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Mixedness in the Bell violation versus entanglement of formation
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Recently, Munro, Nemoto, and Whit&€he Bell Inequality: A Measure of Entanglemerg@ant-ph/0102119
tried to indicate that the reason behind a sjateaving a higher amount of entangleméas quantified by the
entanglement of formatigrthan a state’, but producing the same amount of Bell violation, is due to the fact
that the amount of mixedne$as quantified by the linearized entropy p is higher than that ip”". We counter
their argument with examples. We extend these considerations to the von Neumann entropy. Our results
suggest that the reason as to why equal amount of Bell violation requires different amounts of entanglement
cannot, at least, be explained by mixedness alone.
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Werner[1] (see also Popesd2]) first demonstrated the monotonically increasing, ranging from 0 to 1 amcreases
existence of states that are entangled but do not violate arfyom 0 to 1 and hence, like Munret al.[7], we taker as our
Bell-type inequality[3,4]. However, there exist classes of measure of entanglement.
states(pure states, mixture of two Bell stajesvhich violate The maximum amount of Bell violatio(B) of a statep of
Bell inequality whenever they are entanglégg6l]. This im-  two qubits is given by 6]
plies that to produce an equal amount of Bell violation, some
states require one to have more entanglerfigith respect to B(p)=2VM(p),
some measujehan others. It would be interesting to find out ) )
what property of the first state requires it to have more enWhere M(p) is the sum of the two larger eigenvalues of
tanglement to produce the same Bell violation. RecentlyT,T5. T, being the 3<3 matrix whose n,n) element is
Munro et al. [7] have tried to indicate that this anomalous
property of the first state is due to its being manxedthan tnn=tr(pon® o).
the second, where they took the linearized entri@jyas the
measure of mixedness.

As in [7], we use the entanglement of formation as our
measure of entanglement. For a statef two qubits, its
entanglement of formatiofi(p) is given by[9]

The o’s are the Pauli matrices.
The linearized entropig]

SL(p)=35[1-tr(p?)]

is taken as the measure of mixedness.

S Sk Munro et al.[7] proposed that given two two-qubit states
&p)=h| —5— i
2 p andp’ with
with B(p)=B(p'),
h(x)=—xlogyx—(1—x)log,(1—Xx). but
o m(p)>7(p"),
The tangler [10] is given by
would imply

(p)=[max0, \;—Ay—A3— A4} 1%
e pohe e S.(p)>SL(p").

To support this proposal, it was shown that it holds for any
combination of states from the following three classes of
~ states:

p=(oy®@oy)p* (oy®0y), (1) The class of all pure states

the \;’s being the square root of eigen valuespgf, in de-
creasing order, where

the complex conjugation being taken in the standard product ppure= P[a|00) +b|11)],
basis|00), |01), |10), |11) of two qubits. Note tha€ is
with a, b=0, anda®+b?=1.
(2) The class of all Werner stat¢s]
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with 0<x=1 and® " =(1//2)(|00)+|11)). Wo(1—wWp)<wi(1—w))
(3) the class of all maximally entangled mixed stdtes|
so that

Pmems=7 [29(y)+yIP[®@ "]+ 3 [29(y)— y]P[® ]+[1
—2g(y)]1P[|01)(01],
with g(y)=1/3 for 0<y<2/3 andg(y)=vy/2 for 2/3<y

Wq(1—Wq) +Wo(1—wy)+ws(1—wsz)<wj(l—w;p)+wy(l

—W5)+Wa(1-wy),

<1, and®* = (1/1/2)(|00) = |11)). that is
However, consider the class of all mixtures of two Bell ,
states SL(p3)<SL(p3)-
py=WP[D "]+ (1—w)P[d], Thus, for a fixed Bell violation, the order & for p3 andps

is alwaysreversed with respect to the order of thes. That
with 0<w<1. p, is entangled whenevev+ %, and for that IS, the indication of7], referred to earlier, inlwaysviolated
entire regionp, is Bell violating[6]. For this class, it is easy for any two states from the class of mixturestbfee Bell

to show that states. _ _
One can now feel that if thentanglement of formation of
B=2/1+r. two states are equalt could imply some order between the

amount of Bell violation and mixedness of the two states; but
But the corresponding curve for pure stafgg, is also ~ even that is not true.
given by[7] For our first example, if

B=2\1+r7. T(PZ)ZT(Ppure)v

We see that for any fixed Bell violation, the corresponding then
has its tangle equal to that for the corresponding pure state. B _B
But the mixedness gf, is obviouslylarger than that of the (p2)=B(ppure),
pure statgas the mixedness is always zero for pure sjates but
Next, consider the following class of mixtures tifree

Bell states SL(P2)>SL(Ppure)-
p3=W1P[® ]+ wW,P[D ]+ wsP[¥ ], On the other hand, for our second example, if

with 1=w;=w,=w3=0, S;w;=1, and¥ "= (1/,/2)(|01)

7(p3) = 1(p3),
+]10)). We takew;>1/2 so thatps is entangled12]. : :

For p3, we have(asw;=w,=ws;) then
B(pa) =212 —4w,(1—w,) — 4wz(1—ws), B(ps)>B(p3)
7(p3)=1—4w;(1-w,), implies
Si(ps)= £ {wy(1—wy) + (1~ Wp) +Ws(1—ws)}. Su(ps)<Si(ps).
L In Ref.[7], the linearized entropy was the only measure of
et . .
mixedness that was considered. However, the von Neumann
p3=WiP[® "]+ wW;P[ @~ ]+w;P[W '], entropy[13]
with 1=w;=>w,>w}=0, Z;w/ =1, w}>1/2 be such that S(p)=~tr(plogsp),
B(ps)=B(p}) of a statep of two qubits, is a more physical measure of
P3 Ps)s mixedness than the linearized entropy. We have taken the
which gives logarithm to the base four to normalize the von Neumann
entropy of the maximally mixed state (1I12®(1/2)l, to
Wo(1—Ws) +Wa(1—W3) =Wh(1—wWh) +wji(1—ws). unity as it is for the linearized entropy. One may now feel
that the conjecture under discussion may turn out to be true if
Now, if we change our measure of mixedness from linearized en-
tropy to von Neumann entropy. Yet both the von Neumann
7(p3)>1(p3), entropy and the linearized entropy are convex functions, at-
taining their maximum for the same state (152 (1/2)I,
we have and each of them are symmetric about this maximum. Thus,
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SL(p)>Si(p’) tanglement cannot, at least, be explained by mixedness
alone.
would imply
S(p)>S(p') We thank Anirban Roy and Debasis Sarkar for helpful

discussions. We acknowledge Frank Verstraete for encourag-
and vice versa. Thus, all our considerations with linearizedng us to carry over our considerations to the von Neumann
entropy as the measure of mixedness would carry over to thentropy. A.S. and U.S. thank Dipankar Home for encourage-
von Neumann entropy as the measure of mixedness. ment and U.S. acknowledges partial support by the Council
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