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Third-order isotope-shift constants for alkali-metal atoms and ions
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We derive expressions for third-order matrix elements of one- and two-particle operators within the frame-
work of relativistic many-body perturbation theory and use these formulas to evaluate specific-mass isotope
shifts and isotope field shifts in atoms and ions with one valence electron. Third-order corrections to isotope-
shift constants for 8, 3p, and 3 levels in sodium and sodiumlike ions with=12-18 andZ= 26 are given.
Applications to 4, 4p, 3d, and 4 levels in K and 4, 4p, and 3 levels in Cd are also given. Comparisons
are made with previous calculations and with experiment. Including third-order corrections improves the
agreement between theoretical and experimental values of the specific-mass isotope-shift constants for the
cases considered.
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. INTRODUCTION 3d, and 4 levels in K; and 4, 4p, and 3 levels in C4.
_ _ . _ _ Accurate values of the isotope shifts for sodiumlike ions are
Isotope shifts of atomic transition frequencies consist ofof importance currently in connection with the search for

two parts, one arising from nuclear recoil and the other fromime variation of the fine-structure constant in alkali doublet
the finite size of the nuclear charge distributiph]. The absorption lines from quasaf&6).

nuclear recoil contribution is subdivided into a normal-mass
shift (NMS) associated with the operator(l/ZM)Eipiz,

which can be accurately evaluated in terms of the transition
frequency, and a specific-mass sH@MS), contributed by A. Specific-mass shift

the operator (M)Z; - pi- pj, which is difficult to evaluate We restrict our attention to an atom or ion with one va-

accurately. The part of the isotope shift caused by the finitgace electron and suppose that it is described to lowest order
size of the nuclear charge distribution, referred to as the fieldl, ihe “frozen-core” HF approximation, where the core elec-
shift (FZS), is obtained from matrix elements of t?e_operatortrons satisfy closed-shell HF equations and the valence elec-
6VI5(r%), whereV is the nuclear potential an(t®) is the 5 satisfies the HF equation in the fixed potential of the
mean-square radius of the nucleus. core. We express the SMS operalr = - p;- p; in second

The Hartree-FockHF) method was used by Bauch2] g antization as the sum of a normally ordered two-particle
to evaluate the SMS in alkali-metal atoms and in a few atom%peratorT and a normally ordered one-particle operaor

with two and three valence electrons. Bauche and Champeau

point out in their review of the theory of isotope shift3] P=T+S, (2.7

that the HF value of the SMS of tH2, line in Na does not

agree at all with the experimental val[4. Reasonable val-

ues of the SMS were obtained, starting from the HF theory T=2 tja:aajaag:, (2.2

and including higher-order corrections from many-body per- "kl

turbation theory(MBPT), by Martensson and Salomonson

[5] for Li and K, and by Lindroth and M#ensson-Pendrill S=E t -afa 2.3

[6] for Na. Subsequently, Hback et al. [7], Lindroth et al. T

[8], Martensson-Pendrilletal. [9,11,14, Hartley and

Martensson-Pendril[10], and Kurthet al. [13] carried out wheret;j =i [p1- pol KI) andt;; = — X tj5aj, @ being a core

extensive MBPT calculations of the SMS and the field shiftsorbital. In the above equation, the notation :: designates

for various atoms and ions. Theoretical values of the SMSormal ordering with respect to the core. The matrix element

have also been obtained using third-order MBPT by Vesetlof P is referred to as the specific-mass shift constant; it is

[14], and using multiconfiguration HF methods by Froesedesignated by<SMSin Refs.[5-13,17.

Fischer and coworkerd5]. We expand the state vector of the atom in powers of the
In this paper, we develop formulas for diagonal third- residual Coulomb interaction and use it to obtain an order-

order matrix elements of one- and two-particle operatorsby-order expansion of matrix elements of the operaaad

including angular reduction, within the framework of relativ- T. As discussed by Bauche and Champg&y formulas for

istic MBPT and use these formulas to evaluate third-ordematrix elements oP can be easily inferred from the corre-

matrix elements of the one-particle field-shift operator andsponding formulas for the energy. In the relativistic case, the

the two-particle SMS operator for atoms with one valenceenergy expansion for atoms with one valence electron is car-

electron. With the aid of these third-order matrix elementsyied out explicitly through third order, for example, [ih8].

we obtain isotope shifts fors3 3p, and 3 levels in sodium  To obtain formulas for the first-, second-, and third-order

and sodiumlike ions witlZz=12—-18 andZ= 26; for 4s, 4p, matrix elements ofS and T, one simply replaces the Cou-

II. MATRIX ELEMENT
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lomb matrix elemeng;j, = (ij|1/r15kl) by gjjx +tijq and TABLE I. Summary of contributions to the third-order two-
(Vue—U)ij by (Ve—U);i+1t; in expressions for the first-, particle matrix element of the specific-mass shif®) for the 3
second-, and third-order energy[ib8] and linearizes in,,  State of Na in GHz amu.

andt;; , respectively. In this way, we find, for example,

Term  Contr. Term  Contr. Term  Contr.
SY=t,, == tapa (25 | A7 24772 A28 160  A29  247.72

a J A30 —247.17 A31 —-1.34 A32 —247.17

TW_g 2.6 K A33 —6.36 A34 4.96 A35 —4.08

vo Y : L A36 —3.56 A37 -—33.84 A38 6.46

Detailed expressions for first-, second-, and third-order mag A39  —4341 A40 0.71 A4l —132
trix elements ofS and T after angular reduction are written A Ad2 7:20 A43 43.98 A4l 7.20

out in the Appendix. D A45 2.02 A46 0.33 A47 —-1.31
Our calculation ofS® is modified to include all third- B A48 031 A49  —0.27  AS0 0.31

and higher-order corrections from the random-phase approx|’-| AS1 3.12 A52  —0.16 AS3 —0.67
mation (RPA). This is done by replacing the “bare” matrix & A54 021 ASS 145  AS6 0.14

elementst;; in Eq. (A4) by “dressed” RPA matrix elements F  A57 028 A58 004  AS9 028

t5™ obtained by solving the core RPA Eq#\9). The corre- B A0 061 ABl 697  A62 -061
sponding third-order RPA contributions are, of course, ex-  Total  -41.24 10.49 6.38

cluded fromS®). We also include important higher-order
corrections in the remaining part &®), given in Egs.
(A10-A26), by replacing bare matrix elementstgfby their  trary two-body operator and, therefore, can be used to calcu-
RPA counterparts;; . This generalization of third-order late other quantities besides the specific-mass shift. Because
matrix elements is precisely the one required to makedf the complexity of calculations of matrix elements of two-
electric-dipole transition matrix elements gauge independerttody operators, we did not include corrections beyond third
through third order, as shown in R¢L9]. Second- and third- order. The expression for the third-order energy contains 56
order electric-dipole matrix elements, modified as describetierms associated with 56 distinct Brueckner-Goldstone dia-
above, led to amplitudes for dipole transitions in alkali-metalgrams. Substituting;jy +tjj into the third-order energy
atoms that were accurate to better than 1% for all caseand linearizing as described above, leads t®58=168
where precise comparison values were available. terms for theT®). These terms can be regrouped and reduced
To improve our calculations d8 we also carry out cal- to 36 terms by combining direct and exchange integrals. We
culations using singles-doublé¢SD) wave functions. These give the breakdown of ®) for the 3s state of Na in Table I.
wave functions include single and double excitations of theBefore discussing this table, we briefly describe the numeri-
lowest-order HF wave function to all orders in perturbationcal implementation of the many-body calculations.
theory. The evaluation of one-particle matrix elements using To evaluate the formulas for one- and two-particle matrix
SD wave functions is discussed in Ref20,21] and com- elements in the Appendix, we use a one-particle basis set
plete formulas, after summation over angular-momentunformed from linear combinations @& splines[23]. The one-
projection quantum numbers, are given in He2]. The SD  particle basis orbitals are given on a nonlinear radial grid
wave functions used here also include the subset of tripleonstrained to a large spherical cavity. The radius of the cav-
excitations needed to reproduce all third-order corrections tity is chosen to be 50 a.u. for neutral atoms and scaled down
valence energies as described in RE2.,22. The relative  appropriately for ions. One-particle states with orbital angu-
importance of triple excitations in calculations of SMS ma-lar momentun <6 are included in the basis, which consists
trix elements will be discussed later. We use the notatiorof 40 radial wave functions represented as linear combina-
S(5P) to designate corrections to one-particle SMS matrixtions of B splines of order 7, for each value bf
elements evaluated using all-order SD wave functions. It In Table I, we list contributions from each of the 36 terms
should be noted that the matrix elemeB{S®) are complete in Egs.(A27)—(A62) for the 3s state of Na in GHZ amu. We
through third order in MBPT. The two methods used here tanclude the corresponding labels from E¢&27)—(A62) for
calculate matrix elements of the operat®iead to values each term in columns headed “Term.” The three terms aris-
that include different subsets of the fourth- and higher-ordeing from a single third-order energy terB® in Ref.[24]
corrections. We present results of both calculations in ouare listed in the same rows for convenience; the labels of the
tabulations of SMS values but, based on studies of the SRorresponding energy diagrams frd@4] are given in the
matrix elements reported [20], we recommen®®? as the first column of Table I. As we see from the table, seven
more accurate alternative. terms, namely, A27, A29, A30, A32, A37, A39, and A43 are
Two-particle contributiong to the specific-mass shift are 5 to 35 times larger than any other term. It is easily seen
calculated only through third order. Expressions for secondfrom Eqgs.(A27) and (A29) that the terms A27 and A29 are
and third-order matrix elements @fare given in Eqs(A7)— identical as are the terms A30 and A32, therefore, we omit
(A8) and(A27)—(A62) of the Appendix. These formulas are terms A29 and A32 from further discussion.
obtained from the corresponding expressions for the second- We present the Goldstone diagrams for terms A27 and
and third-order energy. The formulas are given for an arbi-A30 in Fig. 1. In the figure, we designate the Coulomb in-
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A27 A30 |
A42 A44

FIG. 3. Goldstone diagrams for the next-to-leading ternib(M
from Egs.(A42) and (A44) for the 3s state of Na.

For all of the cases considered, the terms A27, A29, A30,
A27(exch) A30(exch) and A32 are the largest and strongly cancel, leading to an
FIG. 1. Goldstone diagrams for the large third-order terms in?ilgglfﬁa:ihrrir:?g?ne; A';C;r Ei;tgatgi doj;\éll\li-}a;lell:r?ali(l?lndsovrr\?itr?ant
T®: Egs. (A27) and (A30). These diagrams cancel almost com- S ’ ) L
pletely. yvhlle A42 and A44 become relatively smaller with increas-
ing nuclear charge. The terms A37, A39, and A43 are large
for the 3p states of Na and Na-like ions, but A42 and A44
teractiong;jy, using a dashed line and the two-particle matrixare small for these cases. For the States, terms A39 and
elementt;; using a wavy line. We note that each of thesea43 are the largest but contribute with opposite signs. The
two terms actually consists of four diagrams; however, onlyterm A37 becomes relatively more important fat 8tates of
the one direct and one exchange diagram shown in Fig. fa-like ions as the nuclear charge increases. We note that the
contributes significantly. The exchange diagrams presentegative contribution from other diagrams also increases with
in the second row of Fig. 1 are five times smaller than thehe nuclear charge for all five states of Na-like ions consid-
each diagram on the left cancels each diagram on the righgy the 3d states of K, the three terms A37, A39, and A43 are
almost exactly and the remainder, after summing the termgominant with the term A37 being the smallest. For the case
A27 and A30, is only 0.2% of the individual terms. AS of the 3d states of C&, numerous other terms are large.
shown in Table I, these diagrams correspond to third-order The relative importance of the third-order contributions to
energy diagrams andJ from Ref.[24]. The cancellation of gMs constants is illustrated in Table Il, where we give a
thel andJ energy diagrams was discussed in R#]. We  preakdown for then=3 states in Na. We list lowest-order
note that the terms A28 and A31 are very small since thgF) values P, one-particle corrections®, S®), and

Coulomb matrix elemeng,,p, is replaced byt,c,,, which  5(2) 53). all-order correctionsS(S®: second- and third-
vanishes because of selection rules. Therefore, only twg,qer two-particle correctionis®, T®), andT®+T®); and
small contributions containing,,, survive for these two tne final theoretical SMS constar®s,,. The final values are
terms. _ sums of theP™®), S(5P) and T+ T6G) As we see from the

In Fig. 2, we present Goldstone diagrams for the othetapie the correlation correction is largest for tresgate; the
three large terms: A37, A39, and A43. These terms are refgyest-order valu®® for the 3s state has the same order of
resented by 20 Goldstone diagrams; however, only one d'arhagnitude asS®, but has an opposite sign. The all-order
gram for each term gives the dominant contribution. The,oq1tS(SD) giffers from the MBPT resuls® + S by about
corresponding diagrams are shown in F'Q- 2. As Seen _fror%% for 3s and 3 states. For 8 states, higher-order correc-
Table 1, terms A37 and A39 contribute with negative signs,ng are very important; second- and third-order corrections

while term A43 contributes with a positive sign. The sum of 5.6 the same order of magnitude and the all-order values
all three diagrams is the dominant contribution to the total

3
T.( ) value for the 3 state of Na. Several other terms also  TagLE II. Contributions to specific-mass  isotope-shift con-
give significant contributions td) for the 3s state of Na.  stants(GHz amy in Na.

The largest of these is the sum of terms A42 and A44, which

are equivalent as seen from the corresponding equations. 3s 3pus 3psp 3dy,  3dgp
These terms are dominated by the diagrams shown in Fig. 3:
P —222.00 -11555 -115.46 —4.84 —4.87
SO 167.93 48.35 48.28 0.96 0.97
T N L S 28.11 1.20 120 095 095
S@ 4+ g3 196.04 49.55 49.48 1.92 1.92
{ S(sP) 205.26 51.57 51.48 2.79 2.79
R A T 95.04 28.16 2811  -0.42 —0.42
A37 A39 A43 TG —24.37 —7.54 -752 -0.48 -0.49
T@+TE) 70.68 20.62 20.59 —0.90 -0.90
FIG. 2. Goldstone diagrams for the dominant residual terms inp,, 53.94 —43.36 —43.39 -295 -2.99

T® from Egs.(A37), (A39), and(A43) for the 3s state of Na.
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TABLE IIl. Contributions to specific-mass isotope-shift con- for the d states. For K, the one-particle terr88) and S©®)
stants(GHz amy in K. nearly cancel for @ and 4 states, enhancing contributions
from fourth- and higher-order corrections. One, therefore,
expects that the final theoretical valueshPofor 3d and 4

4s  4py, 4psp  3dyp  3dg,  4dy, 4dsp,

p) —387.9-118.7-117.7 -113.8 -1145-748 —75.2  States of K will be less accurate than those for Sates of
52 192.3 591 587 435 436 294 294 Ca".InCa',the third-order one-particle contributi®® is

53 —22 01 02 —460 —-462-31.9-31.9 smaller thanS®) by a factor of three or more and the two-
S@1s® 1901 592 590 -25 -25 —25 —25 particle third-order contributiom® is about half of T(®).
S(SD) 2029 66.3 66.0-269 —26.8—-19.2-18.9 Therefore, the relative size of the correlation correction is
T 1432 358 355 19.0 19.1 14.3 14.4 smaller for Cd than for K. The all-order one-particle values
T® 329 -82 -81 -133 —134 -89 -89 S are in good agreement with MBPT valug&) + S()
T@+TG) 1103 277 274 5.7 57 55 55 forboth Kand Ca, with the exception of the states in K.

Piot —747 —247 —24.3-135.0-135.6-88.5-88.6 However, as mentioned above, fourth- and higher-order cor-

rections for these states are enhanced. This could explain
differences ford states, given that MBPT and SD calcula-
are 30% higher thai8®+S®). By evaluating the matrix tions take into account different subsets of fourth- and
elements ofS(?) using all-order wave functions with and higher-order terms. The effect of partial inclusion of triple
without triple excitations, we found that triple-excitation cor- €Xcitations inS(*?) is found to be negligible for all states of
rections were negligible for all five states of Na. Two-particleNa@ and is below 5% o8P for all states of K and C,

contributionsT®+T® are two to three times smaller than €xCept ford states of K. _
one-particle contributionsS®+S® or SS9 for all five In Ref. [9], the specific-mass shift constant for the

states considered. 4py-4s transition was obtained from the experimental val-

We find good agreement between second-ordevalues ~ UeS for the £1-4s level shifts in the®*”*/K chain[5]. The
and the results of6], which were also evaluated in second- field shift was separated using the theoretical value for the

order MBPT. Our final value of the specific-mass shift con-gelg'iggé_cgqslt?n; Ocaflr%ul?ted ifg] fan(; GtheTr;:uonic ‘l"’?"“e
stant of the $—3s transition —97.3 GHz amu differs by ;: é of t_he.SMé an tan'[roT5348)eG|E| ]alm [%] resnlf' t';?
12% from the experimental value 110 GHz amu, which vau Stant, Zamu.L=] 1S mu

. . smaller than our value, 50 GHz amu. As we discussed above,
was optalned by_subtrac_tlng thg NMS and FS from the Meo%here is a strong cancellation between the lowest-order and
sured isotope shifi25]. It is in fair agreement with the mul-

. . ! ) second-order values; consequently, fourth- and higher-order
ticonfiguration Hartree-Fock result of Froese Fisckeal. d y g

X corrections, which are only in part included in our calcula-
[15] and the MBPT result of Vesef{14], both of which are  jon of the one-particle contribution and are omitted from the

in close agreement with experiment. two-particle contribution, become relatively more important.

In Tables Il and IV, we present contributions to the SMS  or final values for SMS constants of thel-as and
constants for 8, 4p, 3d, and 4 states of K, and for g, 4p,  3d-4p transitions in Ca are in good agreement with experi-
and 3 states of Cé, respectively. The designations for vari- ment (7-1199. The agreement between our results and ex-
ous contributions are the same as in Table Il. Lowest-ordeperimental values from Ref§11,13,27 is worse for 4-4s
valuesP®) for the 4s states of K and Ca have the same than for 3-nl transitions; however, the experimental values
sign as the final values; however, the HF approximatiorfor these transitions have large uncertainties and significant
overestimates the size &f by a factor of five for K and a differences are found between values from different experi-
factor of three for C4. As in the case of sodium, third-order ments[11,13,27. We also compare our results with the
contributions, both one-particle and two-particle, are largesmany-body theoretical calculations for the 4nd 4 SMS
constants from Ref8] and find good agreement. The many-
body result for the SMS constant of thel 3tate from Ref.
[13] agrees with our second-order value. As we noted above,
the second-order calculation underestimates tkhe S3S
constant in Cé& by a factor of two. The present value of
the SMS constant for the d3 state in Cad, Py

TABLE 1V. Contributions to specific-mass isotope-shift con-
stants(GHz amy in Ca'.

4s 4pyp 4pap 3dsp; 3ds;

P —-927  —497 491  -4308 4296  =2600 GHz amu, is in good agreement with the value 2400
s@ 421 207 205 1802 1794  GHz amu inferred from experiment in R¢fL3].

s® 5 -17 -16 -530  —526 We give our SMS constants for thes,33p, and 3 states
S@+s6) 426 190 189 1272 1268  of Na-like ions withZz=12-18 andZ=26 in Table V. Triple
sSSP 432 198 197 1299 1294  excitations were found to be negligible for all of the states of
T® 303 127 125 861 858  Na considered here and they are, therefore, omitte®{S®

T® —67 -32 -32 —454 —452 calculations for Na-like ions. As expected, the relative im-
T@ 4+ TG 236 95 93 408 407 portance of correlation decreases with increasing ionic
Py _259 —204 —200 -2601 -2595  charge. We found tha$(>®) is relatively large for the 8

states of Na-like ions as it was for Na. Fgp and 3 states,
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TABLE V. Specific-mass isotope-shift consta@Hz amy for TABLE VI. Contributions to field-shift constants (MHz/fm?)
n=3 states of Na-like ions. in Na, K, and Ca, n=3 for Na andn=4 for K and Cd.
lon 3s 3P 3Pap 3d3, 3ds, ns NPy, NpPge  3dy,  3dsp,
Nal 54 —43 —43 -3 -3 Na F® -29070 -0.01 0.00 0.00 0.00
Mg 1i 38 —324 -323 —105 —106 F® -1.88 165 1.65 —0.01 -0.01
Al i -34 -871 —869 —511 —514 FG -525 —0.04 —-0.04 -0.06 -0.06
Siv —-152  —1678 —1672 —1326  —1333 Fot —36.83 160 160 —0.06 —0.06
Pv —312  —2737 2726  —2558  —2570 K FO  —-73.03 -0.08 0.00 0.00 0.00
Svi —511  —4043  —4026  —4183  —4202 F® —-6.52 443  4.42 0.82 0.81
Clwvi —-748  -5594  —5569  —6177  —6204 F®  -2718 -054 -052 0.06 0.06
Arvii —1023 -7386 —7351 —8522  —8560 Fot —106.72 381 390 0.89 0.87
Fexvi  —4587 —30249 -30028 —-39038 -39246 Ca" FW -2155 -04 0.0 0.0 0.0
F® -95 194 192 846 840
F®  —416 0.6 0.7 273 271
contributions fromSSP) are several times smaller thai?) Fo —2666 196 1909 111.8 1112

for all values ofZ considered. The two-particle contribution

T@+T® is also important, but it is two to three times

smaller thanS(SP) for most of the cases considered in Tablewhere we have ignored the core contributigf ., that can-

V. Only limited comparison data is available for ions. Our cels for transitions. Numerical calculations of the field shift

value for the 3 specific-mass shift in M, Sviys=  require a refined radial grid. In the present calculations, we

—120.4 MHz, differs from the result of Ref14] by 6%. use a 1000 point radial grid with about 100 points inside the
We emphasize that third-order two-particle contributionsnucleus to evaluate the field shift.

are important for SMS constants in all of the cases consid- In Table VI, we list first-, second-, and third-order contri-

ered here, not only because of the relatively large size of thisutions to the field-shift constan&®), F?), and F®), re-

contribution but also because of the strong cancellation bespectively, in Na, K, and Ca The total field-shift contribu-

tween other MBPT terms. tions are given in rows labeldel;. It should be recalled that
third- and higher-order RPA corrections are grouped together
B. Field shift with the second-order RPA terns®). The contributions

F©) are obtained using Eq$A10)—(A26) of the Appendix
o " - RPA
sume that the nuclear charge distribution can be well & with _dressed matrix e'.emer}f;fi' - As we see from Table
proximated as a uniformly charged ball of radi@s Using VI, third-order contributiong='*’ are very important for the
I — 0,
the fact that(r2)=(3/5)R? for a uniform distribution, it fol-  9round states of Na, K, and Cawhere they give 17-36 %

lows that the operator describing the field shift is of Fit. FoOrps;, andd states, the entire field shift arises from
correlation, sinceF!) vanishes. We note that ternfs®),

Following Lindroth and Maensson-Pendril[6], we as-

del SV(r.R) 57 ;2 F®?) andF®) add coherently for most of the states; thus, we
fry)=——=-—|1-—|, r<R do not observe the severe cancellation between first-,
&(r?) 4R® R? second-, and third-order contributions found for the SMS
~0 (=R (2.7) constants. Field-shift constants fos,33p, and 3 states of
' ' ' Na-like ions with Z=12-18 andZ=26 are presented in
If we define the many-body field-shift operatéroy Table VII.

Our values off M+ F() for Na agree well with the cor-
responding values from R€i6]. Our final valueF,, for the
inz fij :a;‘aj 3+Ea faa, (2.8)  3p-3s transition in Na 38.4 MHz/frh is, however, in poor
. agreement with the third-order MBPT result 44.3 MHZfm
then the change in energy of a statE, associated with a from [14].

change in mean-square nuclear radiis2) in a valence The field-shift constants for K were calculated in R&f|
statev is using a nonrelativistic coupled-cluster singles-doubles
method (CCSD and corrected for relativistic effects. The
SEp=—(V,|F|y,)8(r?). (2.9 final value for the 4 state of K given ir{ 9] was obtained by

modifying theab initio CCSD value by 2.5%, based on a
The MBPT expressions for first-, second-, and third-ordercomparison of the theoreticals4hyperfine constant with
contributions to the field shifE are precisely the same as experiment. Our result for the s4 field-shift constant
those for the one-particle part of the specific-mass shift —106.7 MHz/fnf agrees with the final value—105
Thus, for example, the lowest-order contribution to the fieldMHz/fm? Ref. [9] to 1.5%. Our value of for the 4p-4s
shift is transition agrees with that from [9]
) —110(3) MHz/fn? within its uncertainty. The field-shift
For="Ffu, (2.10 constantF for the 4p-4s transition was also calculated by
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TABLE VII. Field-shift constants (MHz/frf) for n=23 states of TABLE IX. Isotope shiftssv*13® (MHz) in K.
Na-like ions.
NMS+SMS FS Total IS Expt.
3 3Pue Wz 8dw 3w 4s ~627.6 125 —615.1
Nai  —36.825 1597 1603 —0.062 -0.062  4p,, —4227 ~05  -4232
Mgi  —116.01 9.800 9.811 —0.083 -0.085  4p,, —4221 —05  -4226
AL —24336 25029 25057 1477 1470 3d,, ~108.5 ~01  —109.6
Siv. 43342 47568  47.652 6538 6517 3dq, ~107.8 ~01  -107.9
Pv ~70315  78.040 78280 16389  16.334 4d., 6.0 ~01 461
Svi —-1072.3 117.33 117.86 31.874 31.755 4dg, —45.8 -0.1 —45.9
Clvi  —15634 166.34  167.44  53.683 53.458 4p,,4s 204.9 -12.9 1920  235.295°
Ar Vil —2200.5 225.96 228.03 82.475 82.082 4pg,-4s 205.5 —-12.9 192.6
Fexvi —-16891 1223.9 1288.5 673.64 666.05 3dg,4s 519.1 —-12.6 506.5
3ds4s 519.8 ~126 507.2
4dy,-4s 581.6 ~126 569.0 586)°

MBPT in Ref.[14] giving a result that is 34% below our
value and that of Ref9].

Our values ofF for the 4s, 4p, and 3 states of CA are  arguchardet al. [30].
inoexcellent agreement with the many-body calculation ofHgrbick et al. [7].
Martensson-Pendrilet al. [11]. In Ref.[17], the values for
the 3d-4p field-shift constants were obtained from a King fjg|q_shift constants from Table VI and the muonic atom
plot analysis of the experimental isotope shifts for the corres 5 o 8(r2)413-=0.117(40) frd from Ref.[26]. Our value

sponding transitions. These experimental values differ from . o isotope shift for the @y-4s transition differs from

our calculation by 15%; however, uncertainties in the valuesthe experimental value from ReR30] by 18%. The aqree-
from Ref.[17] range from 5 to 15%. P efis0] by > g

ment is much better for thed4,,-4s transition where the
difference is only 3%.

Ill. RESULTS AND COMPARISONS In Table X, we summarize results for the total isotope
shifts 5v*34%for 4s, 4p, and 3 states and @g-4s, 3d-4s,
and 3-4p transitions in Ca and compare our results with

4dg,-4s 581.8 -12.6 569.2

In Table VIII, we compare our values of the isotope shifts
51?223 of n=3 states in Na with experimental data from
Refs. [4,25,28. The one-particle data for the SMS in the
second column of the Table VIII is calculated in the SD
approximation. We also list data for the field shift calculated

TABLE X. Isotope shiftssv*34° (MHz) in Ca".

using the field-shift constants from Table VI and the value NMS+SMS FS Tol 1S Expt.
&(r?y?22= —0.205(3) fn? obtained from the fit\(r?)  4s —2298 33 -2265
=0.836AY3+0.570£0.05 fm given in Ref[29]. Our data  4p,, ~1670 -2 —1672
for the total isotope shift for B-3s transitions agree with 4p,, —1670 -2 —1672
experiment at the 3% level. 3da), 2185 —14 2171
In Table IX, we present results for the total isotope shift33d5/2 2175 —14 2161
sv*¥of 4s, 4p, 3d, and 4 states and p-4s, 3d-4s, and 4. 4s 627 _36 591 70642)
4d-4s transitions in K. The designations in Table IX follow 6729)°
those used in Table VIII. The field shifts are obtained using 685(36)°
a
TABLE VIII. Isotope shifts 12223 (MHz) for n= 3 states of Na. 4Paiz4s 628 30 292 67717331)b
(19)
NMS+SMS ~ FS  Total IS Expt. 68536)°
3dy-4s 4482 —47 4435 418082
3s 1448.8 7.5 1441.3 3ds-4s 4473 —47 4426 4120102
3P 707.9 0.3 708.2 3ds4p 1) 3855 ~12 3843  3464.3.0)
3pap 707.3 0.3 707.6 348340)2
3dg, 391.8 0.0 391.8 3d3-4p3p 3855 -11 3844  3462.2.6)"
3dsp 391.8 0.0 391.8 344620
3pg-3s —740.9 79 -7330 —758.57)? 3ds-4Pap 3846 -11 3835  3465.@.7)¢
~756.91.9° 3427337
3ps-3s —-7415 79 —733.6 —757.7224°
aurth et al. [13].
3Peschtet al. [4]. bMartensson-Pendrilet al. [11].
bHuberet al. [28]. °Maleki and Gobld27].
‘Gangrskyet al. [25]. dNoterhzseret al. [17].
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experiment from Refd.11,13,17,27. We use the same des- be explained by strong cancellation of various MBPT contri-
ignations as in Table IX. To obtain the field-shift values butions for these cases.

listed in column FS, we use the valué(r2>43v4° Including third-order two-particle matrix elements in cal-
=0.1254(32) fm from Ref. [31] and the field-shift con- culations of specific-mass isotope shifts improves the agree-
stants listed in Table VI. The present values for the totament between theoretical and experimental values of isotope
isotope shifts are in agreement with experiment to 6% for thehifts for the cases considered. Further improvements along
3d-4s transitions, to 11% for the@®4p transitions and 15% the lines of MBPT await a detailed study of fourth- and
for the 4p-4s transitions. higher-order terms.
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In summary, we derived a set of formulas to evaluate "< fndi d Ui dati
diagonal matrix elements of one- and two-particle operatoré)p'n'ons’ Indings, and conclusions or recommendatons ex-

through third order for atoms with one valence electron. wePressed In this material are those of thg author; and do not
used these formulas to determine specific-mass shift cornecessarily reflect the views of the National Science Foun-

stants and field-shift constants i8,33p, and 3 states of Na ?at\i/qu. Olrzlle ofbthe al#thors W. Fi J. tOhV.VGS al;jlebt of gr?titfhde
and Na-like ions withZ=12-18, andZ=26; 4s, 4p, 3d, |§ lctor ?mf _?#m otr_ SLIJ%ghes.mg tltil pr8 1em in fON €
and 4 states of K, and 4, 4p, and 3 states of Ca. We epartment of Theoretical Fhysics at the Lniversity ot INew

found strong cancellation between lowest-order and seconds—ou’[h Wales for hospitality and support during the initial

order contributions to the specific-mass shift constants foF’t"jlges of the work.

Na, K, and C&. Because of these cancellations, it was nec-

essary to conduct complete third-order calculations of both APPENDIX: MATRIX ELEMENTS OF TWO-PARTICLE
one-particle and two-particle contributions for the specific- OPERATORS

mass shift constants. Since the one-particle contributions are 14 gbtain formulas for the first-, second-, and third-order
dominant for all of the cases considered here, we also inmatrix elements of two-particle operators such as the
cluded subsets of fourth- and higher-order corrections to thgpecific-mass isotope shift operator, one simply replaces the
one-particle part of the SMS. We also calculated the onecoylomb matrix elemeng;;=(ij|1/r 1kl) by gij + tise
particle part of the SMS using the all-order SD method, in-5q Vue—U);i by (Vie—U); +1t;; in expressions for the
cluding the subset of triple excitations. We found that One-jrst.-. second-,] and third-ordér er%ergy['ﬂ:ﬂ] and linearizes
particle contributions qalculated in third-order MBPT were tig andt;; , respectively. In this way, we obtain the ex-
in good agreement with SD values for most of the case$yressions for the diagonal contributions to the matrix ele-
considered here. We emphasize that even though the ongiant in the valence state

particle contribution is dominant for the states considered, The first-order reduced matrix elements are

the third-order two-particle contribution® is very signifi-

cant because of strong cancellation between lower-order (—1)la=io*J

MBPT terms. We presented a detailed breakdown of two- SH=-3 —\/__Tj(vaau), (A1)
particle third-order SMS matrix elements to illustrate the 2 1]

relative importance of the various contributionsTg. TW_p (A2)

Our values of the SMS constants fop-3s transitions in

Na and 4-3d and 3d-4s transitions in Ca are in agree- Here, and in the sequel, we designate core orbitals using
ment with experiment to 7-11943,17,23. The agreement indices a,b,c,d; excited orbitals using indicesynr,st; the
is worse for K owing to strong cancellations between lowestyalence orbital using the index and arbitrary orbitals using

order and second-order values that enhances the role @{dicesi,j k. For the case of the specific-mass shifthas
fourth- and higher-order corrections. We calculated FS conthe value 1, and;(ijkl) is given by

stants in third-order MBPT including subsets of fourth- and

higher-order terms; good agreement between our calculations — T(ijkl)=— (x| C[ xi){ j[[C4ll<)) P(ik)P(jl), (A3)
and other theoretic4b,9,11 and experimentdll7] data was 3 ) ]

obtained. where P(ij) are radial matrix elements of the momentum

We used our results for the SMS and FS constants t@Perator. The quantitiese,[|C¥|«,) are reduced matrix ele-
calculate total isotope shift§»(?223) in Na, 614139 in K, ments of a normalized spherical harmonic,
and 6v*349 in Ca", and compared these results with other : —
theoretical and experimental values. Our values for the iso- (rllCulca) = (= D)l 21, 1[] o]
tope shifts for $-3s transitions in Na and d-4s transitions i ia
in K agree with experimental valu¢g,25] at the 3% level. (
The differences between our values and experiri&rit for -1z 12
3d-4s and 3d-4p transitions in C4 are 6 and 11%, respec-
tively. The agreement between our results and experiment for () :i

4s-4p transitions in K and Ca is worse(15—18%. This can

k
0 I, + 15+ k),

1, if | iseven

0.if l isodd LKI=2K+1L
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The second-order one-particle reduced matrix element(z) Z 1 Ty(mvab)Z;(mvab)
(2) is qi TW=-2 - A7
S®@) is given by 2 [3797 p— (A7)
(—1)la~In*Jd t(an)Z;(vnva)
s = 1 Ty(mmwa)Z;(mma
; 7 pp— 23 A )Z( ) (A8)

. amn [J,1[J] €va” €mn ’
(—1D)la”In*d Z (vavn)t(na)
+E [J] c—c y (A4) WhereéijE€i+Ej.
an a Before writing out the expression for the third-order one-
wheree, is the one-body Dirac-Hartree-Fock energy for theparticle matrix elements, we define the one-particle matrix

statei, and the quantityZ, (ijkl) is defined as elements in random-phase approximatigA):
Co — 1) Im* I tRPA b m) Z5(imjb)
. . J Jk L - RPACi i\ /i ( J
Z,(ijk) =X (ijkD) + [L][j' i L,]xL,(.uk), ) =)+ 20— p——
L’ j
o : . — 1)l Im*d 7 (ibjm)tRPA'mb
whereX, (ijkl) is expressed in terms of reduced matrix ele- +2 ( )J o Jmi A(m )_ (A9)
ments of unit tensor@L(F) and Slater integralR, (ijkl) by bm [J] €b™ €m
SN . . The third-order RPA contribution to the one-particle matrix
XLk = (=Xl CLl| ki xjl [CL[ =) RL(TKI). elementsS§), is obtained by replacing(an) andt(na) in
Eq. (A4) by the first term in the iterative solution of the RPA
The quantitied(ij) are defined as equations fotR™(an) andtf™(na). The “full” RPA con-
(= 1)l tribution to the one-particle matrix elements is obtained by
ciy ) replacingt(an) andt(na) in Eq. (A4) by the fully con-
tj) 5"in§ M Ti(iaaj). (A6) vergedtR™(an) andtR"A(na) matrix elements. The angular

reduction of the third-order one-particle matrix elements has
The second-order two-particle matrix elements are giverbeen carried out in Ref32].

by The remaining third-order contribution is given by

o= S s 1 t(vi)X(imab)Z,(vmab)

S & kL] (28 (Bum Eab) (A10)
P 5“i“v[k]%j,}] t(ilgiﬁ( :;?g:i(z:gab) (A11)
22 5KiKv[k]%ju] t(vg(:(i( Ia;m):i(var;m) (A12)
5 23 R (o ey w13
B I e A0
R I P e i3
+c%w§(_w{ju . jJnHlir' p Ji}t(cz)xi(vr;m):k—(m;w . (A16)
+c§%r§(_”3{jv . jJnHlir' p Ji}t(ri)xi(nn;?r):i(vc>nm) (A17)

052501-8



THIRD-ORDER ISOTOPE-SHIFT CONSTANTS RO. . .

(_:L)jr_j(:"'ja_jn"'k_*"J
acnr k [k]

Jo o J t(fC)Zk(ncav)Zk(avnf)
je Jr K er—&c)(em—ea)

=~

[K] ir J(Em—eay)

—1)ir_jc+ja_jn+k+‘][jv i, J t(cr)Zk(nvaC)Zk(arnv)

—&c)(&ny—€ac)

(k]

_1)jr_jc+ja_in+k+‘] jv jv J t(rc)Zk(acnv)Zk(nvar)
(K]

(— 1)o7 intktd {JU iy J)t(ca)Zk(vnab)Zk(bcnv)
K

[K] e Ja (&ny = €bc)(Eny — €ab)

_1)iajn+k+3|jv iv J]t(mr)Zk(avnr)Zk(mnva)
k

[K] im I (Emn—€ap)(Ern—€ay)

o v JHja ib J]t(ab)xk(mna))zk,(bvmn)
' im

k" k (Emn—€by)(Enm™ €ap)

e v Kk

(—1)ir"'°+ja‘in+"“[1v i J]t(cr)Zk(avnc)Zk(nrau)
j

—&c)(&ny—€ac)

jo v Kk

B ol JHjn im J]t(nm)xk(abvn)zk,(muba)

a%nnE( 1){k k' ja k' k Ib (Snv_sab)(smv_sba)
Xk(vmab)Zk(vmab) X (vanm)Z, (vanm)

t(vv)z 2 [kILi, ][ (8ym— 8ab) (Snm_‘gau)2

The total third-order contribution is

SO= 53,50,

In our calculation, we replacgij) in Egs.(A10—-A26) by tR™(ij) given by Eq.(A9).

The third-order two-particle matrix elements are given by

(—1)im*in*iatlv k" T, (abmn)Z,,(cvvb)Z (mnad
[k][JC][Jv] (Sab_smn)(sac_smn)

TO= > > e,

mnabc gy’

(—1)im*intlatlv k" X (abmn) Ty (cvvb)Z(mnag
[k][JC][Jv] (Sab_smn)(sac_emn)

+ 2 D e,

mnabc Kk’

(—1)Im*intlatlu k" X (abmnZ (covb) T (mnag
[k][JC][Jv] (gab_smn)(sac_smn)

+ 2 2 S

mnabc s ¢

(—1)lotintiativ**" T (abmn)Z,, (mvvs)Z(nsba
ms  [K][jslli,] (eab~ &mn)(Epa—€ns)

mnabs i/ “

(—1)iptintlatiu*k X (abmn) T, (Mvvs)Z(nsba

B e TR (a5~ &mn) (eba— 2no)

K

mnabs s ™
- (—1)lo*intiati*k X (abmnZ, (mvvs)T(nsba)
mnabs ™S [KILjsIio] (gab—&mn)(€pa—&ns)
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(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)
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—1)lp*imtiativtk T (abmn) X, (cmbaZ, (vncy)

(
2 2 2 O I (©ab—Emr) (Feo—Eny) (A33)
(—1)letimtia*iu K 7 (abmn) T (cmba)Z, (vncw)
a— A34
+2m%bc% 5K°K" [KIlicllio] (eab~ &mn)(Ecy—&ny) ( ‘
—1)iptimtiatiptk’ T
o E E 5 (—1)lb Z(abmn X (cmbaT, (vncw) (A35)

mnabc e " (kilicllio] (eab—&mn)(€cr —&ny)

(—1)Intim*iatlv k" T, (abmn) X (mnasgZ, (vshy)
-2 1) — A36
m%bsg; s [K][ipllio] (eab=&mn) (Epy — &ys) (A30)

LS S (—1)in*imtlatl*k" 7, (abmn T (mnasZ, (vshv) (A37)
mnabs S [KICipdli] (£ab=&mn) (Epy — &ys)

(—1)in*imtla*lotk 7 (abmn X, (mnasT, (vshv)
-2 2 2 5KbK

mnabs |’ s [KILi bl ] (2ab— &mn)(Epy — &ys)

(A38)

2SS (—1)ImTintlatio it istk T (bamn)Z (nvas)Z,(mshy) (A39)
mnabs ‘K [k17j,] (ab™ &mn)(€by ~ €ms)

(—1)imTintiatibtlvtistk 7 (hamn T (nvas)Z(msh)

_Zngabszk [k1%j,] (€ab—&mn) (Eby — &ms) (A40)
—1)imtintiatiptiptistk T
, 2 E (-1 b Zi(bamnZ(nvas)T,(mshv) (A41)

mnabs ‘K [K1j,] (8ab~— &mn)(8py ~ Emg)

(— 1)t T (mnva)Z(cnra)Z(mruc)
m%rc; [k]z[jv] (sua_gmn)(suc_gmr) (A42)

(—1)letirtk Zz (mma)T(cnra)Z,(mruc)

_”‘%”; [k1%05,] (epa—&mn)(Eyc— Emr) (A43)
AT e
PRI et
T N e i
R s

(=)l i ™k T (mvab)Z,(cmra)Z,(vrbc) "

mabrc Kk [k]z[jv] (ab— &mp)(Epc— Epr)
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(—1)lctirtk Z (myab) T (cmra)Z,(vrbc)

+ A49
mgk;rCEk: [K14j,] (£ap—&my)(€pc™ &yr) (A%9)
—1)letirtk 7, (mpab)Z (cmra) T (vrbc
E( )2. k(Mo _) k( )_k(v ) (A50)
mabrc Kk (K1, ] (€ab— &€my)(Epc— €yr)
1 [k K k kK (@abmn X, (cvba)Xw(mnuc
mncab i’ k” Liv] Je In Ju Jm (eab—emn)(&yc— Emn)
k' k k' K'|zZJ (abmnT(cvba)Xw(mnvc
23 S [ ' H ! ]k( )Ty (Cvba) X (mnvc) (A52)
mncab k" [] ] In Jo Im (£ab— &mn) (Eyc™ €mn)
1 [k K k k' K’z (abmnX. (cvba)T(mnvc
[ _ H . ] k( ) X (cvba) Ty ( ) (A53)
mncabkk’k” je In Jo Jm (€ab— €mn)(&yc— Emn)
1 [k K k kK (abnm X, (mnvs)X»(vsba)
mnsabkk’k” Jol Jo b js a (£ab—&mn)(Epa— Eps)
k K k k' K'|ZJ (abnmT, (mnvs)X(vsba
mnsabkk'k" ]v Jb js Ja (£ap—&mn)(&pa— 8us)
k' k k' K'z.(abnmX.(mns)T(vsha
DA | . ][ . ] k( ) X (Mnws) Ty(vsba) (A56)
mnsab i’ k" [J 1 jo b js la (€ab—&mn)(Epa— €ps)
(—1)mtlotatle (jo ja k] [iy b T(muab)X,(cdab) X (mvcd)
_ o S (A57)
mabcd |k’ [J] I k Je I k Jd (Sab va)(ecd va)
(=D)lm*hFato (jo ja K| [iy Jo  K|Zmuab)T,(cdab)X, (mvcd)
_ T " (A58)
mabcd |y’ [J ] k™ eI K g (eab—&mp)(Ecd™ €my)
(=Dl hFatio (jo ja K| [iy Jo  K|Z(muab)X(cdab) Ty (mvcd)
— A - (A59)
mabcd |y’ [J ] k" gl K g (ab— &€mv)(Ecd™ Emp)
1)im*tintiotia i, k][in Ja k]T(mma)X(mnrs)X,(rsva
+EE( ) {J","J 'HJT Ja.]k( va) X, (mnre)X (rsva) (AG0)
mnars i’ [J ] k Ije) LK I Js (gpa—&mn)(Epa—&rs)
1)im*intiutia o Kl[in Ja K|Zmma)T(mnrs)Xy (rsva
+ z z( ) {Jn/n J ]{Jr,l ]a ] k( iU ) I( ) k( v ) (A61)
mnars [’ Li.] K" g) Lk s (gpa=&mn)(€ya—&rs)
1)im*intivtia v Kl[in Ja K|Zimma)X(mnroTy (rsva
+22( ) [Jn,wl 'HJT ]a.]k( va)X(mnrs) Ty (rsva) (A62)
mnars gk’ [J ] k Ijr) [k I s (gpa—emn)(&€pa—&rs)

In Egs.(A27)—(A62), the quantitiesT, (abcd) are defined as

ji. L
¢ ,}TL,(abdc).

T (abcd) =T, (abcd+ >, [L][J.a .
L’ Jb Jd L
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