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High-order regime of harmonic generation with two active electrons
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The influence of a second active electron is studied in the high-order regime of nonrelativistic harmonic
generation in model helium. The major deviation of the harmonic yield due to the second active electron is
small and associated mostly with the descreening of the helium nucleus while only an even smaller part
remains as a consequence of the electron-electron repulsion.
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Atomic gases and solids in very intense laser pulses m
give rise to high harmonics of the applied laser frequen
@1#. This process is thus of interest as a source of cohe
high-frequency light and has been studied extensively
understood rather well within the so-called single act
electron model that neglects dynamical electron correla
@2,3#. While the topic of nonsequential double ionization
intense laser fields has been investigated extensively for
eral years, the process of harmonic generation played l
role in the discussion of possible signatures of electron c
relation in strong laser pulses. This is easily understo
since measurements of the double ionization yield revea
discrepancies of several orders of magnitude as compare
predictions based on single active electron models@4#.

In the case of harmonic generation, the question of co
lation effects arose from a measurement of Sarukuraet al.
@5# who observed up to the 23rd harmonic emitted by heli
atoms driven by a KrF laser~248 nm wavelength!. After it
was suggested that the He1 ion should contribute to the har
monic yield near the saturation intensity@6#, a calculation
that included the weighted contribution of the ion to t
spectrum within a single active electron approximation fit
the experimental data quite remarkably@7,8#. Another calcu-
lation that was based on explicitly correlated basis functi
matched the data also very well@9#. Furthermore, employing
an improved density-functional theory it was found that bo
dynamical correlation and the contribution of He1 are re-
sponsible for the highest harmonics, and it was added
these two explanations are related to each other@10#. In the
continued discussion, it was then reported that with a s
ably short turn on of the laser pulse the emission of
highest harmonics could be attributed to the helium ato
i.e., not necessarily to the ion@11#. In the lower-frequency
tunneling regime similar, but somehow, less pronounced
sults were found@6,8,10#. Several additional calculation
from fully correlated one-dimensional treatments@12# to
benchmark simulations in full 3D on a parallel superco
puter@13# confirmed the deviations in the harmonic yield d
to the involvement of two correlated active electrons thou
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with some differences in the precise amount. Most of tho
considerations, however, were associated with the multip
ton regime or the beginning of the tunneling regime and l
attention was paid to the regime of very high-harmonic g
eration. In this situation, the tunneled electron spends li
time in both the vicinity of the nucleus and the bound seco
electron, while the oscillation amplitude of the bound inn
electron is enhanced.

In this Brief Report, we investigate low-frequency hig
harmonic generation with laser intensities beyo
1015 W cm22 where hundreds of harmonics with rath
small influence of correlation arise. We evaluate the to
deviation of the harmonic yield due to the second act
electron including the influence of the magnetic-field co
ponent of the laser field. Via an evaluation of the effecti
potential of ion and inner electron the main fraction of t
deviation is shown to be associated with the descreenin
the ionic core. A small fraction though remains for electr
correlation, which we consider also via the evaluation of
momentum distribution of the recolliding electron with on
and two active electrons.

Due to the smallness of the correlation, we employ
Hartree-Fock picture@2,14# of the wave function for the he
lium atomc(r1 ,r2 ,t) being approximated by the product o
a doubly occupied orbitalf

c~r1 ,r2 ,t !5f~r1 ,t !f~r2 ,t !,

with r1 and r2 being the position coordinates of the tw
electrons andt the time. We then consider the followin
Schrödinger equation beyond the dipole approximation~in
atomic units as throughout this paper!

i ] tf~r,t !5FH01
^fuH1uf&

^fuf& Gf~r,t !.

Here,H0 is the single-electron Hamilton operator with sp
tial coordinater (y is the component in the laser propagati
direction! and electron momentump, while H1 contains the
interaction of the electrons:

H05
p2

2
1

1

c
A~y,t !•p1

1

2c
A2~y,t !1V0~r!,

H15V1~ ur12r2u!.
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As usual,A denotes the vector potential of the external el
tromagnetic field, whilec stands for the speed of light. T
stabilize the numerical computations, we choose for the
teraction with the atomic coreV0 and between the electron
V1, the well-established soft core potential@15# V0,1(r)
5k0,1/Auru21a0,1. This introduces four parameters that a
adapted such that both numerical stability and the cor
ground eigenstates of He1 (22.0) and He (22.9) are ap-
proximately reproduced: a051.0, a150.15, k0
523.28, k151.2. We solve the Schro¨dinger equation di-
rectly on a two-dimensional grid involving the polarizatio
and the propagation directions with the so-called sp
operator method@16,17#. The grid size is 409.6 and 102.
a.u. in the polarization and the propagation direction, resp
tively, with a spacing of 0.2 a.u. In order to prevent parts
the wave function from being reflected from the edges,
absorbing boundary is used. We produce the initial wa
function with a combination of the propagation in imagina
time and the spectral method@17#. Finally, the pulse shape
employed here consists of a five cycle linear turn on f
lowed by five cycles at constant amplitude. We do not c
sider a turn off here, because it is of no importance for
position of the highest harmonics of interest here. The pu
is chosen short because the high-ionization probability
the parameters employed here would render the emissio
harmonics less effective with a longer pulse. The spec
intensityI that is emitted in the laser propagation directiony
can be calculated from the dipole accelerationax in the po-
larization directionx with the help of a Fourier transforma
tion

I}U E
2`

`

ax~ t !eivtdtU2

,

where the average dipole acceleration of each electro
obtained via Ehrenfest’s theorem

ax~ t !5 K fU2 ]

]x S V01
^fuV1uf&

^fuf& D Uf L .

In Fig. 1, we show the radiation spectrum via the Hartr

FIG. 1. Harmonic yield obtained with the single active electr
~SAE! approximation and with two active electrons~TAE!. The
intensity employed is 2.1931015 W cm22 at a laser wavelength o
780 nm.
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Fock model with two active electrons~TAE! in comparison
with the result obtained in the single active electron appro
mation ~SAE!. Both spectral yields have the same princip
features involving harmonics with plateau and cutoff. In t
case of the single active electron, the highest harmonic
the cutoff region are few orders of magnitude less inte
than in the two electron case. Furthermore, with inclusion
the dynamics of the second electron, the cutoff frequenc
placed at about eight harmonics higher as compared to
situation with a single active electron. With respect to t
expected cutoff frequency at the 271th harmonic for las
driven helium at the chosen laser parameters, the differe
is small but clearly originates from taking into account t
second electron. In agreement with former results@18,10,13#
in a different parameter regime, our calculations show t
the single active electron model exhibits a significan
higher-ionization rate than with the inclusion of the seco
electron near the saturation intensity. As will be shown a
in our parameter regime, this is mostly understood via
namical screening, i.e., the lack of descreening of the nuc
via the moving inner electron, which also leads to less
tense harmonics in the SAE case.

In order to determine the times when the highest harm
ics are emitted, we employ a window function on the Four
transformed dipole acceleration so that only the harmonic
the cutoff region remain. Afterwards, we carry out the i
verse Fourier transformation. This way we find that after
turnon ~five cycles! the periodic emission of the cutoff har
monics takes place at times in agreement with the recollis
model@3,19,20#. Due to the high-ionization probability in the
SAE case, intense emission of the highest harmonics ta
place mainly a short time after the turn on of the laser pu
around 5.45 cycles. We note that the recollision times w
SAE and TAE differ only by 0.0003 laser cycles, an indic
tion already that electron correlation has only little effect
electron tunneling, free electron motion in the laser field a
the recollision, i.e., may not be responsible for the main c
tribution of the additional eight harmonics.

Following the scaling law of the recollision model, th
ionization potential contributes as does the electron energ
the time of the recollision. In the TAE case, the effecti
potential sensed by the recolliding electron is time depend
due to the motion of the inner electron. In Fig. 2, we displ
the effective potential experienced by the tunneled elect
exactly at the time of maximal emission of the cutoff ha
monics after 5.45 cycles. The ground-state energies of
effective potentials are calculated to be21.03 and
21.37 a.u. for the SAE and TAE situation, respective
From the scaling law for the cutoff frequencyI p13.17Up
this difference inI p alone can only explain six of the eigh
harmonics more in the spectrum with two active electron

In order to investigate the role of dynamical correlation
we show in Fig. 3 the momentum distribution of the tunnel
electron at the time of maximal emission of the highest h
monics at 5.45 cycles. To eliminate the change in momen
due to the recombination process, i.e., the Coulomb po
tial, we smoothly turned off the core potential starting at t
beginning of the 5th cycle. This way, we make sure that
tunneling process, that takes place at ca. 4.75 cycles, is
2-2
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altered. Differences in the momentum distribution betwe
the SAE and TAE model would come solely from an infl
ence of the second moving bound electron on the tunne
process or the quasifree electron propagation. In Fig. 3,
placed two arrows in each plot indicating the minimal a
maximal momenta of the recolliding electron that would
necessary to produce the observed harmonics in the c
region. The limits were obtained using the scaling law of
recollision picturep5A2(v2I p) with v given by the onset
and the end of the cutoff regions in Fig. 1. To include t
influence of the differing effective potentials for the SAE a
TAE cases we have inserted forI p the two corresponding
ground-state energies as given in Fig. 2. The fraction of
distribution with the highest momenta is shown to be in b
tween the two arrows in both cases. We find, thus that

FIG. 2. Effective potential as jointly formed by the Coulom
fields of the ion and the electron repulsion and the ground-s
energies for the TAE and SAE models after 5.45 cycles, i.e., at
time of maximal emission of the highest harmonics. The grou
state energies lie at21.37 a.u.~TAE! and21.03 a.u.~SAE!.
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differences in the momenta and in the effective ionizat
potentials at the times of the recollisions of the tunne
jointly explain the difference in the harmonic yield.

We conclude that the total effect of a second active el
tron oscillating in the vicinity of the ionic core is small if i
comes to the high-order regime of harmonic generation
tunneling. Due to the small deviations and uncertainties w
respect to the exact position of the cutoff regime, a prec
relative analysis of the roles of electron correlation and
tential descreening is difficult. However, the main contrib
tion is clearly shown to arise from the dynamical descreen
of the significantly moving inner electron as shown earlier
the lower-order regime of harmonic generation.

The authors acknowledge funding from the German R
search Foundation~Nachwuchsgruppe within Sonderfo
schungsbereich 276!.
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FIG. 3. Momentum distribution in the polarization direction
the recolliding electron at the time of maximal emission of t
highest harmonics after 5.45 cycles. For clarity, for the SAE ca
the distribution was shifted 0.5 a.u. upwards.
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