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Strong-field photoionization by ultrashort low-frequency pulses
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Photoionization in the regime of the barrier suppression is investigated within a three-dimensional, fully
quantum-mechanical, time-dependent model. It is shown how a structure is formed in the envelope of the
above threshold ionization spectra, for energies smaller than the ponderomotive potential. A correspondence
between this structure and the shape of the initial-state decay curve, as well as the radial distribution of the
electron wave packet, is proven.
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Though our understanding of many aspects of the mu
photon ionization in strong laser fields is already quite go
~e.g., Refs.@1,2#!, some details of the dynamics of the pr
cess still need clarification. Further investigations are
quired, in particular, in the cases of very short and inte
laser pulses~e.g., Ref.@3#!, in the regimes of parameters i
which the process changes its character and requires a
scription in terms of a new mechanism. Important examp
are the situations in which the above threshold ionizat
~ATI ! sensu strictoturns into tunneling or when tunnelin
turns into the ionization through the barrier suppress
@2,4#. Then high maxima may appear in the decay curve
the initial state and the envelope of the ATI peaks may h
local minima. In those circumstances, the two powerful t
oretical tools applied to interpret strong-field effects, nam
the usual Keldysh-Faisal-Reiss~KFR! approach@5# and the
quasistatic model~see Ref@6# and the references therein!,
may no longer be reliable and their predictive power is th
limited. The KFR formulas give the ionization rate, which
an adequate notion if the depletion of the subspace of
crete states is more or less exponential. The KFR model
assumes that the process takes a long time compared wit
optical cycle, so the peaks in the photoelectron spectrum
much more narrow than the photon energy. This appro
has already been generalized to account for rescatte
@7,8#, which must be considered if we want to interpret t
high-energy part of the spectrum@energies being a few mul
tiples of the ponderomotive potential—high-order abo
threshold ionization~HATI !#, in particular the so-called pla
teaux. However, this method cannot be used in the cas
short and strong low-frequency pulses, such that a large
of the population is first quickly transferred to the continuu
and may later return to the initial state. As to the quasist
model, it is in fact a not completely coherent combination
a picture of an electron tunneling through a potential bar
~with a time-dependent rate changing in the rhythm of
field! and that of a liberated electron evolving, in the sim
plest case, according to the Newton equations. In this
proach, rescattering, which implies an existence of lo
minima in the decay curve, is thus not described quan
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mechanically and is absent from the tunneling part of
model, in which the decay probability is a nonincreasi
function of time. Within this model, having taken rescatte
ing into account, one can explain the existence of the hi
energy part of the photoelectron spectra@6,9–11# and some
aspects of the high-harmonic generation~see Ref.@2# and the
references therein!, but not all the details of the spectra. O
course, the works based on a numerical integration of
Schrödinger equation@11# supply the detailed information on
the dynamics, but they require a serious computational eff

In the present paper, we will theoretically investigate t
dynamics of the photoionization on the border between
tunneling and the barrier suppression regimes, due to v
short pulses. We will use the tool discussed and applied
our previous work@12#, which may be considered a time
dependent version of the KFR approach. In particular,
model accounts for rescattering and we will show that
predicts a significant nonmonotonic depletion of the init
state and minima in the envelope of the ATI peaks, in p
ticular, in its low-energy part. We will give a many-side
picture of the process by presenting the decay curve of
initial state and the photoelectron spectra, as well as the
dial probability distribution of the ejected electron shown
different stages of their formation.

The applied model has been presented in detail in R
@12#. We consider an atomic system with a single active el
tron. The space of the atomic states consists of a single
crete stateu1& of energyE1 and zero angular momentum an
of the continuum statesuk& of energyek5(1/2)k2. The atom
is irradiated by a linearly polarized laser pulse with vec
potential A(t)5A(t)ê. The interaction Hamiltonian in the
velocity gauge isV5A•p The aim is to calculate the time
dependent nondecay amplitudea(t)exp(2iE1t) and the time-
dependent ionization amplitudebk(t).

The bound-continuum coupling is assumed in the form

u~e•p!1ku25
3

4p
C2k2exp~2gek!~e• k̂!2, ~1!

which gives an account of a proper threshold behavior in
case of short-range binding potentials (u(e•p)1ku2k2dk/dek
;k3;ek

3/2 - Wigner power law@13#!. The exponential func-
tion overestimates the rate of disappearing of the matrix
©2001 The American Physical Society01-1
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ements fork→`. Note, however, that we will be concerne
with neither threshold effects nor extremely large energ
so the choice of the model coupling should not limit t
generality of our conclusions, while the model allows us
perform some integrals analytically. Below we take the f
lowing values of the model parameters:C259.184 a.u.,g
518.14 a.u., andE1520.027 565 4 a.u.; they correspon
to the negative hydrogen ion. An electron in such an ion w
often described as bound by a contact potentialV(r )
5(2p/z)d(r )(]/]r )r ~see Refs.@12,14# and the reference
therein!, whereE152z2/2. Such a potential yields a powe
dependence of the bound-continuum matrix elements ins
of an exponential dependence of our model but a qualita
behavior of the two models~the threshold behavior, the po
sition, and the height of the maximum! is similar.

The continuum-continuum coupling is taken, in the sp
of the KFR approach, as for free particles, i.e., (e•p)kk8
5e•kd(k2k8). The scattering states are thus approxima
by free-particle functions. An implicit consequence, comm
for all the works within the KFR family, is that the boun
state is not exactly orthogonal to the continuum states. In
model, rescattering is taken into account because a mul
return to the initial state is allowed. Note that in our ful
quantum model, the interference of the parts of the w
packet running in opposite directions is taken into accou

If we now project the Schro¨dinger equation onto the state
u1& and uk& we obtain a set of coupled equations for t
amplitudesa(t) andbk(t). The equation for the latter ampli
tude is formally integrated and inserted into the equation
a(t). As a consequence, the nondecay amplitude can
shown to satisfy an integrodifferential equation

ȧ~ t !52E
0

t

K~ t,t8! a~ t8!dt8. ~2!

The kernelK(t,t8) may, due to our choice of the bound
continuum coupling, be expressed in an analytical form

K~ t,t8!53C2Ap

2
A~ t !A~ t8!eiE1(t2t8)S 1

~g1 i t!5/2

2
G2

~g1 i t!7/2D expS 2
G2

2~g1 i t! D , ~3!

with G5G(t,t8)5* t8
t A(t)dt. The ionization amplitude

bk(t) can be expanded into the spherical harmonics:bk(t)
5( l 50

` bl(k,t)Yl0( k̂), where

bl~k,t !5A3~2l 11!~2 i ! lCkexp@2 1
4 gk22 i ekt#

3E
0

t

A~ t8!exp@ i ~ek2E1!t8#

3 j l8@kG~ t,t8!#a~ t8!dt8, ~4!

with j l8 being the derivative of the half-integer Bessel fun
tion. After including the factork2dk/dek , characterizing the
density of states, the energy spectrum is given byS(ek ,t)
5k( l 50

` ubl(k,t)u2. The ionized part of the packet is
04540
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c~r ,t !5E d3k(
l 50

`

bl~k,t !Yl0~ k̂!
1

~A2p!3
exp~ ik•r !,

~5!

while the corresponding radial photoelectron distribution
given by

R~r ,t !5E uc~r ,t !u2r 2dr̂5
2

p (
l 50

`

r 2uXl~r ,t !u2, ~6!

with Xl(r ,t)5*0
`bl(k,t) j l(kr)k2dk.

The applied approach based on calculating the transi
amplitudes between the free states described in the le
gauge, due to the interaction in the velocity gauge, is so
times called ‘‘a mixed gauge’’ and is commonly used in t
field. However, strictly speaking, it is proper to describe t
evolution in terms of the projections of the system’s wa
functioncV(t) calculated in the velocity gauge on the gaug
transformed final-state functions: exp@2iA(t)•r u1& and
exp@2iA(t)•r #uk&. Otherwise, one unwillingly takes into ac
count a spike in the electric field due to an instantane
switching off of the vector potential. For our smooth puls
the problem does not appear at the beginning and at the
of the pulse. Thus, our probability amplitudes at time insta
at which A(t)Þ0 might be unreliable. To check the cons
quences of our using the mixed gauge we have estimated
value of the amplitude ã(t)exp(2iE1t)5^1uexp@iA
•r #ucV(t)& ~which we cannot calculate exactly!. If we now
introduce into this formula the unit operatorI
5u1&^1u1*d3kufk&^fku, where ufk&5uck&2u1&^1uck&,
ck being the plane waves, and realize that our amplitudesbk
are in fact projections of the wave function onto the pla
waves, we obtain

ã~ t !exp~2 iE1t !5^1uexp@ iA~ t !•r #u1&a~ t !exp~2 iE1t !

1E d3k^1uexp@ iA~ t !•r #uck&bk~ t !

2^1uexp@ iA~ t !•r #u1&E d3k^1uck&bk~ t !.

~7!

We have calculated the matrix elements in the abo
equation taking the bound-state function corresponding
the contact potential~and thus, not exactly to our bound
continuum coupling!: c1(r )5Az/(2p)exp(2zr)/r. After the
partial-wave expansion, one obtains

ã~ t !exp~2 iE1t !5
2z

A~ t !
arctan

A~ t !

2z
a~ t !exp~2 iE1t !

1(
l
E dek f l@A~ t !,k#bl~k,t !

2
4z3/2

p1/2A~ t !
arctan

A~ t !

2z E dek

k

z21k2

3b0~k,t !, ~8!
1-2
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BRIEF REPORTS PHYSICAL REVIEW A 64 045401
where

f l@A~ t !,k#5A~2l 11!z

p

1

A~ t !
Ql S z21A21k2

2uA~ t !uk D cl , ~9!

Ql being the Legendre function of the second kind@15#; cl
521 for negativeA(t), andcl5(21)l for positiveA(t).

We have performed computations of the initial-state po
lation ua(t)u2, the photoelectron spectrumS(ek ,t), and the
radial density R(r ,t) for a ‘‘sine-square’’ pulse A(t)
5(e0 /v)cos(vt)sin2(pt/t) of frequencyv50.004 a.u., in-
tensitye050.002 a.u., and durationt54T54(2p/v). The
corresponding Keldysh parameter is 0.47. The time evolu
of the initial-state population is shown in Fig. 1. Note t
deep minima of the population after an integer number
half cycles. The minima correspond to the moments at wh
the classical velocity of a particle under an influence of
laser electric field alone takes maximum or minimum valu
it is then that the overlap of the wave packet with the init
state is the smallest. The maxima of the decay curve oc
when the packet’s velocity is zero; as we will see, the pac
may then be quite a wide and multipeak structure, cente
quite far from the nucleus, in fact, the packet’s center may
localized close to a turning point. The broken curve in Fig
shows the gauge-corrected decay probabilityuã(t)u2. This
curve differs quantitatively from the former one, but exhib
a qualitatively similar behavior, in particular, the maxima
the two curves coincide@they occur at the points at whic
A(t)50#, while the minima of the latter curve are somewh
more shallow. This means that our interpretation of the so
curve in terms of the electron being rescatttered is correc
spite of the mixed-gauge approach.

In Fig. 2, we show the photoelectron spectrum. The so
curve shows the final spectrum~after four cycles, i.e., afte
the pulse has been switched off!. It was sufficient to sum the
angular momenta up tol 532. We observe a large number
peaks separated approximately by the photon energyv, as in
the standard ATI. The peaks, however, rise from a bro
background typical of the tunneling regime, while their e
velope has a local minimum. Note that the minimum is
cated at an energy smaller than the ponderomotive pote

FIG. 1. The decay curveua(t)u2 of the initial-state population
for e050.002 a.u. andv50.004 a.u. in the units of the field pe
riods T; the broken line shows a fragment of the gauge-correc

decay curveuã(t)u2. Note the maxima due to the electron’s retur
ing to the nucleus.
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UP5e0
2/(4v2) ~about 0.8 of its value!, while in earlier ob-

servations@7–11#, stress was put on the occurring of th
minima or plateaux at energies of a fewUP . The other two
curves in the figure show the spectrum at smaller times; s
a spectrum would be obtained should the pulse be insta
neously switched off—the choice of the time instants
which A(t)50 guarantees there are no artifacts due to
mixed gauge. Of course, the ATI peak structure can app
after a time long enough, so that the frequency should
come well defined. The most important observation is t
the most distinct minimum of the spectrum envelope ab
ek50.05 a.u. is formed in the time interval precedingt
51.75 T, in which a significant part of the population
returning to the initial state. A less distinct minimum (ek
'0.025 a.u.) is connected with a return to the nucleus o
small but already noticeable part of the population about
51.25 T.

The presence of a minimum in the energy spectrum
plies that different parts of the packet are moving with d
ferent velocities. The packet must therefore be split into s
structures~peaks or groups of peaks!, which move away
from each other. This is illustrated in Fig. 3, where w
present the radial distribution of the packet. After the resc
tering about 1.75 T we indeed observe two maxima in
envelope of the electron’s radial distribution. A similar o
servation~on a low level of the population! is also observed

d

FIG. 2. The photoelectron energy spectrumS(ek ,t) for e0

50.002 a.u. and v50.004 a.u., for t54 T, solid line; t
51.75 T, broken line;t51.25 T, dotted line~the latter results
have been multiplied by a factor of 15!. Note the minima in the
envelope.

FIG. 3. The radial photoelectron distributionR(r ,t) for e0

50.002 a.u. andv50.004 a.u. aftert51.75 T, solid line; t
51.25 T, broken line~the latter results have been multiplied by
factor of 10!. Note the minima in the envelope.
1-3
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BRIEF REPORTS PHYSICAL REVIEW A 64 045401
after 1.25 T. Our picture of the role of rescattering see
thus confirmed. Note that in this situation, any model ba
on a classical dynamics may be unreliable.

We have repeated the calculations for various values
the field frequency and intensity. The results were qual
tively similar. Again, the minimum in the spectrum envelo
appeared at the time at which a significant part of the po
lation has returned to the initial state, e.g., fore0
50.002 a.u. andv50.002 a.u. the first significant mini
mum of ua(t)u2 occurred already fort'T and the structure in
the peaks’ envelope appeared beforet51.25 T. For increas-
ing field intensities, the minimum in the peaks’ envelope
shifted towards larger energies~Fig. 4!. This suggests tha
the described effects have no resonant character~cf. Ref.
@8#!. Changing cosvt into sinvt resulted, as expected, in
shift of the main events of the dynamics by a quarter o
cycle. We have also checked that the spectrum has a sim
character in the case of a deeper potential well and that
minimum in the peaks’ envelope is present also in the spe
corresponding to the particular partial waves, though the
velope is then somewhat less regular.

To conclude, let us stress that our quantum-mechan
study of the dynamics of photoionization for a thre
dimensional model with a single active electron, in the
gime lying on the border between the tunneling and the b
rier suppression regimes, predicts the existence of a struc
d

ys

ye

ys

A
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in the ATI peaks’ envelope. Such a structure is here obser
for energies being only a fraction of the ponderomotive p
tential UP , while in works on HATI minima appeared fo
energies of a fewUP . It appears when a significant portio
of the packet has been rescattered and is enriched du
consecutive returns to the nucleus. Our analysis of the de
of the initial-state population, energy spectra and the ra
packet suggests that rescattering may indeed be respon
not only for the extension of the spectrum beyond the va
of the classical cutoff, but also for the details of its low
energy part.

FIG. 4. The final photoelectron energy spectrumS(ek,4 T) for
v50.004 a.u., for, top to bottom, e050.0018 a.u., e0

50.0020 a.u., ande050.0022 a.u. Note the shift of the minimum
in the envelope.
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