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Simple pulses for universal quantum computation with a HeisenbergABAB chain
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Recently, Levy has shown that quantum computation may be performed usiABAB. .. chain of
spin-1/2 systems with nearest-neighbor Heisenberg interactions. Levy notes that all necessary elementary
computational “gates” may be achieved purely by manipulating the spin-spin interaction: he proposes using
“spin-resonance” techniques involving modulating the interaction strength at high frequency. Here, we estab-
lish an alternative: it is possible to perform the elementary gates via simple, nonoscillatory switching of the
interaction strength. This approach removes a time “bottle neck” in Levy’s scheme, so that all elementary
operations may now be performed within a time scale of ofd€¢E,—Eg).
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The question of how to design_a solid-state quantum commeaningless global energy-shift termli,®1z— this pro-
puter has attracted tremendous interest recently. One stroRges a slight simplification to the matrix form &f

possibility is to use an array of simple systefesy., single

electron spinscoupled by the Heisenbeigr “Exchange”) —Q+K 0 0 0
interaction[1]. It has recently been shown that in systems of 0 K 0
this general kind, all the necessary computational building A_ @

blocks may be realized purely by manipulating the interac- 0 K - 0
tion strengthg42,3]. If all of the component cells are physi- 0 0 0 QO+K

cally identical systems, then this technique requires each
logical qubit to be encoded into at least three physical qubit, ihe basis{|00),|01),|10),|11)}. Here,K=2J, Q=1/2(A
(e.g., spins Recently, Levy has shown that this ratio may be+ B) andw=1/2(A— B). SinceH is already diagonal in the

improved to two physical qubits per logical qubit, if the
e . : {]00),]11)} subspace, we may concentrate on{tits),|10)}
single-particlelZeeman energies of the spins along the array subspace. Following Levy, we will identify this as the sub-

alternate in anABABAB. .. pattern[4]. Note that then ; . ) .
these energies are assumed to remain fixed over time. pPace of a smglg Iog|call qu't.’ writin@1)=[0), and|10)
=|1),_ . Diagonalization is straightforward:

Levy’'s scheme, performing a computation involves modulat-
ing the interaction strength at high frequency, a kind of “spin K , 0

resonance.” This resonance approach is most natural for the —py _, @ ): RT( @ )R=w’RT(} R
regime whereE,— Eg is of a greater order than the interac- LK - 0 -o z
tion strength: however, typical physical systefesy., quan-

tum dots ing-factor “engineered” materiajsare likely to be  in basis{|0), ,|1),}, wherew' = (w?+K?)¥? and

in the opposite limit. Here, we present a simple and efficient

approach for this regime. 0 0
Consider a pair of independefiseudo)spin-1/2 systems, cos; sy
with transition energie\ and B. Now suppose that these R= 0 0 with #=arctari2J/w).
systems may_be C_oupled by a Heisenberg-type interaction, so —Sin- co%
that the Hamiltonian is 2
R A. . B. . L The effect on the logical qubit of applyinty=J, for a period
H=—-0%®lg— 51 p® 05+ Jopa® 05 t is therefore giver(in the basig|0), ,|1).}) by

2 2

Here, =1, subscriptsA andB refer to the 22 subspace of U =exp~iHt) =exp(~iw'tR'o.R)
the corresponding systeftr*,¢¥,o%} are the Pauli matrices, g io't 0

and o=ic*+]oY+ko? We will consider the dynamics of _RT( 0 é‘”'t) R
the system as the magnitude &fis abruptly switched be-

tween steady valueghe square wave caseOther simple o .
pulse shapes, such as the more realistic Gaussian form, whrl1 order to L.mderstand this in terms of the Bloch spAhere qubit
have comparable effects. representatiorfFig. 1(a)], we employ the operatoR,(#)

The dynamics of the constadtsystem are easy to estab- =cos(/2)l —i sin(/2)(n,o,+n,0,+n,07). This represents a

lish by diagonalizingH. It is convenient to add ghysically ~ rotation on the sphere by radians about the axis specified
by unit vectom=in,+ jn,+ikn, [5]. Then, we find that our

U(t)=Ry(2w't) with §=cosbi+sindk, i.e., the effect of
*Email address: s.benjamin@qubit.org applyingJ=J, for time t is a rotation by 2't about an axis

1050-2947/2001/65)/0543033)/$20.00 64 054303-1 ©2001 The American Physical Society



BRIEF REPORTS PHYSICAL REVIEW A 64 054303

(a) Z,10) (a) 6=n/4~{1D

A B |0)-il1) 011> U=oy ‘

=0 1z 7z I

lon=loy, % y A >
[1oy=11), 10Y+11) ¥ lod+il1) °

&
2 1 7

(b) qubit 1 qubit 2 U=nNOR
A=B _ AzB Pl al il g
N 6, i’ A B A B J
R © 0—-0 O
(J=0 = 2] FIG. 2. (a) A sequence of four steps to synthesRg ). (b)
No_rotation) 9= arctan (6) Two steps suffice for a certain two-qubit gate. -

FIG. 1. (8 The two spin-1/2 systems and the corresponding ) _
Bloch sphere for the logical qubitb) Bloch sphere schematics This formal construction therefore corresponds to a maxi-

showing the flow of states over time, depending @ 1/2(A mum of seven steps for any single-qubit gate-@+1=38,

—B) andJ. but we may amalgamate the last two, since bothzamata-
tions). In practice, there will be shorter sequences for any
given operation. For example, the important Hadamard trans-

in the Z-X pIane(AII rOt-ationS here are in the lab frame; the form Corresponds to just a Sing]e Stépg, app|y|ngJ

rotating frame is considered later. =2w for time t=m/(2\2w)]. The time requirement for the

Let us assume that=1/2(A—B) is fixed(as in the case, - . . . . .
for example, that our physical qubis and B are electron Rj(m) rotation shown in Fig. @) is probably quite

spins in quantum dots of a different loagfactor in astatic  typical—it is m(1+2)/(2w).

global B field). We will also assume thad cannot be One might object that since thaher qubits in the com-
switched from positive right though to negati\@. Then we  puter are alsgpresumably represented by aAB pair, these
may never-the-less vary the axis of rotation by choosing theyubits will have performed a axis rotationR,(2w7) while

magnitude o). If J=0, then the rotation i®(2wt), i.e., @  we were performings on our target qubit. We should take
simple rotation about the axis. WithJ>0, we have a rota- these rotations into account, i.e., we should really be working
tion about an axis lying in the-x plane at an angl®  in the rotating frame of a passive qubit. A naive metigooit
=arctan(d/w) to thez direction. To achieve a rotation about the most efficientfor achieving this is to supplement odr

an axis close to the direction, we would therefore require a . . : .
e ; S sequence with a rotatioR,(2), which has no net effect in
very largeJ value (infinite for a purex rotation. This is the lab frame but takes time — /e’ . With an ronriat
impractical, but we may instead synthesize a pyraxis he_a fa € l‘f ahes : — e W ‘1 app OE ﬂe
rotation by a sequence of more modest rotations. For exe0ic€ ofo(=w’), the total gate timer is then such that
ample, sinceR:(26) = R(m)R, (), we can generate an oT=2n7, so that the “other” qubits have experienced zero
. bie, L K (AN . . Y net rotation. More efficiently, one would incorporate this
R;(0=¢=2m/3) provided that the range of availableis  ¢onsideration into the process of deriving the optimal short

0=<J=<.3w. Moreover, we may concatenate such pairs of otation sequence o

rotations in order to achieve af{?j(_og =<2m)—a maxi- The above analysis therefore demonstrates that any
mum of three pairs will suffice. Figure 2 shows two suchsingle-qubit gate may be efficiently performed on the logical
pairs being concatenated to prodiRg ). qubit via by a short sequence of fixddralues. It is straight-

Given that we may achieve pumrotations and purgg  forward to extend this approach to produce a particular two-

rotations, we may use the sequeriRga)R;(B)Ry(y) to  qubit gate that, together with our universal single-qubit gate,

synthesize(up to a meaningless global phaghe general Will form a complete set of gates for computation. Consider
single-qubit transform a ABAB section of a quantum computer, and suppose that

two logical qubits are represented in this section, one in the
_ B _ B first AB pair and one in the secorfdee Fig. 2b)]. Now
g (@2t V’Z)COSE —gl(-af2t V’Z)Sinz suppose that the interaction is “off” between all spins except
the middle BA pair (which spans the two logical qubjts
With an appropriate short sequeri@@ of nonzeroJ values,
we may produce the net effect

o
Il

gilal2= 'y/2)sin§ el (al2+ y/Z)COS’g
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1 0 0 to be varied, never the less, such an ability would be advan-
01 0 0 tageous. In particular, it would be useful & could be
O =i 0 switched to zero, because this would then allow shwep
gate 0 0 -1 0]° operation to be performed with a single pulse, and on a time
00 0 1 scale limited only by the maximum strength &fAny one-

dimensional computer based on nearest-neighbor interactions
in the basis{|00),|01),|10),|11)} of the central two spins. Must spend much of its time simply moving qubits around,
Here, U, denotes the time evolution thatould have oc- therefore, efficient performance of the operatiovapis very
curred if the interaction had simply been off for the whole desirable. One mightimagine a quantum dot implementation
period. Thus, the effect in the rotating frartep to a mean- Where theB-field has a cycle involving being “off” for a
ingless global phase of i) is to introduce a phase of 1 period of Fhe time(during which qublt.s are moved around
conditional on central spin-paBA being in statd10). Re- before being pulsgd to a large valug in order to allow general
membering that the logical qubits on the t#® pairs are ©N€- and wo-qubit gates as described above.
represented a$01)=[0), and |10)=|1),, this condition To co_nclude, we havg explicitly shown Fhat one can per-
translates to both logical qubits being in sta@, . Our for_m umvers_al computatlon on ahBAB Heisenberg .Ch"’.“n
transformation is therefore a two-qubit gate comparable t¢'>"9 only simple fixed valueg . Th|§ scheme,.wnh Its
the so-called AaND gate, which inverts the phase of the relatlyely mode;st set of phys_lcal requirements, is a strong
11),|1), component of a superposition. The difference iScandldate archlt_ecture for solid-state quantum computing.
simply that our gate applies the inversion to {83, |0), As a postscript, we note that certalrpulse sequences

component instead—we might therefore denote our gate e{gtr_oduced in this report have now been demonstrated within
“1NOR.” a simple NMR systeni8].

As a final remark, it is worth noting that although the  The author wishes to thank Ernesto Galvand Jeremy
above approach does not require tsee (A—B)/2 parameter Levy for useful conversations.
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