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B-spline expansion of scattering equations for ionization of atomic hydrogen by antiproton impact
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We study ionization processes of atomic hydrogen by antiproton impact in the energy range of 0.1-500 keV

by the close-coupling method based on Bispline expansion. Superposition of piecewisspline functions

enables us to express the continuum wave functions more flexibly than the traditional pseudostate representa-
tion, in which overall functions such as the Sturmian are used for the expansion. The present expansion also
remedies the defect of the traditional one-center expansion that the ionization cross section is underestimated
at low energies owing to the finite range of the pseudostates. Our ionization cross sections agree excellently
with recent two-center calculations at all the energies. The electron probability densities are also presented in
both the coordinate and the momentum spaces.
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[. INTRODUCTION impact-parameter representation. Since the antiproton does
not have a bound state of an electron, the one-center expan-
The representation of continuum states is a key issusion has been used widely. The most standard procedure
when we deal with ionization processes by the closeamong them is the expansion of the scattering wave func-
coupling method. Discretization of the continuous energy eitions in terms of the atomic-orbitéAO) pseudostateb—7].
genvalues is necessary to accommodate the infinite numb&wing to the recent progress of high-speed computers, the
of states to the finite-basis-set expansion. For the problemsumber of states for the expansion has been increased up to
of ion-atom collisions, the pseudocontinuum states, whicta satisfactory level that enables the results to be compared
are square-integrable functions represented as superpositiarith more elaborate calculations. Pons proposed a new ex-
of the Slater or the Gaussian orbitals, have been used traddansion designed for the treatment of ionization processes
tionally. As both the projectile and the target can suppor{8]: the spherical Bessel functions, which are the radial part
bound states, the two-center expansion is inevitable in thisf the wave functions of the plane waves, are used for the
case. Difficulties arise in the interpretation of transition prob-expansion. The total scattering system is confined in a finite
abilities if we use continuum states with infinite range in thesphere in order to discretize the continuous spectra.
two-center expansions since they have finite overlaps with Wells et al. solved the Schidinger equation directly on a
bound states even at infinite separation. There has not beémee-dimensional lattice without usage of the basis-set ex-
achieved satisfactory agreement between measurements goahsion9]. This approach is called a direct-solution method.
theoretical calculations even for the simplest case of the proSince the finite-difference representation of the wave func-
ton on hydrogen-atom collision4,2]. tion on the lattice points is based on the polynomial interpo-
The collision of a hydrogen atom with an antiproton is lation, the method can be regarded as an expansion in terms
often contrasted with the collision with a proton as an ex-of local polynomials.
ample of charge asymmet{,4], similarly to the compari- Another semiclassical approach not relying on the tradi-
son between electron and positron scatterings with a hydrdional impact-parameter method was developed by Sakimoto
gen atom. Because the Born cross sections for excitation ajd0,11. The angular part of the heavy-particle motion is
ionization of hydrogen atoms are independent of the chargeoupled with the electronic motion quantum mechanically
sign of the projectile, the cross sections are expected to b&nd only the radial part is solved classically. The merit of this
equal for proton and antiproton impacts at high energies. Asnethod is that the assumption of the rectilinear path is not
the collision energy decreases, asymmetry shows up gradvequired for the heavy-particle motion. The discrete-variable
ally between the two scatterings. The negative charge of theepresentatiodiDVR) employed in this study is an interme-
antiproton shields the attractive interaction between the tardiate theory of the direct-solution method and the traditional
get nucleus and the electron and hence the ionization prolpasis-set expansion. The space mesh is chosen as the zero
ability by the antiproton impact becomes larger than by thepoints of an orthogonal polynomial and the relevant Gauss
proton impact at low energies. Another factor that bringsquadruture is utilized for the integration. The wave functions
about asymmetry to the scattering is that the competingre expanded in terms of the set of the orthogonal polynomi-
channel of the electron capture is totally absent for the antials used for generating the mesh points.
proton collisions. Recently detailed two-center AO close-coupling calcula-
Most of theoretical calculations of the low-energy ioniza- tions [12] were carried out for the ionization process to in-
tion cross sections of hydrogen atoms by antiprotons argestigate the convergence behavior of the one-center AO ex-
based on the close-coupling method in the semiclassicgdansion. It has been known that the convergence of the one-
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center expansion is sometimes slow and confirmation of thevhereZ,, is the projectile charge. The impact-parameter vec-

convergence within the one-center expansion framework ittor b is along thex axis andR=b+ vt is the internuclear

self is not easy1]. It was shown in the papgd2] that the vector. Since the total Hamiltoniat,+ H;(t) is symmetric

one-center pseudostate expansion underestimates the ionizmder the reflectioy« —y, the wave function has a definite

tion cross sections below 1 keV owing to its inability to parity for this reflection. When the initial state has a positive

represent the expanding distribution of ionized electrons. Irparity like the ground statel (r,t) can be expanded as

this article we denote by “pseudostates” those square-

integrable functions composed of the Slater or the Gaussian B

orbitals that decrease exponentially in an asymptotic region. \If(r,t)—“Em Ciim(t) @jim(r),

In the intermediate energy region above 1 keV, there still

remains a two-center effect that the electron tends to be )

evacuated near the antiproton by the repulsive interaction im(r) = ——

from the negatively charged nucleus though this effect does Pim(r) V2(1+ 6mo)

not show up distinctly in the total ionization cross section. i ) )
In the present study, we expand the scattering wave func- e further expand the radial functiorig(r) in terms of

tions in terms of theB-spline functions centered on the tar- "€ k= 1)th degreeB-spline functions. We confine the entire

get. TheB splines have been used widely in atomic physicsSPace of the electron in a sphere of radiss 5, and divide

4

Fi (DY im(ND+ YD1 (5)

and many successful applications are reported in the literd® range[o,rma)q into Ng—1 sectors |.(1=0,r2=, rfNg
ture [13]. The B spline BX(r) is a polynomial of degre&  =Imax)- The radial wave functiofi; (r) is then expressed as
—1 extending ovek sectors. It takes a different form in each Kt Na—2

. . . d I+1
sector but the value and some derivatives are continuous at fin= > a; (1—exd—r)) BX(r) )
the sector boundaries. Expressing the wave function as a il = r e

superposition of those piecewise basis functions we can de-

pict the fine structures of the electron distribution near theThe factor (+-exg—r])'** is introduced so that the radial
antiproton more flexibly than employing overall functions wave functions may satisfy the boundary conditiby(r)
such as the Sturmian or the spherical Bessel functions. Sidkyr' at the origin. The other boundary condition fig(r)
and Lin[14] used theB splines for the two-center expansion =0 atr =r,.. The expansion coefficients; is determined
in the momentum space recently. They calculated the eleso as to diagonalize the atomic Hamiltoniklg,

tron distribution during the collisions but the total ionization

cross sections have not been reported yet. Our study is (&1 m [Hol #jim)=Eji 616171 Smm - (7)
complementary to theirs in the sense that our wave functions o ) _ )
are expanded in the coordinate space and the basis functions SUPstituting Eq/(6) into Eq. (3) with the transformation
are centered on the target only. Atomic units are use®' Cim(t)— Cym(t)exH—iE;t], we obtain the coupled equa-

throughout unless otherwise stated explicitly. tions
d
Il. THEORY |acj/|’m'(t):“2m (&j1rm | Hint(D)] @jim) Cjim (1)
The relative motion of the heavy particles are described .
yp xexdi(Ej —Ej)t]. (8)

classically by a rectilinear trajectory along thexis with a
constant velocityy in the impact-parameter representation.
We solve the time-dependent Sctiimger equation of a hy-
drogen atom interacting with an antiproton.

The sum of probabilities over the eigenstates with positive
energies E;>0) gives the ionization probability

d Pion(b)= > Pjm(b). ©)
[Ho+HinO1W(r,) =i =W (r,0), () Eji=0

The ionization cross section is given by

wherer is the position vector of the electron. The atomic

Hamiltonian is defined as a’ion=27rfxdbb P..(b). (10)
0

Ho=—5V2%-—, ) The absolute square of the wave functigt(r,t) gives
the density of electrons in a coordinate space. We integrate

. . . the density along the y axis perpendicular to the collision
where Z, is the target nuclear chargel;,(t) is the time- y g y perp

. > ._plane,
dependent interaction between the electron and the proleg-
tile, +oo
p(x,z,t)zf dy|W(r,t)|2. (11
Hin(t) = — 22 3 B
in( D)= Ir—R(1)|’ @ We also calculate the density in a momentum space
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TABLE |. Convergence behavior of ionization cross sections in 16 premr i
units of 10°® cn? for the three basis sets of the angular part, ]
Imax=3, Imax="5, andl,,,,=8 at the impact energies, 0.5, 20, and 4 b ]
100 keV. 1

E (keV) I max=3 I max=5 I max=8 E 12r i

05 1.06 1.07 1.10 = ]
20 1.42 1.40 1.41 £ T ]
100 0.984 0.988 0.997 M I ]
§ 08 | -
5 [ ]
~ te ~ 2 g o6 F .
poepv= [ apfEeol,  aa fe .
~ . . oa | ]
whereW (p,t) is the Fourier transform o¥ (r,t). I 1
0.2 -....I 13l 2 s asaasl a2 s aaaual AN ETT]

Ill. RESULTS AND DISCUSSION 0.1 1 10 100 1000

The matrix elements of the coupled equations are calcu- impact energy E (keV)

lated by the Gauss-Legendre quadruture. Except near the ori-

gin, the radial part of the wave function is represented as FIG. 1. lonization cross sections of atomic hydrogen by antipro-

. . : fon impact. The solid line represenBsspline expansion; dotted
polynomials and the Gauss quadruture gives highly accuratltl%e’ spherical Bessel expansif8l; dot-dashed line, Sturmian ex-

values even for t_he Coqlomb-potential matrix glements. PonSansion[ZlZ]; two-dots-dashed line, lattice disretizatipd]. Ex-
[8] showed that ionization processes of atomic hydrogen b¥)erimental data are from Knudsen al. [15]
antiproton impact occurs mainly in the region |oft| < 20. T
We integrate the coupled equatio(® in the interval|vt| keV. The cross sections agree with one another within a few
=50, which is large enough to get converged probabilitiespercent and hence we can conclude that the convergence of
The parameters of th8-spline functions are chosen &s the basis functions for the angular part is satisfactory, at
=8 andr,=200. We divided the whole regiof0,r ;x| least, for the total ionization cross sections. Table Il gives the
into 39 sectors enlarging the widths of them for larger partial-ionization probabilitie®!, , at the same energies and
Overlapping knots are chosen at the boundaries for generat=1.0. The contribution of high-angular-momentum states
ing B-spline functions and thus 4B-spline functions are with 1=4 is not negligibly small. Though total probabilities
used in total. Three different sets are chosen for the angulaummed ovet do not differ very much, the electron distri-
part to investigate the convergence of ionization cross sedution is influenced by the contribution of high-angular-
tions and electronic densitie®) 460 states with,,,,= 3, (b) momentum components. We employ the @tthroughout
966 states with =5, and(c) 1104 states with,,,,=8 .  for the calculations of the ionization cross sections.
Negative-energy eigenvalues of the hydrogenic Hamiltonian Figure 1 compares the present ionization cross sections
after diagonalization are very close to the exact energies foith the other one-center expansidi?s8,12 and the lattice
n=<10. In the calculation of sefc), we coupled only the discretization[9], both of which are based on the impact-
states withjm|<2 making use of the dominance of small parameter method with a straight-line trajectory. Above 1
magnetic-quantum-number sta{&3. keV our cross sections agree with those of the other one-
Table | shows convergence behavior of the ionizationcenter expansions. In particular, the cross sections of the
cross sections at the incident energies 0.5, 20, and 100 Sturmian expansiofiZ,12] is very close to ours. Though the

TABLE II. Partial-ionization probabilities foE=0.5, 20, and 100 keV ank=1.0.

EkeV) lpay 1=0 1=1 1=2 1=3 I=4 |1=5 |=6 |=7 =8

0.5 3 0.0331 0.117 0.151 0.182

0.0117 0.0887 0.0431 0.0198 0.0121 0.00864
0.0115 0.0887 0.0453 0.0208 0.00968 0.00447 0.00218 0.00117 0.000724

5 0.0565 0.0805 0.129 0.0927 0.0685 0.0582

8 0.0474 0.0751 0.116 0.0977 0.0584 0.0495 0.0109 0.0193 0.0228
20 3 0.0109 0.118 0.105 0.120

5 0.00948 0.113 0.114 0.0601 0.0336 0.0210

8 0.00984 0.112 0.113 0.0640 0.0303 0.0129 0.00534 0.00218 0.00101
100 3 0.0112 0.0848 0.0509 0.0398

5

8
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FIG. 3. lonization probability as a function of the impact param-
impact energy E (keV) eterb. The solid line present8-spline expansion; dashed line, two-

o . . . center AO expansiofil2].
FIG. 2. lonization cross sections of atomic hydrogen by antipro- P 2]

ton impact. The solid line preserisspline expansion; short-dashed

line, two-center AO expansiofil2]; dot-dashed line, Chebysev- dius of the electron cloud. Sakimof&0,11] used two types

base DVR[10]; two-dots-dashed line, Laguerre-base DYRL]. of basis functions, the Chebyshev and the Laguerre polyno-

Experimental data are from Knudsenal. [15]. mials, in the DVR method. Both the representations give
consistent ionization cross sections but the values are a little

. . . . larger than ours around the peak position of the cross sec-
assumption of the straight-line trajectory may become unreyions. Below 1 keV his cross sections tend to increase again

liable below 1 keV, we extended the calculations down 0 0.%q gecreasing energy. One reason is the curved-trajectory
keV in order to see the dependence on the basis functiongyect caused by the attractive interaction between the proton

within the same approximation. The cross sections of the,q ye antiproton. The cross sections based on the Cheby-
Sturmian expansion tend to disagree with ours as the ener ev expansion show some instability below 10 keV as a

decreases. As stated in th? paper of Toshifi#, the one- function of energy. No other theoretical calculations show
center pseudostate expansions, regardless of whether they (€ ndulating enerav dependence. It is necessary to remove
Slater or Gaussian, underestimate the ionization cross se%j-‘ g gy dep ' y

tions below 1 keV because of the inability of representing © numerical mStab.'“tY before discussing the curved-
diffuse electron distributions spreading out of the range off@€ctory effect quantitatively. o
the basis functions. If one uses smaller exponent parameters F19Ure 3 compares the present ionization probability with
for the basis functions, the representation of the diffuse eledhat of the two-center AO close-coupling calculationsEat
tron distribution is improved to some extent but the increase=0-1 keV. Since the transition probability as a function of
of the state density after diagonalization enlarges the numbdhe impact parameter carries more detailed information than
of necessary coupled states and the numerical integration #fe integrated cross section, the good agreement with the
the coupled equations becomes difficult. The cross sectiorfsvo-center AO calculations implies that the calculations con-
of the lattice discretization are generally about 15% largeverge well within the approximation of the rectilinear
than the other theoretical values below 50 keV. They calcutrajectory.
lated the ionization probability subtracting the bound-state The time evolution of the electron densities in the coordi-
contribution of n<3 from unity. The contamination of nate space are shown as three-dimensional and contour plots
higher bound states with=4 into the ionization channel in Fig. 4 forE=25 keV andb=2.5. The antiproton is ap-
can be one of the reasons for their disagreement with ourgroaching along the axis. Atvt=>5 and 10 we can identify
Besides they confined the whole scattering system into a broad dip near the antiproton position, which cannot be
relatively small box introducing an absorbing potential inproduced distinctly by the other one-center calculations
order to avoid the reflection of the electron clouds at thd8,12]. At vt=20, where the collision can be thought to hav-
boundary. ing finished, the electron cloud extends up t830, which is
Figure 2 shows comparison with other theoretical crossmall enough for the AO pseudostates to express the distri-
sections. The present cross sections agree well with the twdpution. Figure 5 gives the densities in the momentum space
center AO close-coupling calculation&2] over the whole for the same parameters but the bound-state components are
energy range presented here. The pseudocontinuum statesr@moved to see only the ejected-electron distribution. Before
the projectile can represent the spreading electron cloud evehe projectile comes into the electron cloud, thevaves are
though the range of the pseudostates is smaller than the rdeminantly excited owing to the long-range nature of the
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FIG. 4. Time evolution of electron densities in the coordinate space at four posiipns= —2, (b) vt=5, (c) vt=10, and(d) vt
=20 forE=25 keV andb=2.5. The left figures are three-dimensional plots and the right ones are contour plots of the same distributions.
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FIG. 5. Time evolution of ejected-electron densities in the momentum space. All the parameters are the same as those of Fig. 4 but only
the positive energy componer(tontinuum statgsare plotted.
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FIG. 6. Time evolution of electron densities in the coordinate space at four posiibns= — 10, (b) vt=5, (c) vt=20, and(d) vt
=50 forE=0.5 keV andb=0.5. The left figures are three-dimensional plots and the right ones are contour plots of the same distributions.
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FIG. 7. Time-evolution of ejected-electron densities in the momentum space. All the parameters are the same as those of Fig. 6 but only
the positive energy componer(ontinuum statgsare plotted.
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dipole interaction. We see clearly tipetype electron distri- tions using piecewis®-spline functions for the expansion.
bution atvt=—2. As the antiproton penetrates the electronThe sphere volume of the scattering system was taken large
cloud, the electron tends to be ejected to the negatide  enough to avoid the reflection of the electron waves at the
rection by the repulsive force. When the collision has fin-boundary. Not only the total ionization cross sections but
ished atvt=20, the ejected electrons are mainly scattered taiso the electron distribution are calculated in both the coor-
the backward directiorg<0 andx<0. dinate and momentum spaces. At low energies the distribu-
Figures 6 and 7 show the density plots 0.5 keV  tjons of the ejected electron show very complicated behavior
andb=0.5. At this energy the average velocity of the elec-pyt the piecewise nature of tiBespline expansion can depict
tron is much larger than the antiproton incident velocity. Theg,ch fine structures minutely. The representation of con-
electron can adjust itg Qistribution to the motion of Fhe anti-tinuum states by tha@-spline functions proved to be very
proton during the collision. Avt=5 we see a large dip near ,sefy| and reliable. Its application to general ion-atom colli-
the top of the electron clouds, where the electron is evaclzions is an interesting extension of the present study.
ated by the repulsive force. Att= 20, the electron distribu- Above 1 keV, most of existing theoretical calculations

tion alrea(_jy exter)ds up to=100 and keeps spreading to the agree with one another showing that they are well converged,
outer region. Evidently the pseudostate one-center expar-

sions fail to describe such diffuse distribution and as a resu t least, for the total ionization cross sections. In particular,

the ionization cross sections are underestimated. The eIectr(S e present results show good agreement with the recent two-

clouds show very complicated structures in both the coordicenter AQ close-coupling calculations in the whole energy

nate and the momentum spaces. Such fine structures of thgnge ) )
wave function cannot be represented satisfactorily by the At the lowest energy presented in this paper, the
overall functions such as the Sturmian and the Gaussian. THEA€ctory-bending effect due to the attractive interaction be-
superposition of a large number of piecewise polynomial§ween the heavy particles may be important. When the col-
plays the key role in the present treatment. If one uses overalfision energy decreases further and becomes lower than the
polynomials, one has to raise the degree up to a large numbginding energy of the ground state of the hydrogen atom,
in order to represent fine structures. As is well known, usagéonization can occur only via protonium formation. Purely
of a high-degree polynomial for fitting data leads to an in-quantal calculations are required for the consistent treatment
stability that shows unrealistic undulation among the interpoof such an extremely low-energy collision.
lated points. Spline functions are devised in order to avoid
this undesirable feature of the polynomial fitting.
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