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Probing attosecond pulse trains using ‘‘phase-control’’ techniques
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We propose a method for the measurement of attosecond beating structures that result from the superposition
of harmonics of laser radiation. It utilizes the phase control of the excitation probability of atoms through
different interfering channels. The channels consist of multiphoton excitation by the fundamental frequency
and single-photon excitation by the superposition of the harmonic fields, or alternatively, by each harmonic or
frequency interval within the bandwidth of each harmonic. The method is sensitive to the relative phase of the
harmonics, including phases introduced by chirp, and thus allows evaluation of the temporal structure of the
superimposed harmonic fields. An experimental setup for the implementation of the method based on free-
standing transmission grating is suggested as well.
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Among other techniques@1#, the coherent superposition o
high-order harmonics of a laser fundamental frequency p
duced in a nonlinear medium has been proposed as a
promising candidate for the generation of attosecond~as!
pulse trains or even single attosecond pulses@2–14#. This
would lead to the breaking of the record of a fe
femtosecond-pulse duration established in the last years@15–
16#. In a recent work, the first experimental indication for t
existence of as pulse trains has been reported@17–19#. The
results of this experiment have been only qualitatively int
preted based either on the single atom response or on pr
gation @17,19#, but since in this work the generation an
measurement of the pulse trains, as well as the atomic
sponse and propagation effects are entangled@18#, a rigorous
modeling of the experiment is a formidable task. Thus it
generally accepted that further and less entangled exp
ments are needed in order to produce quantitatively interp
able results. However, there are several problems inhere
this type of measurement, such as the dispersion introdu
by beam splitters and the insufficient harmonic intensity
order to induce a nonlinear effect for a second- or high
order autocorrelation. Thus recent efforts for the measu
ment of ultrashort pulses focus on cross correlations betw
the harmonics and a correlated infrared~IR! field. These
methods rely either on the dynamics of the ionization cau
by the harmonics in the presence of an IR field@20# or on
phase-sensitive interference effects@21,22#. Reference@21#
presents the measurement of relative phases of harmo
and a reconstruction of attosecond pulse trains. Howe
this is done by treating the harmonics as monochrom
waves, since the method is not mode selective, and thus
not account for chirp within the bandwidth of each harmon
The reconstructed pulses reflect the real ones only if
chirp is small. In the present work, we propose an alterna
method to map out the relative phasesof the modesof super-
imposed or individual harmonics of the laser radiation. W
further suggest an experimental arrangement appropriate
the implementation of the method based on a double-p
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through a freestanding transmission grating, thus overcom
the problem of the dispersion introduced by the be
splitter.

The approach we propose is based on what is known
phase control of excitation processes@23#. Excitation of an
atomic system occurs through different coherent pathwa
e.g., single-photon excitation through thenth harmonic of
the laser field andn-photon excitation through the fundame
tal ~Fig. 1!. By varying the relative phase between the fu
damental and the harmonic, assuming both as being mo
chromatic waves, the excitation probability varies as coswn
2nw1), wherewn , w1 are the initial phase of the harmon
and the fundamental. This variation can be probed thro
ionization @24# ~in case that the final state is in the co
tinuum! or more general through harmonic generati
@25,26#. Probing with harmonic generation allows the stu
of interference below the ionization threshold and thus
lower harmonics as well. Working with low harmonics ma
be preferable, since they require lower phase shifting res

FIG. 1. Interfering channels leading to an excitation probabi
that depends on the relative phase between the corresponding
damental and harmonic modes.
©2001 The American Physical Society01-1
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tion. Conventionally, phase control experiments aim at c
trolling the final products of the interaction, but they al
probe the relative phase between the fundamental and
harmonics. If now instead of one harmonic, a coherent
perposition of harmonics or several individual harmonics
used, the method can be employed to determine the rela
harmonic phases and measure temporal profiles of the co
ent superposition of the harmonic fields. It will be shown th
since the measured quantity depends on the relative ph
between each harmonic and corresponding fundame
modes, and since the phase of the fundamental modes ar
same for a transform limited pulse, the measured quan
will finally depend on the relative phase between harmo
modes, including phase variations introduced through ch
Hence it implicitly reveals this relative phase relation. Th
variations in the measured quantity, as a function of the de
between the fundamental and the harmonic superposi
reflect variations in the electric field of the superposition
the harmonic modes. Attosecond beating eventually pre
in such a superposition can be evaluated through the
posed method discussed later on.

Let the superposition of the electric fields of the las
fundamental frequencies and that of its harmonics of inte
be

EW TOT5 x̂E
0

`S E01~v!e2 i @vt2w1~v!#

1 (
n52k11

2k811

E0n~v!e2 i @vt2wn~v!#D dv. ~1!

x̂ is the polarization unit vector,n denotes each harmonic,k
andk8 are integer numbers, andn51 stands for the funda
mental.E01 andE0n are the spectral amplitudes.w1(v) and
wn(v) correspond to the phases of the different spec
components and we assume transform limited fundame
pulses, i.e., the same initial phasew1(v) within the spectral
bandwidth. Thus the bandwidth and the chirp of each h
monic are accounted for. When this superposition intera
with an atomic system, excitation takes place from a co
mon initial stateu0& to a continuum of~virtual! final statesuf&.
Using expressions of lowest-order perturbation theory,
excitation probability, which can be probed throug
harmonic emission~or ionization!, is proportional to the
expression

(
n52k11

2k811 E
v f
U E

v11

¯E
v1n

m02 f ~v11 ,...,v1n!
~n!

3)
j 51

n

E01~v1 j !e
iw1~v1 j !dv1 j

1m02 f
~1! E0n~v f !e

iwn~v f !u2dv f ~2!

and thus to
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n52k11

2k811 E
v f

S E
v11

¯E
v1n

m02 f ~v11 ,...,v1n!
~n!

3)
j 51

n

E01~v1 j !dv1 jm02 f
~1! E0n~v f !D

3cosS wn~v f !2(
j 51

n

w1~v1 j !D dv f , ~3!

with C a constant. The product
E01(v11)E01(v12)...E01(v1n) refer to then photons of the
fundamental that couple the same initial and final state as
harmonic photon does, i.e.,( j 51

n v1 j5v f with \v f the en-
ergy of the transitionu0&2u f & @27# ~Fig. 1!. Considering a
fundamental pulse Fourier-transform limited, the phase
ference for one given final statev f is wn(v f)
2( j 51

n w1(v1 j )5wn(v f)2v ft with t the variable delay be-
tween the fundamental and harmonics.m02 f (v11 ,...,v1n)

(n) and

m02 f
(1) are the correspondingn-photon and single-photon di

pole moments induced by each combination of modes of
fundamental and the harmonic radiation, respectively,
each pair of interfering excitation channels (u0&1\v11
1\v121...1\v1n→u f &, u0&1\v f→u f &). Since interfer-
ence occurs only in channels coupling the same initial a
final state, the result is the coherent summation of the tr
sition amplitudes for the single-photonv f ~through thenth
harmonic! and the correspondingn-photon~through the ap-
propriate combination ofn modes of the fundamental! exci-
tation channels. The resulting total excitation probability
then the incoherent sum of the contributions of all interferi
pairs. For a transform limited fundamental, the oscillatio
of the probability probe the relative phase between the f
damental and the harmonic modes~and hence between th
corresponding modes of the harmonics!, and thus the tempo
ral characteristics of their superposition. Indeed, each c
ponent is oscillating as cos„wn(v f)2v ft…. Summation over
all components yields the temporal behavior of the coher
superposition of all harmonic modes involved. Because
the different amplitude factors in the relations given by E
~1! and ~3!, the variations of the measured quantity will n
reflect the total field as far as amplitudes are concerned,
only its temporal characteristics, i.e., the relative harmo
mode phases. Once the harmonic mode phases are extra
e.g., through a Fourier transformation, amplitudes may
separately measured through conventional frequency dom
spectroscopy. Alternatively, determination ofETOT would be
in principle possible by repeating the measurement selec
for each run a small frequency interval of each harmonic a
measuring at the same time the field amplitude of this in
val. Application of this approach for a few intervals withi
the bandwidth of one harmonic allows for an evaluation
its chirp. It should be noted that even if part of the intera
tions are not perturbative, the phase effect is not expecte
be different than this resulting from the perturbative expr
sions used here because of the intuitive picture they prov
Thus, e.g., two-color phase control of harmonic generatio
not different than what the lowest-order perturbation the
1-2
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predicts as far as phases are concerned@26#. Considering
higher-order perturbation terms, which is equivalent to so
ing the full problem, would hardly affect the phase relatio
Some higher-order terms are discussed below. Moreo
perturbative expressions are straightforward applicable
the study of lower harmonics of harmonics of intermedi
order by properly reducing the intensity of the fundamen

In order to demonstrate the temporal relation between
measured quantity and the total field of the superposition
the 9–13 harmonics of a fundamental laser wavelength
800 nm, the expression*0

`(n59
13 E0n(v)e2 i „vt2wn(v)…dv and

the corresponding expression in Eq.~3! after numerical inte-
gration are depicted in Figs. 2~a! and 2~b!. A Gaussian mode
amplitude distribution and phase dependence proportiona
v0.8 for the spectral components~modes! of each harmonic
~to account for the chirp within each harmonic! and between
the harmonics ~to account for the chirp
between harmonics! have been used. The choice of th
chirp is arbitrary as the method applies for any chi
For demonstration purposes, the ideal case
*v11

..*v1n
m02 f (v11 ,...,v1n)

(n) P j 51
n E01(v1 j )dv1 j being equal to

unity has been considered, which leads to identical trace
Figs. 2~a! and 2~b!. Figures 2~c! and 2~d! show the Fourier
Transform of the trace depicted in Fig. 2~b!. It reproduces the
amplitude and phase distribution of the total harmonic fie

It is understood here that probing can be for the super
sition that is avoiding energy dispersion of the interact
products~photons or electrons! in order to allow simulta-
neous probing of all interference terms. This requires all
terfering amplitudes to be of the same order of magnitu
Alternatively, one could also select one harmonic or ev
frequency intervals within one harmonic either before
interaction with the atomic system or after the interaction
energy analyzing the interaction products and subseque
sum up the contributions from the different harmonics
frequency intervals. In this case, interfering excitation am
tudes can be optimized for each selected frequency inte

FIG. 2. Comparison of the electric field of a superposition
harmonics and the excitation probability as a function of the de
between the fundamental. HarmonicE-field ~a!; excitation probabil-
ity as given in Eq.~3! ~b!; Fourier-transform phase of excitatio
probability ~c!; Fourier-transform spectral amplitude of excitatio
probability ~d!.
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An arrangement for the experimental implementation
the above method, based on a transmission grating is sh
in Fig. 3. Similar arrangements have already been studie
connection with dispersionless autocorrelator setups and
be discussed in more detail elsewhere@28#. They have been
used for the measurement of femtosecond-duration pu
@29#. Copropagating fundamental and harmonic beams p
duced in a nonlinear medium are impinging on a freesta
ing transmission grating~Fig. 3!. The zeroth order passe
straight through, while the beam diffracted in one of the fi
orders disperses resulting in well-separated harmonic bea
This way, a frequency range corresponding to a set of h
monics can readily be selected using an iris or appropr
obstacles. Two spherical mirrors~M1 and M2! are used to
redirect the selected spectral range as well as the zeroth o
back through the grating. These two mirrors are position
so that they image the grating into itself. Moreover, they
slightly tilted so that the back reflected beams are somew
elevated in the vertical plane and thus spatially separa
from the incoming beam. The virtual image of the interacti
region is different for each harmonic, but it is located on
concentric circle between the grating and the mirrors. Up
exiting the grating, all the21st orders of the selected ha
monics become copropagating with the back reflected ze
order of the fundamental. Finally, a third mirror further d
rects and focuses the harmonic mixture and the fundame
to a second nonlinear medium. This last mirror relays
virtual image of the interaction region in the primary nonli
ear medium into the secondary nonlinear medium. A fil
positioned in the pathway of the zeroth order eliminates
the harmonic radiation, while it attenuates to a desirable
gree the fundamental. An appropriate micropositioning
vice, on which mirror M1 is mounted, allows for tempor
delay variation between the fundamental and the harmon
Subsequently, harmonic generation~or ionization! from the
interaction of the combined beams with the secondary n
linear medium is monitored as a function of the delay of t
fundamental.

f
y

FIG. 3. Schematic of the proposed experimental setup. Up
part: top view. Lower part: side view. L: lens; NLM: nonlinea
medium; G: transmission grating; M1, M2, M3: spherical mirro
F: glass filter; VI virtual image; In this example three harmon
around thenth harmonic are selected and become copropaga
with the fundamental. The harmonic selection along with the
layed fundamental is focused into a secondary nonlinear mediu
1-3
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A simple inspection of the geometrical arrangement i
mediately reveals that the setup is strictly dispersionless.
harmonics and the fundamental travel in exactly the sa
optical path. Furthermore, the harmonic source in the
mary nonlinear medium is imaged relayed to the second
one after a spectral selection has taken place. Conseque
both requirements of low dispersion and focusing are sa
fied simultaneously in this layout. This has been verified
ing a three-dimensional~3D! ray-tracing code@28# in which
the effect of the mirror tilt has been taken into account. T
main advantage of the ‘‘grating beam splitter’’ is its flat re-
sponse characteristics over the entire VUV-XUV spectral
gion and its high efficiency~;20% in the zeroth order an
;10% in the first order! @30#. In connection with the pro-
posed method of detecting as trains, the suitability of t
setup lies in the fact that in its part where the different wa
lengths are separated, knife edges or attenuators ma
used. Thus, desired spectral regions and intensity ratios
be selected.

In the preceding discussion, additional interfering cha
nels such asu0&1\vn2n81n8\v1→u f & or u0&1\vn1n8
2n8\v1→u f &, where n8 is an even integer, depicted fo
n852 by dashed lines in Fig. 1, have not been taken i
account in order to keep the picture as clear as poss
These channels, if not negligible, are not mode select
since each of them includes photons from both the fun
mental and one harmonic. Hence their interference does
give any information about chirp within the bandwidth
each harmonic. Such channels are in general expected~or
can be made! to have negligible contribution because th
involve nonlinear interactions, in contrast to the linear on
harmonic-photon channels. If their contribution would be n
negligible, they would add low, even harmonic frequenc
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n8v, 2n8v to the measured interference pattern, and th
their contribution could be checked and eventually mi
mized. Furthermore, for the described approach that sel
one harmonic in the region between the mirror and the g
ing, those channels do not exist.

Finally, it should be pointed out that one of the give
interpretations@22# of the observed as beating in Ref.@17#
has been based to the above-mentioned principle, whic
the two-pulse experiment of Ref.@17#, occurs due to propa
gation effects. In this interpretation, depending on the disp
sion conditions, propagation in the medium may bring one
the laser-pulse maximum in partial overlap with the harmo
ics produced by the other maximum and produce new h
monics in their presence. This is equivalent with what h
been described above. The delay between the one funda
tal maximum and the harmonics produced by the other f
damental maximum in Ref.@17# was varied through the de
lay between the two laser pulses.

In conclusion, an alternative method based on phase c
trol of atomic excitation and an experimental apparatus
been suggested that allows the mapping of relative phase
harmonic modes. The method is mode selective and t
allows the evaluation of temporal characteristics of harm
ics, harmonic superposition, and the chirp of harmonics. T
method is suitable for the measurement of as pulse train
individual attosecond pulses, and hence for distinguishin
single pulse from a train of pulses.
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