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Entanglement in a two-identical-particle system
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The definition of entanglement in identical-particle system is introduced. The separability criterion in two-
identical-particle system is given. The physical meaning of the definition is analyzed. Applications to two-
boson and two-fermion systems are made. It is found that some different entanglement and correlation phe-
nomena in identical-boson systems exist, and they may have applications in the field of quantum information.
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There is no doubt that the phenomenon of quantum encal operations as those operations acting-nand H,, re-
tanglement lies at the heart of the foundation of quantunpectively. A separable state cannot be transformed into an
mechanics. The original investigation on entanglement begagntangled state by any local operation and classical commu-
from the famous Einstein-Podolsky-Rosen-Gedanken experpication.
ment. Entanglement has been widely applied in many aspects What will happen in indistinguishable-particle systems?
of quantum information such as quantum teleportation, quancan the same definition be used? First, let us see the differ-
tum cryptography, and quantum computation. However, alence between distinguishable-particle systems and identical-

though it is well studied in distinguishable-particle systemsparticle systems. Suppose we have a two-photon Bell state,
entanglement in identical-particle system has hardly been in-

vestigated, and even a proper definition is not given yet. It is =)l D2t D)1l =)z, 2

noted that entanglement in certain systems such as quanty . . )
dots [1], Bose-Einstein condensatd€], and parametric v%ere|H) and|]) stand for states with horizontal and ver

down-conversion[3] must be dealt with in an identical- tical polarization, respectively. If the two photons are sepa-

particle manner. Recently, this problem was noted byrabIe, say the two photons have different momentum though

Schliemanret al.[1,4] and they discussed the entanglementthe'r frdequenc_les are the sa}rne, theP ¥ve csr]r write S?ne
in two-fermion system. They have found that entanglemenﬂrecon -auantlz?tlon forma |Tsm aal(a3+a2a4).|0) » where
in two-fermion system is analogous to that in a two- a1/0), a,|0), a3|0), and a,|0) stand for single-photon
distinguishable-particle system, and the results obtained fortates )1, |1)1, [<)2, and|]),, respectively|0) is the
two-distinguishable-particle system can be translated into th¥acuum state. E";‘Ch photon in the system can be in one of the
two-fermion system. However, due to the fundamental dif-four modes &/0),i=1,2,3,4), which span a four-
ference between bosons and fermions, the concept in twdlimensional Hilbert spack="H,&H,. (aja}+aja})|0) is
boson systems is quite different. In this paper, we explore th@ot separable and thus it is entangled. However, if the two
definition of entanglement in indistinguishable-particle sys-photons are indistinguishable, then sté&¢ will be repre-
tems. We first show that factorization alone is not able tosented byaLaﬂO), which is separable, and hence not en-
define entanglement in a two-boson system. Then we gavetangled.
general definition for entanglement in identical-particle sys- In identical-particle systems, it is impossible to distin-
tems. We show that this definition works well for two-boson guish the two particles. A direct-sum resolution of the single-
systems as well as for two-fermion systems. Furthermoreparticle state into two-constituent particle state is not pos-
the definition can be generalized into systems with more thasible. We can only say that there is one particle in a given
two identical particles. We also address the concept of relastate, but we cannot tell which of the two particles is in that
tive correlation. state. Because of this, a separable state in identical particle
Entanglement in distinguishable-particle systems has beesystem may be defined, analogous to the case of distinguish-
well studied. For a system of two distinguishable particlesable particles.

possessing single-particle Hilbert space labeledHyyand In an identical two-particle system whose single-particle
'H,, the states can be described as vectors in the direct prottilbert spaceH is spanned byr/|0),i=1,2,... N, astate is
uct spaceH,® H,. separable if it can be written as'd"|0), where

c'0),d'|0) e H. Otherwise it is entangled.
W), = 2 Cil b)1®] @) 2 It will be shown ne>_<t that this definition does not cover all
12 e 191®j/2 the entangled states in two-boson systems. The plateof

two identical bosons with a single-particle Hilbert spdge

where {|¢;)} is basis forH; and{|¢;)} is basis forH,, =CN can be described as follows:

respectively. The statgl) is called separable if and only if N

it can be written agW),,=|y)1®|4'),, Where ), e H; _ oot

and| '), e Hy, otherwiée it is>entang>led. We can>define lo- ) i,jzzl @i 31]0), &
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where wj; = wj; is an NXN complex symmetric matrix) tion. It has no invariant particle number in the modés b',

and it can be decomposed to a diagonal matrix by the lemmar c’+b' and seems to have some persistent correlation. The

below. density matrix of this state is not separable and it is an in-
Lemma For any symmetridN X N matrix Sthere exists a separable state. So the definition of entanglement has to be

unitary transformatior, such thatS=UDyU", where the changed to letc’(c'+ bT)|0> be entangled and hold for

matrix D, is diagonal, states such as'd’|0) andc'c’|0) as separable. It is worth
. pointing out here thatTcT|0> can be regarded as if it were a
Dy=diadd;,dy, ... du,Z], (4 single particle, and we treat them as separable. Of course, the
definition should be generalizable to identical multiparticle

andZ is a N—M)X(N—M) null matrix. This lemma is
analogous to a lemma given in R@4.] for an antisymmetric
matrix in the identical-fermion case. The proof of this lemma
will be given in the Appendix.

Now, we can diagonalize the staf® by a unitary trans-
formation U,

systems.
Now we can give the following definition of separability
and entanglement in identical-particle systems.
Definition 1 A state with identicak particles is separable
if it can be written asclc]- - - cf|0), wherec! andc] are
either equal or orthogonal. Otherwise it is entangled.
M N This definition works for both identical-boson and
|\P>:z )\jc;‘cﬂO), Ci*:z Ujiaf, (5) identical—_ferr.nio.n systems, because i_n the fermion system,
=1 =1 the Pauli principle prohibits two particles from occupying
_ , , the same state, states with(c'+b")|0)=cb'|0) that be-
whereU is a representation transformation and we arranggomes the product of two orthogonal states automatically. It
the eigenvalues in absolute value descending otdlef s interesting to point out that an equivalent definition can be
=[\y|=---=|\y|. The above diagonal form can be re- formyiated in the following: a state with identicklparticle
garded as a standard form because it is unique except fog separable if it is an eigenvector of a complete set of one-
global phases in the definite two-boson basis states. Since “E)%dy Hermitian operators. Otherwise it is entangled. Com-
rank of the matrix(2, M, does not change under unitary pjete operator sets can be generated by the operators
transformatlon,_and_lt can be used as the criterion of e”{(araj+a7ai)/2, i,j=1,2,...n}. This alternative defini-
tanglement for identical two-boson systems. , tion is consistent with the statement[i7], which says that
'fi NT: % the _sitaqd?rd form of Ed5) can be written @ 5y pasis that is eigenvectors of complete set consists of
(ri€'%cicit+roe7'csc;)[0) after neglecting an overall one-body mechanical quantites must be separable in
phase factor where, andr, are non-negative. The state can gjstinguishable-particle case.

be written ag (ry—r,) f1f]+2\ryr,f1f1]|0) by a represen- For systems with two bosons, we have the standard form
tation transformation, (5) to tell whether a state is entangled or not. A state must be
bt et et entangled if the rank of its coefficient matrld is greater
(c1 c)=(fy f3) than 2. If rank(Q) is 2, it is also easy to judge whether it is
p p entangled or not from its standard form according to defini-
glel2y [ —jeie2y[—2 tion 1. From a normalized standard form such as(By.we
ritrp ratrs can define the entanglement measure as

X .
. i ) i i
—ieTR2\[——— e l¥q[—— M/2
r{+ro ri+ro
(6)

_421 (IN2i—1A2iDINC[4N i - 1N 5i]) (8)

If r1=r, the state will bef{f3|0) whose rank of coefficient tor 4 two-boson system. It is similar to that in
matrix is 2[5]. It would be a separable state if the lemma is gjstinguishable-particle systems and if the standard form can

used_. ) be written as Eq(7), which has a counterpart in distinguish-
Itis easy to check that if Eq3) has the standard form as gp|e systems, the entanglement measure thus defined will be
follows: just the partial entropy in distinguishable-particle systems
L [11]. But for systems withk(k>2) bosons, it is more diffi-
¥y=> z(eieifl i +e-ieflf1110). 7 cult to give the standard forms to tell whether a state is
) izl (et 2if20)[0) @ separable. It is also noted that the quantitative description of

entanglement in multiparticle systems is a very hard math-
It can be transformed int&}_,2zc},c};|0), which can be ematical problem, and it is still not solved in distinguishable-
discussed as a system with distinguishable particles. If it haparticle systems. The problem to quantify entanglement in
at least two nonzerg, , it can be defined as a distinguishable multi-identical-boson systems is even more difficult and re-
entangled state because it is identical to entangled states inains an open challenge.
distinguishable-particle systems. In general, a separable state A different kind of entanglement has been found in
according to the lemma can be written@$ac’+ gb™)|0) identical-boson systems. They may have important applica-
with the rank being either 1 or 2, wherd andb™ are or- tions different from those in distinguishable-particle systems.
thogonal. States such @d(c'+b")|0) need special atten- For example &'a’+b'c)|0) is an entangled state in an
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identical-boson system withil=3 single-particle space. It portant for certain correlation. A correlation must be related
can denote a superposed state of two-photon states, one with certain measurement corresponding to the mechanical
two photons sent to Alice, and one with one photon sent tquuantityF. In fact, the so-called correlation is the correlation
Bob and the other sent to Clare. Alice, Bob, and Clare meapetween eigenvectors with different eigenvalues o®pera-
sure the number of photons. If Alice gets two photons, naions in eigenvectors with the same eigenvalue may be called
photon will reach Bob and Clare, and if no photon reachesocal operations. Operations in eigenvectors with different
Alice, either Bob or Clare will have one photon. If Bob gets gigenvalues are nonlocal. It is obvious that local operations
one photon, the other photon will reach Clare. The situationy, not change eigenvectors’ eigenvalues. There is correlation
of Clare is similar to that of Bob. So if one person of the .o5tive to particle numbex'a orb'b in (a+ bT)|O) and no

thrge gets a result, the re;ults of the oth_er wo are dec'd?‘aorrelation relative to the two-particle number operators in
which means that some kind of communication can be bUIl%TbT|O> where a' and b' are orthogonal. For the state

with only two photons. . a'b|0), local operations relative ta'a do not affect the
The above definition of entanglement also applies to

many-identical fermion system. Schliemaenal. have dis- pgrt)rlcle at modeb’, and the similar occurs tb'b. Hence
cussed entanglement in two-fermion systdrtis For a two- a'b'|0) is called a separated state in distinguishable-particle

fermion system having the single-particle Hilbert spaéé systems. Entanglement must have some correlation, but cor-
T T|O>’ relation can happen in both separable and entangled states.

i Mw)=3%_ w;a'a
an arbitrary state has the for >_2"l:1w”a' g To summarize, entanglement in identical-particle systems
can be well distinguished by definition 1. This definition re-

where () = (wj;) are antisymmetric. It can be decomposed
duces to that in distinguishable-particle system if the par-

into a standard fornt ¥z f1.f.|0) by a representation trans-
formation[4], which implies that entanglement and S€Paraticies are distinguishable. It is noted that the entanglement

g?"ty in 'tv;/]og:ermioq Isystems are equivalent \r’]"ith those Ilr'] definition of both distinguishable-particle and identical-
distinguishable-particle systems. However, when generalizy,icje systems can be dealt with using the definition given
ing this Into many-fer_mlon system, this elegant Property inj, s paper. Using identical-particle formalism to treat
two-fermion system disappear in many-fermion system. Thigyentical-particle systems is important, examples of such
can be easily under.fstood that the single-particle H'lberﬁreatment can be found in Ref&,10]. There are also differ-

space’t for a state in system witlk greater than two- ont hhenomena in identical-particle systems, which may

identical fermions cannot be decomposed to a direct-Sum,ye fytyre applications. Moreover, relative correlation is de-
resolution ofk subspaces. For example, composing a three;

fermion state with single-particle Hilbert spaééN to three- tglr?g;,erire]ﬂt it may be physically more important than en
orthogonal N-dimension subspaces requiresN37-9N? '
+2N real equations satisfied while the group St{3can The authors would like to thank Professor J. Y. Zeng,
only provide N2—1 real parameters. The equations haveProfessor C. P. Sun, Professor S. Y. Pei, Mr. P. Zhang, and
the required number of parameters only whér1 or N Mr. H. Zhai for useful discussions. This work is supported by
=2. It is easy to check that lemma and definition 1 arethe China National Natural Science Foundation Grant No.
equivalent for identical-fermion systems because arbitrar$g0073009, the Fok Ying Tung Education Foundation, and the
two fermions cannot be in one state. Hence for identical-twoExcellent Young University Teachers Fund of Education
fermion systems, the rank @} is the criterion to judge en- Ministry of China.
tanglement or separability: rank)() =2 for separability and
rank ((0)>2 for entanglement. It must be noted that rank
(Q2)#1 for two-fermion systems. APPENDIX: PROOF OF LEMMA

Another important concept is quantum correlation. It is o ) , , )
quite often used in literature of physics. A recent develop- Similar to the proof in Ref{4] for identical fermions, we
ment has made this concept an important one. It is welPfOV€ theTIemma here. L&be aNx N, complex, symmetric
known that quantum teleportation can be implemented witnatrix, S'=S. HenceSS*_zSST is Hermitian that can be
Bell states that are distinguishably entangled. Lee and Kinfliagonalized by a unitary transformatiots’: =SS
gave an experimental scheme, in which a state superposed by’ DU’", D diagonal. Let us defin€=U'TSU*. It is
one photon and vacuum can be teleported with a single€asy to check tha€ is symmetric and normaCC'=C'C.
photon state 4T+bf)|o> [8], wherea® and b’ are particle Then we will .decom.posét into its real and imaginary parts
creation operators in path andB. It is meaningless to dis- C=F+iG. SinceC is normal,F and G commute. Thus-
cuss entanglement for a single particle, therefore, there is d G are real, symmetric, and commuting matrices. Hence
entanglement in this teleportation scheme. They suggest thHt€Y can be simultaneously diagonalized by a real orthogonal

¢ — 1AT — 2T

entanglement may not be necessary for quantum teleporti#ansformationO0, F=0D"O’, and G=0OD“O". Thus C
tion, because it can even be implemented with separable QDuO'(Dy=D"*+D?) and finally
states. To study phenomenon like this, it is useful to define
relative correlation.

Definition 2 A state is said to have correlation relative to S=U’'0ODy0"U’'T=UDy,UT, (A1)
a quantum-mechanical quantify if and only if the state is
not an eigenvector of.

According to the definition above, the quantyis im-  whereU=U'O.
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