
@8#: the spherical Bessel functions, which are the radial p
of the wave functions of the plane waves, are used for
expansion. The total scattering system is confined in a fi
sphere in order to discretize the continuous spectra.

Wells et al. solved the Schro¨dinger equation directly on a
three-dimensional lattice without usage of the basis-set
pansion@9#. This approach is called a direct-solution metho
Since the finite-difference representation of the wave fu
tion on the lattice points is based on the polynomial interp
lation, the method can be regarded as an expansion in te
of local polynomials.

Another semiclassical approach not relying on the tra
tional impact-parameter method was developed by Sakim
@10,11#. The angular part of the heavy-particle motion
coupled with the electronic motion quantum mechanica
and only the radial part is solved classically. The merit of t
method is that the assumption of the rectilinear path is
required for the heavy-particle motion. The discrete-varia
representation~DVR! employed in this study is an interme
diate theory of the direct-solution method and the traditio
basis-set expansion. The space mesh is chosen as the
points of an orthogonal polynomial and the relevant Ga
quadruture is utilized for the integration. The wave functio
are expanded in terms of the set of the orthogonal polyno
als used for generating the mesh points.

Recently detailed two-center AO close-coupling calcu
tions @12# were carried out for the ionization process to i
vestigate the convergence behavior of the one-center AO
pansion. It has been known that the convergence of the o
©2001 The American Physical Society04-1
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center expansion is sometimes slow and confirmation of
convergence within the one-center expansion framework
self is not easy@1#. It was shown in the paper@12# that the
one-center pseudostate expansion underestimates the io
tion cross sections below 1 keV owing to its inability
represent the expanding distribution of ionized electrons
this article we denote by ‘‘pseudostates’’ those squa
integrable functions composed of the Slater or the Gaus
orbitals that decrease exponentially in an asymptotic reg
In the intermediate energy region above 1 keV, there s
remains a two-center effect that the electron tends to
evacuated near the antiproton by the repulsive interac
from the negatively charged nucleus though this effect d
not show up distinctly in the total ionization cross section

In the present study, we expand the scattering wave fu
tions in terms of theB-spline functions centered on the ta
get. TheB splines have been used widely in atomic phys
and many successful applications are reported in the lit
ture @13#. The B spline Bi

k(r ) is a polynomial of degreek
21 extending overk sectors. It takes a different form in eac
sector but the value and some derivatives are continuou
the sector boundaries. Expressing the wave function a
superposition of those piecewise basis functions we can
pict the fine structures of the electron distribution near
antiproton more flexibly than employing overall function
such as the Sturmian or the spherical Bessel functions. S
and Lin @14# used theB splines for the two-center expansio
in the momentum space recently. They calculated the e
tron distribution during the collisions but the total ionizatio
cross sections have not been reported yet. Our stud
complementary to theirs in the sense that our wave funct
are expanded in the coordinate space and the basis func
are centered on the target only. Atomic units are u
throughout unless otherwise stated explicitly.

II. THEORY

The relative motion of the heavy particles are describ
classically by a rectilinear trajectory along thez axis with a
constant velocityv in the impact-parameter representatio
We solve the time-dependent Schro¨dinger equation of a hy-
drogen atom interacting with an antiproton.

@H01Hint~ t !#C~r ,t !5 i
]

]t
C~r ,t !, ~1!

where r is the position vector of the electron. The atom
Hamiltonian is defined as

H052
1

2
¹22

Zt

r
, ~2!

where Zt is the target nuclear charge.Hint(t) is the time-
dependent interaction between the electron and the pro
tile,

Hint~ t !52
Zp

ur2R~ t !u
, ~3!
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whereZp is the projectile charge. The impact-parameter v
tor b is along thex axis andR5b1vt is the internuclear
vector. Since the total HamiltonianH01Hint(t) is symmetric
under the reflectiony↔2y, the wave function has a definit
parity for this reflection. When the initial state has a positi
parity like the ground state,C(r ,t) can be expanded as

C~r ,t !5(
j lm

cjlm~ t !f j lm~r !, ~4!

f j lm~rW !5
1

A2~11dm0!
f j l ~r !@Ylm~ r̂ !1Ylm* ~ r̂ !#. ~5!

We further expand the radial functionsf j l (r ) in terms of
the (k21)th degreeB-spline functions. We confine the entir
space of the electron in a sphere of radiusr 5r max and divide
the range@0,r max# into Nd21 sectors (r 150,r 25, . . . ,r Nd

5r max). The radial wave functionf j l (r ) is then expressed a

f j l ~r !5 (
i 51

k1Nd22

aji

~12exp@2r # ! l 11

r
Bi

k~r !. ~6!

The factor (12exp@2r#)l11 is introduced so that the radia
wave functions may satisfy the boundary conditionf j l (r )
}r l at the origin. The other boundary condition isf j l (r )
50 at r 5r max. The expansion coefficientsaji is determined
so as to diagonalize the atomic HamiltonianH0,

^f j 8 l 8m8uH0uf j lm&5Ejl d j 8 jd l 8 ldm8m . ~7!

Substituting Eq.~6! into Eq. ~3! with the transformation
of cjlm(t)→cjlm(t)exp@2iEjl t#, we obtain the coupled equa
tions

i
d

dt
cj 8 l 8m8~ t !5(

j lm
^f j 8 l 8m8uHint~ t !uf j lm&cjlm~ t !

3exp@ i ~Ej 8 l 82Ejl !t#. ~8!

The sum of probabilities over the eigenstates with posit
energies (Ejl .0) gives the ionization probability

Pion~b!5 (
Ejl .0

Pjlm~b!. ~9!

The ionization cross section is given by

s ion52pE
0

`

dbbPion~b!. ~10!

The absolute square of the wave functionC(r ,t) gives
the density of electrons in a coordinate space. We integ
the density along the y axis perpendicular to the collis
plane,

r~x,z,t !5E
2`

1`

dyuC~r ,t !u2. ~11!

We also calculate the density in a momentum space
4-2
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B-SPLINE EXPANSION OF SCATTERING EQUATIONS . . . PHYSICAL REVIEW A 64 062704
r̃~px ,pz ,t !5E
2`

1`

dpyuC̃~p,t !u2, ~12!

whereC̃(p,t) is the Fourier transform ofC(r ,t).

III. RESULTS AND DISCUSSION

The matrix elements of the coupled equations are ca
lated by the Gauss-Legendre quadruture. Except near the
gin, the radial part of the wave function is represented
polynomials and the Gauss quadruture gives highly accu
values even for the Coulomb-potential matrix elements. P
@8# showed that ionization processes of atomic hydrogen
antiproton impact occurs mainly in the region ofuvtu<20.
We integrate the coupled equations~8! in the interval uvtu
<50, which is large enough to get converged probabiliti
The parameters of theB-spline functions are chosen ask
58 and r max5200. We divided the whole region@0,r max#
into 39 sectors enlarging the widths of them for largerr.
Overlapping knots are chosen at the boundaries for gen
ing B-spline functions and thus 46B-spline functions are
used in total. Three different sets are chosen for the ang
part to investigate the convergence of ionization cross s
tions and electronic densities;~a! 460 states withl max53, ~b!
966 states withl max55, and~c! 1104 states withl max58 .
Negative-energy eigenvalues of the hydrogenic Hamilton
after diagonalization are very close to the exact energies
n<10. In the calculation of set~c!, we coupled only the
states withumu<2 making use of the dominance of sma
magnetic-quantum-number states@7#.

Table I shows convergence behavior of the ionizat
cross sections at the incident energiesE50.5, 20, and 100

TABLE I. Convergence behavior of ionization cross sections
units of 10216 cm2 for the three basis sets of the angular pa
l max53, l max55, andl max58 at the impact energies, 0.5, 20, an
100 keV.

E ~keV! l max53 l max55 l max58

0.5 1.06 1.07 1.10
20 1.42 1.40 1.41
100 0.984 0.988 0.997
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keV. The cross sections agree with one another within a
percent and hence we can conclude that the convergenc
the basis functions for the angular part is satisfactory,
least, for the total ionization cross sections. Table II gives
partial-ionization probabilitiesPion

l at the same energies an
b51.0. The contribution of high-angular-momentum sta
with l>4 is not negligibly small. Though total probabilitie
summed overl do not differ very much, the electron distr
bution is influenced by the contribution of high-angula
momentum components. We employ the set~c! throughout
for the calculations of the ionization cross sections.

Figure 1 compares the present ionization cross sect
with the other one-center expansions@7,8,12# and the lattice
discretization@9#, both of which are based on the impac
parameter method with a straight-line trajectory. Above
keV our cross sections agree with those of the other o
center expansions. In particular, the cross sections of
Sturmian expansion@7,12# is very close to ours. Though th

FIG. 1. Ionization cross sections of atomic hydrogen by antip
ton impact. The solid line representsB-spline expansion; dotted
line, spherical Bessel expansion@8#; dot-dashed line, Sturmian ex
pansion@7,12#; two-dots-dashed line, lattice disretization@9#. Ex-
perimental data are from Knudsenet al. @15#.

,

228

101

0724
TABLE II. Partial-ionization probabilities forE50.5, 20, and 100 keV andb51.0.

E ~keV! l max l 50 l 51 l 52 l 53 l 54 l 55 l 56 l 57 l 58

0.5 3 0.0331 0.117 0.151 0.182
5 0.0565 0.0805 0.129 0.0927 0.0685 0.0582
8 0.0474 0.0751 0.116 0.0977 0.0584 0.0495 0.0109 0.0193 0.0

20 3 0.0109 0.118 0.105 0.120
5 0.00948 0.113 0.114 0.0601 0.0336 0.0210
8 0.00984 0.112 0.113 0.0640 0.0303 0.0129 0.00534 0.00218 0.00

100 3 0.0112 0.0848 0.0509 0.0398
5 0.0117 0.0887 0.0431 0.0198 0.0121 0.00864
8 0.0115 0.0887 0.0453 0.0208 0.00968 0.00447 0.00218 0.00117 0.00
4-3
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J. AZUMA, N. TOSHIMA, K. HINO, AND A. IGARASHI PHYSICAL REVIEW A 64 062704
assumption of the straight-line trajectory may become un
liable below 1 keV, we extended the calculations down to
keV in order to see the dependence on the basis funct
within the same approximation. The cross sections of
Sturmian expansion tend to disagree with ours as the en
decreases. As stated in the paper of Toshima@12#, the one-
center pseudostate expansions, regardless of whether the
Slater or Gaussian, underestimate the ionization cross
tions below 1 keV because of the inability of represent
diffuse electron distributions spreading out of the range
the basis functions. If one uses smaller exponent parame
for the basis functions, the representation of the diffuse e
tron distribution is improved to some extent but the incre
of the state density after diagonalization enlarges the num
of necessary coupled states and the numerical integratio
the coupled equations becomes difficult. The cross sect
of the lattice discretization are generally about 15% lar
than the other theoretical values below 50 keV. They cal
lated the ionization probability subtracting the bound-st
contribution of n<3 from unity. The contamination o
higher bound states withn>4 into the ionization channe
can be one of the reasons for their disagreement with o
Besides they confined the whole scattering system int
relatively small box introducing an absorbing potential
order to avoid the reflection of the electron clouds at
boundary.

Figure 2 shows comparison with other theoretical cr
sections. The present cross sections agree well with the
center AO close-coupling calculations@12# over the whole
energy range presented here. The pseudocontinuum stat
the projectile can represent the spreading electron cloud e
though the range of the pseudostates is smaller than th

FIG. 2. Ionization cross sections of atomic hydrogen by antip
ton impact. The solid line presentsB-spline expansion; short-dashe
line, two-center AO expansion@12#; dot-dashed line, Chebysev
base DVR@10#; two-dots-dashed line, Laguerre-base DVR@11#.
Experimental data are from Knudsenet al. @15#.
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dius of the electron cloud. Sakimoto@10,11# used two types
of basis functions, the Chebyshev and the Laguerre poly
mials, in the DVR method. Both the representations g
consistent ionization cross sections but the values are a
larger than ours around the peak position of the cross
tions. Below 1 keV his cross sections tend to increase ag
for decreasing energy. One reason is the curved-trajec
effect caused by the attractive interaction between the pro
and the antiproton. The cross sections based on the Ch
shev expansion show some instability below 10 keV a
function of energy. No other theoretical calculations sh
the undulating energy dependence. It is necessary to rem
the numerical instability before discussing the curve
trajectory effect quantitatively.

Figure 3 compares the present ionization probability w
that of the two-center AO close-coupling calculations atE
50.1 keV. Since the transition probability as a function
the impact parameter carries more detailed information t
the integrated cross section, the good agreement with
two-center AO calculations implies that the calculations co
verge well within the approximation of the rectilinea
trajectory.

The time evolution of the electron densities in the coor
nate space are shown as three-dimensional and contour
in Fig. 4 for E525 keV andb52.5. The antiproton is ap
proaching along thez axis. At vt55 and 10 we can identify
a broad dip near the antiproton position, which cannot
produced distinctly by the other one-center calculatio
@8,12#. At vt520, where the collision can be thought to ha
ing finished, the electron cloud extends up tor 530, which is
small enough for the AO pseudostates to express the di
bution. Figure 5 gives the densities in the momentum sp
for the same parameters but the bound-state component
removed to see only the ejected-electron distribution. Bef
the projectile comes into the electron cloud, thep waves are
dominantly excited owing to the long-range nature of t

-

FIG. 3. Ionization probability as a function of the impact para
eterb. The solid line presentsB-spline expansion; dashed line, two
center AO expansion@12#.
4-4
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FIG. 4. Time evolution of electron densities in the coordinate space at four positions~a! vt522, ~b! vt55, ~c! vt510, and~d! vt
520 for E525 keV andb52.5. The left figures are three-dimensional plots and the right ones are contour plots of the same distri
062704-5
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FIG. 5. Time evolution of ejected-electron densities in the momentum space. All the parameters are the same as those of Fig.
the positive energy components~continuum states! are plotted.
062704-6
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FIG. 6. Time evolution of electron densities in the coordinate space at four positions~a! vt5210, ~b! vt55, ~c! vt520, and~d! vt
550 for E50.5 keV andb50.5. The left figures are three-dimensional plots and the right ones are contour plots of the same distri
062704-7
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FIG. 7. Time-evolution of ejected-electron densities in the momentum space. All the parameters are the same as those of Fig.
the positive energy components~continuum states! are plotted.
062704-8
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dipole interaction. We see clearly thep-type electron distri-
bution atvt522. As the antiproton penetrates the electr
cloud, the electron tends to be ejected to the negativex di-
rection by the repulsive force. When the collision has fi
ished atvt520, the ejected electrons are mainly scattered
the backward direction,z,0 andx,0.

Figures 6 and 7 show the density plots forE50.5 keV
andb50.5. At this energy the average velocity of the ele
tron is much larger than the antiproton incident velocity. T
electron can adjust its distribution to the motion of the an
proton during the collision. Atvt55 we see a large dip nea
the top of the electron clouds, where the electron is eva
ated by the repulsive force. Atvt520, the electron distribu-
tion already extends up tor 5100 and keeps spreading to th
outer region. Evidently the pseudostate one-center exp
sions fail to describe such diffuse distribution and as a re
the ionization cross sections are underestimated. The elec
clouds show very complicated structures in both the coo
nate and the momentum spaces. Such fine structures o
wave function cannot be represented satisfactorily by
overall functions such as the Sturmian and the Gaussian.
superposition of a large number of piecewise polynom
plays the key role in the present treatment. If one uses ove
polynomials, one has to raise the degree up to a large num
in order to represent fine structures. As is well known, us
of a high-degree polynomial for fitting data leads to an
stability that shows unrealistic undulation among the inter
lated points. Spline functions are devised in order to av
this undesirable feature of the polynomial fitting.

IV. SUMMARY

We have studied ionization processes of atomic hydro
by antiproton impact by one-center close-coupling calcu
ev
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tions using piecewiseB-spline functions for the expansion
The sphere volume of the scattering system was taken l
enough to avoid the reflection of the electron waves at
boundary. Not only the total ionization cross sections b
also the electron distribution are calculated in both the co
dinate and momentum spaces. At low energies the distr
tions of the ejected electron show very complicated beha
but the piecewise nature of theB-spline expansion can depic
such fine structures minutely. The representation of c
tinuum states by theB-spline functions proved to be ver
useful and reliable. Its application to general ion-atom co
sions is an interesting extension of the present study.

Above 1 keV, most of existing theoretical calculation
agree with one another showing that they are well converg
at least, for the total ionization cross sections. In particu
the present results show good agreement with the recent
center AO close-coupling calculations in the whole ene
range.

At the lowest energy presented in this paper, t
trajectory-bending effect due to the attractive interaction
tween the heavy particles may be important. When the c
lision energy decreases further and becomes lower than
binding energy of the ground state of the hydrogen ato
ionization can occur only via protonium formation. Pure
quantal calculations are required for the consistent treatm
of such an extremely low-energy collision.

ACKNOWLEDGMENT

This research was financially supported by a Grant-in-A
for Scientific Research from the Ministry of Education, Sc
ence, Sports and Culture of Japan.
ys.

@1# N. Toshima, Phys. Rev. A59, 1981~1999!.
@2# A. Kolakowska, M.S. Pindzola, and D.R. Schultz, Phys. R

A 59, 3588~1999!.
@3# A.M. Ermolaev, Phys. Lett. A149, 151 ~1990!.
@4# N. Toshima, Phys. Lett. A175, 133 ~1993!.
@5# G. Schiwietz, Phys. Rev. A42, 296 ~1990!.
@6# K.A. Hall, J.F. Reading, and A.L. Ford, J. Phys. B29, 6123

~1996!.
@7# A. Igarashi, Phys. Rev. A61, 062712~2000!.
@8# B. Pons, Phys. Rev. Lett.84, 4569 ~2000!; Phys. Rev. A63,
.
012704~2001!.

@9# J.C. Wells, D.R. Schultz, P. Gavras, and M.S. Pindzola, Ph
Rev. A54, 593 ~1996!.

@10# K. Sakimoto, J. Phys. B33, 3149~2000!.
@11# K. Sakimoto, J. Phys. B33, 5165~2000!.
@12# N. Toshima, Phys. Rev. A64, 024701~2001!.
@13# F. Martin, J. Phys. B32, R197~1999!.
@14# E.Y. Sidky and C.D. Lin, J. Phys. B31, 2949~1999!.
@15# H. Knudsenet al., Phys. Rev. Lett.74, 4627~1995!.
4-9


