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Gradual broadening of successive above-threshold-ionization peaks
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2Division of Engineering and Applied Sciences, Harvard University, 02138 Cambridge Massachusetts
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We present theoretical calculations that show a systematic increase of the spectral widths of the successive
above-threshold-ionization~ATI ! peaks using Fourier-limited pulses. The increase of the width is attributed to
the effective Fourier width corresponding to the higher-order processes. Based on that interpretation, we
propose a simple model of calculating the width of aNth-order ATI peak. We compare the results obtained
from this model to the results obtained through the direct propagation of the time-dependent Schro¨dinger
equation. For this, we have selected the negative hydrogen ion that represents the simplest possible system to
study this feature due to the absence of resonances, that may obscure the results. Considering that Fourier-
limited laser pulses with duration of the order of few tens of fs and wavelengths around the optical regime are
nowadays readily available, we address the question about the nature of the photoelectron energy spectrum
when the atoms are exposed in such fields.

DOI: 10.1103/PhysRevA.64.053407 PACS number~s!: 32.80.Wr
ls
o

os
-
a

r
e
t
tr
o

r
oc
on
o
e

s

rt
e

ith
AT
ll
u
u

re
an
,
h

iv
th
se
e

e to
ated
f
e-
se

nse
the
etry

s to
ith
ser

, is
lar
eld
is
the
se

vely

of
of
ple
ul-

ct of
TI

han
he
e
xi-
nd
in
ss.
em.
the
ntire
und

stem
I. INTRODUCTION

The interaction of an atom with an intense laser pu
inevitably leads to the sequential stripping of the electrons
the atom during the rise of the pulse, as has been prop
by Lambropoulos@1#. This demonstrates the difficulty of ex
posing an atom to a high-intensity laser field. During the p
decade the advances in laser technology focused both
increasing the maximal intensity and on shortening the du
tion of the laser pulses. Nowadays, laser intensities routin
overcome the atomic unit of intensity, and pulses as shor
10 fs are available in the optical and near-infrared spec
ranges. Recently, XUV/x-ray pulses of duration of 1–2 fs
subfemtoseconds have been reported in the literature@2,3#.

The pulsed nature of the field allows the atom to expe
ence the maximum intensity before complete ionization
curs. A rich source of information concerning the interacti
of a laser pulse with an atom is provided by the spectrum
the free-electrons generated from this interaction. This sp
trum, called the above-threshold-ionization~ATI ! spectrum,
exhibits a characteristic peaked structure, with the serie
peaks separated by energies of a single photon@4#. The sys-
tematic collection and analysis of the ATI spectra in sho
laser pulses has reached some maturity at the present tim
least for the single-electron ionization case.

Freemanet al. @5# measured the dynamic resonances w
the Rydberg states whose images are imprinted in the
spectrum. This is by now a standard experimental as we
theoretical tool that helps in the characterization of substr
tures separated from the main peaks. The interaction of m
tielectron atoms with lasers may reveal similar substructu
in the ATI spectrum, due to the larger number of open ch
nels available to the outgoing electron@6–8#; these features
however, are not related to the duration of the pulse. T
shift of the photoelectron spectrum with the ponderomot
energy is also well understood. Recently the modeling of
ionization process with large ponderomotive shifts was u
to obtain absolute values of multiphoton ionization cross s
tions in rare gases@9,10#. Bardsleyet al. @11# predicted a
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series of subpeaks at the side of the main ATI peaks du
interferences of outgoing continuum wave packets gener
at different cycles of the pulse. With the availability o
Fourier-limited laser pulses with very-short durations, ph
nomena that up to now could only be predicted with the u
of time-dependent theories for the single-atom respo
should soon become experimentally feasible. One of
most prominent anticipated measurements is the asymm
in the angular distribution of the ATI electrons@12#. This
occurs due to the initial phase of the laser pulse, that lead
the breaking of the symmetry between up and down w
respect to the polarization axis of a linearly polarized la
field. A similar effect was recently proposed by Corkum@13#
for a circularly polarized laser pulse. The idea, in this case
that a single-shot experiment will display a strong angu
asymmetry depending on the orientation of the electric-fi
vector at the time that the field reaches its maximum. It
expected that measurements of this type will characterize
initial phase of ultrashort, few-cycle pulses, once the
pulses are available at high-enough intensities and relati
stable conditions.

In this work, we propose that the gradual broadening
successive ATI peaks is a feature of the interaction
Fourier-limited laser pulses with atoms, and present a sim
model that predicts this broadening, with high accuracy. R
ing out the Freeman and Bardsley resonances, the effe
the ponderomotive shifts on the shape of the top of the A
peaks and considering ionization widths that are smaller t
the Fourier width of the pulse, the main contribution to t
ATI peaks width is the Fourier width of the pulse itself. Th
ponderomotive shift can be controlled by changing the ma
mum intensity of the pulse. The Bardsley fringes depe
strongly on the duration of the pulse, but as we will see,
most cases they are not relevant in what we will discu
Freeman resonances are best ruled out by avoiding th
This can be accomplished either by carefully choosing
laser parameters so as to be off resonant during the e
pulse, or by choosing a system that does not have any bo
excited states such as the negative hydrogen ion. This sy
©2001 The American Physical Society07-1
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has attracted much experimental@14–16# and theoretical
@17–21# interest recently. Especially, in Ref.@18#, Telnov and
Chu, through an adiabatic approach, focus on the stud
shape effects of long length~picosecond pulses on the mu
tiphoton photoelectron energy distribution of the detach
electron in the wavelength of 1064 nm!. In this work, we
address a feature of the photoelectron energy spectrum th
most prominent in the opposite extreme, regarding the d
tion of the pulse.

Atomic units have been used in the calculations, howe
in the presentation and the figures we cite wavelength
nm, energies in eV and intensities in W/cm2 ~1 a.u. of inten-
sity is 3.5131016W/cm2!.

II. METHOD

For the results that follow we have chosen the nega
hydrogen ion because of the clarity of its ATI spectrum th
is free from resonant effects that may obscure the feature
discuss. For the reasons of experimental convenienc
would most likely be simpler to study a different system
an experiment. We solve the time-dependent Schro¨dinger
equation ~TDSE!, both using a correlated two-electro
method@20# and using a single-active electron approach w
a Yukawa potential. The techniques that we use for the
merical solution of the TDSE have been reviewed in@8#. We
will briefly highlight the main points of these techniques. A
equations that follow are given in atomic units.

The TDSE for an atomic system in an external laser fi
is written as

i ] tc~ t !5@H01VI~ t !#c~ t !, ~1!

with H0 the field-free atomic Hamiltonian andV the time-
dependent interaction between the system and the laser
In the length gauge and within the dipole approximation,
interaction operator isVI(t)52r•E(t), wherer5r11r2 is
the position vector of the active electrons of the system
E the electric field. In our calculations, we assume la
fields linearly polarized along thez axis with

E~ t !5ezE0f ~ t !sinvt, 2
T

2
,0,

T

2
, ~2!

where f (t)5cos2(pt/T) is the pulse envelope of total dura
tion T for a field of angular frequencyv. We have chosen the
cos2 profile instead of a Gaussian profile because of its fin
duration, that is best suited for numerical integration.

In our two-electron calculations we expand the tim
dependent wave function onto a stationary eigenbasis
structed within a box, an approach that has been use
calculations of the ATI spectrum of the negative hydrog
ion @20#:

c~ t !5(
nL

Cn
L~ t !FEn

L 1(
L

E CE
L~ t !FE

LdE, ~3!

where L[(SLMLMS) denotes the angular-quantum
numbers characterizingLS-uncoupled eigenstates of the sy
tem. Given that the ground state of the negative hydrogen
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is an 1S0 state and considering that for linearly polarize
light and dipole allowed transitions,DS50,DML50, only
the singletML5MS50 states need to be included in th
expansion of the time-dependent wavefunctionc(t).

The basic idea and the formal details of the construct
of the two-electron states~with total angular momentumL!
can be found in@22#. We obtain the two-electron statesFn(E)

SL

by diagonalizing the Hamiltonian in the basis spanned
two-electron basis functionsCn1l 1 ,n2l 2

SL (r1 ,r2), constructed

as an antisymmetrized product of one-electron hydrogen
bitals. The radial part of the one-electron orbitals is expan
on a set of 992B splines of orderk59 inside a finite interval
@0,R#, with R up to 1000 a.u. The two-electron basis fun
tions Cn1l 1 ,n2l 2

SL (r1 ,r2) are constructed in terms of abou

2000 configurations (n1l 1 ,n2l 2) for the symmetryL50 and
about 1500 for each of the other symmetries up toL58.
Inserting the expansion~3! into the TDSE we obtain a sys
tem of ordinary differential equations~ODE! for the coeffi-
cientsCEn

L (t),

i
d

dt
CEn

L ~ t !5CEn

L ~ t !En1 (
L8,En8

~FE
n8

L8 uVI~ t !uFE
n8

L8 !CE
n8

L8~ t !.

~4!

Integration of the above system of differential equatio
subject to the proper initial conditions provides the coe
cients at the end of the pulse and thus, for our chosen p
profile, att→`.

In addition, for reasons of numerical efficiency, we pe
formed calculations using the single-active-electron
proach with a Yukawa potential:V(r )52V0 exp(2br)/r,
with V051.1 andb51, which reproduces the qualitativ
features of the negative hydrogen ion and has been applie
the study of this system@23,24#. The resulting three-
dimensional time-dependent wave function is expanded o
set of spherical harmonics and radialB splines that leads to a
set of ODE for the time-dependent coefficients. The det
of the relevant techniques can be found in the review
Lambropouloset al. @8#, as well as in the work by Maragaki
et al. @25#, as they have been applied to the study of Pot
sium in the presence of mid-infrared radiation.

In our calculations we have used a box of 2000 a.u., w
2000B splines of order 7 for each of the 16-lowest angu
momenta. On the one hand, this method allows us to ob
more ATI peaks using a larger box, while on the other ha
it provides an additional test of our model.

In both cases, convergence of the results have b
checked against the radius box as well as in the total num
of states included in the basis.

III. RESULTS AND DISCUSSION

In the top part of Fig. 1, we present the photoelectr
energy spectrum of the negative hydrogen ion as calcula
using the two-electron basis-expansion technique, at a w
length of 1064 nm~1.165 eV!, intensity of 1011W/cm2, us-
ing a cos2 pulse profile with a full width at half maximum
~FWHM! of 28.4 fs. The total-pulse duration corresponds
7-2
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GRADUAL BROADENING OF SUCCESSIVE ABOVE- . . . PHYSICAL REVIEW A 64 053407
16 optical cycles of the field. The energy of the photon
sufficient to ionize the negative-hydrogen ground state wit
single photon. The first peak shown in the figure correspo
to a single-photon ionization process. Note the Bards
fringes on the right-hand side of the peak. They axis is on a
logarithmic scale and thus it is clear that the side peaks
not affect the width of the first peak significantly. Measuri
the widths of the successive peaks we obtain 0.102 eV, 0
eV, 0.164 eV, 0.183 eV, 0.200 eV, and 0.221 eV, respectiv
for the peaks of order 1, 2, 3, 4, 5, and 6. We have given
explanation of this significant broadening within a perturb
tive framework. The first peak corresponds to a sing
photon absorption, thus the ionization rate is proportiona
the first power of intensity. The ion experiences a cos2 pulse
profile whose Fourier width, inversely proportional to i
FWHM, will contribute to the broadening of this peak. O
the other hand, theN th order peak results from the absor
tion of N photons, thus the ionization rate is proportional
the Nth power of the intensity, and the peak is generated
an effective cos2N pulse profile. This pulse is more sharp
peaked than the fundamental field, thus its width is le
resulting in a broader Fourier width. In other words, for
Nth-order process the effective time interaction between
atom and light, defined as@26#

Teff
~N!5E

0

t

dt8 f N~ t8!, ~5!

is the quantity that determines the spectral width of
Nth-order process.

FIG. 1. The top figure shows the ATI spectrum~in eV21! of the
negative hydrogen-ion irradiated by a 28-fs pulse with peak int
sity of 1011 W/cm2 and wavelength of 1064 nm. The bottom figu
displays the ratio of the widths of successive ATI peaks. The squ
boxes are obtained from the calculated spectra and the diamond
the values predicted by the model.
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For example, more accurately, taking the Fourier tra
form of theNth power of the field,

Ê~N!~v!5E
T/2

2T/2

dtEN~ t !eivt, ~6!

we obtain for the case of a Gaussian pulse profile~of dura-
tion T!, that the temporal width contributing to theNth-order
process equals to 2Aln 2/AN. The corresponding spectra
width, and thus theNth-order peak widthw(N), is propor-
tional to the square root of the order of process:

w~N!5uÊ~N!~v1!2Ê~N!~v2!u;AN, ~7!

where, the frequenciesv6 , are defined through the relation
Ê(N)(v6)5Êmax

(N) /2, with Êmax
(N) , being the peak value o

Ê(N)(v). It is clear from the latter expression that the spe
tral width of the ATI peaks is an increasing function of th
order of the process. This feature is characteristic for a
Fourier-limited pulse, whatever the temporal shape of
field.

Turning now again to the calculations, where we ha
used cos2 pulse, we make a comparison with the calculat
ATI spectrum. For this we define the quantityw(N)/w(N
11), which gives the ratio of the width of theNth peak to
the width of the (N11)th peak. The bottom part of Fig.
shows a comparison of the peak-width ratios predicted by
Eq. ~6! and ~7! to the ratios obtained from the numeric
simulation; the agreement is very good. The numerical sim
lation is converged up to 7 eV because of the limitatio
entering the basis method, thus only the first-five ratios
shown. The Fourier widths of the cos2 pulse-profile envelope
have been calculated numerically. If we had done the e
mate based on the inverse of the temporal width of the c
responding pulse profile@see Eq.~5!#, the disagreement in
the first ratio would be somewhat larger.

According to the model, the broadening of the peaks d
not depend on the number of electrons of the atom, as l
as we are within the single-electron response regime.
have performed a supplementary series of calculations, u
this time the Yukawa potential to model the negative hyd
gen ion. This results to a single-active electron respons
the problem, thus allows us to enlarge the range of con
gence of our results. The broadening of the successive
peaks is observed in all calculations that we performed
agrees quite well with the model. As a representative
ample, in Fig. 2 we present the ATI spectrum at 1519
~0.816 eV!, 531011W/cm2, for a cos2 pulse with a FWHM
of 20.3 fs. The energy of the photon is just above the ioni
tion threshold and due to the ponderomotive upward shif
the continuum, the first full peak shown in the figure corr
sponds to a two-photon process. Note that the contributio
the ponderomotive shift to the width of the peak is negligib
compared to the Fourier broadening. The successive wi
of the peaks are 0.184 eV, 0.219 eV, 0.251 eV, 0.280
0.307 eV, 0.332 eV, 0.352 eV, and 0.375 eV, respectively,
processes of order 2, 3, 4, 5, 6, 7, 8, and 9. The bottom
of the figure shows the comparison of the peak-to-peak w
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ratio predicted by the model to the ones of the numer
calculations, once again very good agreement is obtaine

In the second column of Table I we present the ratios
consecutive ATI peak widths as calculated for the cos2 pulse
profile according to our model. We used the field correspo
ing to the data shown in Fig. 2, but the main contribution
the result comes from the pulse profile and thus should
approximately correct for all cos2 pulses. The values ob
tained from the data shown in Figs. 1 and 2 are shown in

FIG. 2. The top figure shows the ATI spectrum~in eV21! of the
negative hydrogen ion irradiated by a 20.3-fs pulse with peak
tensity of 531011 W/cm2 at 1519 nm. The bottom figure display
the ratio of the widths of successive ATI peaks. The square bo
are obtained from the calculated spectra and the diamonds ar
values predicted by the model.
05340
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third and fourth column. We note that the variation due to
pulse shape is mostly seen in the lowest-order processes
that the peak-to-peak difference gradually becomes less
nificant; however, there is a 5% effect even at the eigh
order processes. It should be noted here as an indicative
ample that the ratio of the width of the eighth-order peak
the first one is around 2.4. The parenthesis next to the
merical data show the absolute values of the relative er
compared to the results of the model. All numbers are w
within 2% of those predicted by the model. The fifth colum
of Table I shows the value of the peak-to-peak ratios fo
Gaussian-pulse profile. After the first-few peaks the ratios
very similar to the ones corresponding to the cos2 profile.
This trend of similarity toward the higher order of the pr
cess has its origin to the fact that the effective fieldEN(t)
gradually looses information about the exact temporal sh
of the fundamental fieldE(t).

So far, we have presented our calculations on a spe
atomic system, the negative hydrogen ion. The grad
broadening of the ATI peaks, however, is not restricted
any specific atomic system. It is a general feature of A
spectra from Fourier-limited pulses, and in principle shou
be inherent in all such spectra. Cormier and Lambropou
@12# presented the 0° ATI spectrum in Cs, using a 6-fs Gau
ian pulse with peak intensity of 531010W/cm2 and wave-
length of 620 nm, and have given the widths of the fe
lower peaks. The widths of the peaks corresponding to p
cesses of order 3, 4, 5, are, respectively, 0.54 eV, 0.63
and 0.7 eV. The relevant ratios are given in the last colu
of Table I and are in agreement with the model predictio
for a Gaussian profile. All calculations that present ATI spe
tra using finite-pulse profiles should contain this feature.

Finally, to demonstrate the effect of ultrashort laser pul
in the photoelectron energy spectra of higher-order p
cesses, consider the experiment performed by Walkeret al.
@27#. There they have used a 780-nm, 160-fs pulse for
single and double ionization of Helium. With this wave
length ~1.59 eV!, about 16 photons needed for the sing

-

es
the
ented.

TABLE I. The ratios of the widths of successive ATI peaks corresponding to processes of orderN. In

parentheses the absolute value of the relative error of the calculation compared to the model is pres

w(N)/w(N11)
N (cos2)a CIb YMc Gaussiand CLe

1 0.776 0.761~1.9%! 0.707
2 0.845 0.831~1.7%! 0.842~0.4%! 0.816
3 0.881 0.885~0.4%! 0.873~1.0%! 0.866 0.857~1.0%!

4 0.904 0.911~0.8%! 0.897~0.8%! 0.894 0.900~0.7%!

5 0.920 0.908~1.3%! 0.913~0.8%! 0.913
6 0.930 0.924~0.7%! 0.926
7 0.939 0.943~0.4%! 0.935
8 0.945 0.937~0.9%! 0.943

aModel for a cos2 pulse profile.
bCI basis calculation using a cos2 pulse. Data taken from Fig. 1.
cYukawa modelB splines calculation using a cos2 pulse. Data taken from Fig. 2.
dAnalytical model for a Gaussian pulse profile.
eCs calculations with a Gaussian pulse profile. Data taken from Cormier and Lambropoulos@1#.
7-4
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GRADUAL BROADENING OF SUCCESSIVE ABOVE- . . . PHYSICAL REVIEW A 64 053407
ionization while about 50 photons are needed for the dou
ionization. Modeling the pulse with a cos2 profile, we find
for the effective-time interaction of an electron ejected with
N-photon absorption,

Teff
~N!5

~2N21!!!

~2N!!!
T, ~8!

where,T is the total duration of the pulse. The spectral wid
of the Nth peak, will be approximately the inverse of th
effective time 1/Teff

(N) . For the pulse adopted, spectral width
aboutDv54.1131023 eV, which gives for the photoelec
tron energy width of theN520 peak, about 2.63Dv
50.0105 eV, a rather sharp peak, compared with the en
separation of the ATI peaks, which equals to the photon
ergy. Using, however, a pulse about one hundred tim
smaller in duration,;1.6 fs, the latter number changes
10030.010551.05 eV, to be compared with the 1.59 eV
the photon frequency. It is obvious, therefore, that the p
structure of the photoelectron energy spectrum will disapp
even in the first-few ATI peaks.

Finally, there are some experimental references that
vide the widths of their ATI peaks, for example, the expe
ment of Nicklich et al. @28#. There the widths of the peak
corresponding to third- and fourth-order processes of ion
ev

05340
le

gy
n-
s

k
ar

o-
-

-

tion of Cs by a 70-fs pulse at 621 nm are shown for a ran
of intensities. Although there seems to be a qualitative ag
ment with our model for many of the measured widths
cannot make a definite statement since there may be m
sources of broadening involved in the specific experim
than we have included in our model.

IV. SUMMARY

In summary, we have observed a gradual broadening
the successive ATI peaks in the Fourier-limited pulses. T
feature has been attributed to the Fourier width correspo
ing to an effective pulse profile. For our simulations we ha
chosen the negative hydrogen ion, irradiated by 1064-nm
1519-nm laser pulses. This system has the specific fea
that its ATI peaks are free of resonance effects and the
cesses are of relatively low order thus making the featu
more pronounced. We believe that the gradual broadenin
the peaks is a fundamental feature that is inherent in ev
ATI spectrum that is produced with Fourier-limited pulses
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