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Coherent laser detection by frequency-shifted optical feedback

E. Lacot, R. Day, and F. Stoeckel
Laboratoire de Spectrome´trie Physique, Universite´ Joseph Fourier de Grenoble, CNRS, Boıˆte Postale 87,
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~Received 16 February 2001; published 19 September 2001!

The dynamical response of a laser to frequency-shifted optical feedback is investigated both theoretically
and experimentally. The ultrahigh sensitivity of a class-B laser ~i.e., a laser with a cavity damping rategc

higher than the population damping rateg1! to external light injection is demonstrated by the optical detection
of weak optical feedback. Compared to a conventional optical beating, the intensity modulation induced by the
coherent interaction between the laser electric field and the frequency-shifted reinjected electric field can be
several orders of magnitude higher. This method permits high sensitive interferometry and hence imaging. We
call this laser detection technique laser optical feedback imaging~LOFI!. When the optical frequency shift is
resonant with the laser relaxation frequency, the intracavity amplification of the beating is maximum and the
enhancement is given by the laser damping rate ratiogc /g1 . This amplification is of the order of 106 for a
microchip laser. We also show that without optical feedback the strong fluctuations of the laser output power
are well described by the Langevin noise process. In a broad range around the laser relaxation frequency the
laser quantum noise is also resonantly amplified and is then several orders of magnitude higher than the
detector noise. In these conditions, the LOFI is a shot noise limited detection technique. Reflectivity as low as
10213 is then easily detectable with a laser output power of a few milliwatts with a detection bandwidth of 1
kHz. Experimentally, for weak optical feedback the laser fluctuations are principally composed of the LOFI
modulation signal at the shifted frequency and of the laser quantum noise amplified at the relaxation frequency.
For strong optical feedback, nonlinear effects appear in the laser dynamics. In these conditions, harmonics and
parametrics peaks appear in the power spectrum. The LOFI detection system is then saturated.

DOI: 10.1103/PhysRevA.64.043815 PACS number~s!: 42.60.Mi, 42.62.2b, 42.79.Qx
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I. INTRODUCTION

Laser properties and behavior can be significantly affec
and modified by optical feedback@1,2#. The electrical field
reinjected into the laser cavity is highly coherent when
beam is reflected by a mirror but can be partially or wea
coherent if it is reinjected from a diffusing surface or vo
ume. Since the discovery of the laser, parasitic coherent
tical feedback has been the source of serious laser probl
increasing noise and creating laser instabilities@3#. On the
other hand, controlled optical feedback can be of pract
use. For example, linewidth narrowing and improved f
quency stability can be obtained@3#.

Potential applications are also possible. One of thes
laser feedback interferometry~LFI!, where the steady-stat
intensity of a laser is modified by coherent optical feedba
from an external surface@4#. This induced change is depen
dent on the reflectivity, distance, and motion of the targ
The first LFI device for distance and velocity measurem
was demonstrated in 1963 by King and Steward@5,6#. In
subsequent years, this phase-sensitive technique has
used to determine the direction of the target motion@7#, to
measure the laser axial mode number@8#, for velocimetry
@9#, for laser frequency stabilization@10#, and in metrology
@11,12#.

It is not always possible to have a mirror as a reflector
such applications. Noncooperative targets, such as diffu
surfaces or volumes or absorbing surfaces, have to be
on some occasions@13#. In these cases, the reinjected light
only partially spatially and/or temporally coherent. The n
ture of such light reduces drastically the interference effe
1050-2947/2001/64~4!/043815~11!/$20.00 64 0438
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occurring inside the laser cavity. The challenge is then
increase the observable signal in order to overcome
problem.

One solution is then to use the laser dynamics which
more sensitive to optical feedback than changes in the l
steady state. In 1964 Kleinman@14# suggested that a wea
external signal applied to a class-B laser~solid-state laser or
semiconductor laser! which exhibits relaxation oscillations
during the onset of laser oscillation, can drastically influen
the temporal laser spiking pattern. For example, hig
dimensional chaos and controllable chaos can easily be
voked@15,16#. More recently Otsuka@2# reported the analy-
sis of a laser response to Doppler-shifted optical feedba
The sensitivity of such a laser to optical feedback is prop
tional to the ratiogc /g1 , wheregc andg1 are, respectively,
the damping rate of the laser cavity and of the populat
inversion. For typical solid-state or semiconductor lase
values of this ratio are of the order of 103 while for a micro-
chip laser, the value is as high as 106 which makes such
lasers very interesting for experiments based on weak op
feedback@17–19#. This high sensitivity has been used in
self-mixing laser Doppler velocimetry~LDV ! experiment
@20#. The maximum of the modulation was obtained wh
the Doppler-shifted frequency was resonant with the la
relaxation oscillation frequency. In this condition, an optic
feedback level as low as2170 dB ~compared to the intrac
avity power! has been detected@21#.

In this work we use the properties of a class-B laser to
enhance the optical interference signal for analyzing and
aging noncooperative target properties. Hereafter, we
this detection technique LOFI, which stands for laser opti
©2001 The American Physical Society15-1
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feedback imaging. We describe and study a simple sys
that needs no expensive equipment and no complex op
alignment and which allows measurements of reflectiv
distances, velocities, vibrations, etc. with a high degree
accuracy.

This paper is organized as follows. In the theoretical s
tion, we determine the ultimate sensitivity of a class-B laser
with coherently shifted optical feedback. First, we determi
the coupling coefficient between the reinjected feedb
electric field and the intracavity electric field. Then we gi
the rate equations governing the dynamics of a laser in
presence of frequency-shifted optical feedback. The la
quantum noise is described by standard Langevin forces
solving the rate equations with a linear approximation,
determine the amplitude and the phase of the output mo
lation induced by both the frequency-shifted optical feedb
~i.e., the signal! and by the Langevin forces~i.e., the noise!.
The theoretical signal to noise ratio is given and its dep
dence on the frequency shift is discussed.

In the experimental section, we briefly describe the LO
experiment. The frequency dependence of the LOFI signa
noise ratio is compared to the theoretical result and the
mate sensitivity is determined.

II. THEORY

Let us consider the case of a reinjected beam with
optical frequency shiftV0 . Figure 1 shows the principle o
such a laser experiment with the optical feedback shifted
frequency byV0 . l c is the length of the laser cavity,n is
the gain medium refractive index,l is the distance betwee
the laser and the frequency shifter, ande its thickness. R1
5ur 1u2, R25ur 2u2 are the power reflectivity of the laser ca
ity mirrors, d5d11d2 is the distance between the outp
couplerR2 and the target,d is the distance between the im
age waist and the target, andf is the focal length of the lens
The target has an effective self-reflectivity ofR35ur 3u2

A. Auto-injected laser

1. Basic equations

In the case of weak optical feedback (r 3!1), the follow-
ing equations describe the behavior of the laser@1#:

dN

dt
5g1~N02N!2BNuE~ t !u21FN~ t !, ~1!

FIG. 1. Principle of the laser detection with frequency-shift
optical feedback.
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E~ t !eivt5@ ivc1 1

2 ~BN2gC!#E~ t !eivt

1gextE~ t2t!eiv~ t2t!1FE~ t !,

where we have added an external feedback term to the c
plex form of the standard laser equation@22#.

Here,N is the population inversion,E(t) is the complex
amplitude of the electric field in reduced units~photon units!,
vc is the laser cavity frequency which is presumed reson
with the atomic frequency (vc5va), v is the optical run-
ning laser frequency,B is the Einstein coefficient,g1N0 is
the pumping rate,g1 is the decay rate of the populatio
inversion, andgc is the laser cavity decay rate. The las
quantum fluctuations are described by the conventio
Langevin noise termsFN andFE @23#. The optical feedback
is characterized by two parameters: the first one,t52d/c, is
the photon round-trip time between the laser and the ta
and the second one,gext, is the reinjection rate of the feed
back electric field. As derived in the Appendix, the coef
cient gext is related to the cavity damping rategc and to
reflectivity of the targetr 3 as

gext5gcAReff, ~2!

whereReff5ugr3u2 is the effective reflectivity of the target an
g is the coupling coefficient taking into account the overla
ping of the retrodiffused field with the Gaussian cavity bea
In the above expression of the coupling rategext the multiple
reflections between the laser and the target have been
glected.

2. Steady state

The stationary lasing conditions can be obtained from
set of Eqs.~1! by neglecting the noise terms and by setti
the complex electric fieldE and the population inversionN
to be constant. Without optical feedback (gext50), the
steady-state solutions are given by

NS5gc /B, I S5uESu25Esat
2 ~h21!, v5vc , ~3!

where I s is the stationary intensity of the laser field,I sat

5Esat
2 5g1 /B is the saturation intensity, andh5BN0 /gc is

the normalized pumping rate. At this point, we notice that
mean optical phaseFs of the laser field does not appear
the steady-state solutions. This means that the phase is
determined or is randomly distributed over 2p. We can there-
fore arbitrarily fix the mean value of the phase toFs52p,
which is quite convenient since the steady-state electric fi
becomes real.

With optical feedback,gextÞ0, the steady-state solution
are given by

Ns85
gc22gextcos~v8t!

B
, ~4a!
5-2
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I s85uEs8u
25Esat

2 h2112~gext/gc!cos~v8t!

122
gext

gc
cos~v8t!

, ~4b!

v85vc2gextsin~v8t!. ~4c!

In the case of weak optical feedback (gextt!1), Eq.~4c!
shows that the laser optical frequency is not really affec
by the external cavity (dv5v82vc>0) @Fig. 2~a!#. Equa-
tion ~4b! becomes

I s85I SS 112
h

h21

gext

gc
cos~vct! D . ~5!

The stationary intensity is therefore modulated by a we
interference effect@Fig. 2~b!#. In the case of strong optica
coupling (gextt@1), Eq. ~4c! shows that the laser can b
multimode. The laser optical frequency is now given by t
longitudinal mode having the maximum gain of the co
pound cavity. For this mode, the oscillation condition
given by (cosv8t>1). Figure 2~a! shows that the frequenc
detuning varies linearly with the length of the compou
cavity. In this condition, Eq.~4b! becomes

FIG. 2. Laser steady state versus change in time delaydt for
two values of the optical coupling parametergextt50.1 (Reff53
31026) and gextt'10 (Reff5331022) and with vc51.78
31015 s21, gc55.73109 s21, t5131028 s (d51.5 m). ~a! Laser
detuning frequencydv5v82vc , ~b! relative change of the sta
tionary intensityDI s /I s5I s82I s /I s .
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h21

gext

gc

122
gext

gc

D . ~6!

The modulation of the stationary intensity is now crushed

B. Frequency-shifted optical feedback

1. Basic equations

Let us consider now the case of a reinjected beam with
optical frequency shiftV0 . We write the intracavity field as
E(t)eivt5Ec(t)e

iFc(t)eivt, whereEc(t) and Fc(t) are, re-
spectively, the slowly varying amplitude and the optic
phase. After a round-trip timet, the reinjected electric field
inside the laser cavity is given by Ec(t
2t)eiFc(t2t)ei (v1V0)te2 i @v1(V0/2)#t. In the interests of sim-
plicity, we have supposed that the frequency shifter is as n
as possible to the laser cavity (l !d) and has also a very
small width (e!d). The set of Eqs.~1! can then be rewritten
ignoring the Langevin’s noise terms,

dN

dt
5g1~N02N!2BNuEc~ t !u2,

dEc~ t !

dt
5

1

2
~BN2gc!Ec~ t !1gextcosFV0t2S v1

V0

2 D t

2Fc~ t !1Fc~ t2t!GEc~ t2t!, ~7!

dFc~ t !

dt
5vc2v1gextsinFV0t2S v1

V0

2 D t2Fc~ t !

1Fc~ t2t!G Ec~ t2t!

Ec~ t !
.

We now suppose that the effect of the feedback on
detuning of the cavity is weak@v8>vc , see Eq.~4c!#. Here-
after we only consider the case where the round-trip ti
outside the cavity is shorter than the period of the freque
shift (V0t!1); this implies that Ec(t2t)>Ec(t) and
Fc(t2t)>Fc(t). Equations~7! can be simplified to

dN

dt
5g1~N02N!2BNuEcu2,

dEc

dt
5

1

2
@BN2gc12gextcos~V0t2vct!#Ec , ~8!

dFc

dt
5gextsin~V0t2vct!.

The set of Eqs.~8! shows that both the net gain and th
optical phase of the laser are modulated at the heterod
frequencyV0 . The amplitude of the modulation is propo
5-3
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tional to gext, which depends on the target properties wh
the phase shiftvct of the modulation depends on the targ
position.

2. LOFI signal

Solutions of Eqs.~8! for small variations can be obtaine
by linearization. IfDN(t), DEc

(t), andDFc
(t) are small fluc-

tuations around the stationary values, we can write

N~ t !5NS1DN~ t !,

EC~ t !5Es1DEc
~ t !, ~9!

Fc~ t !52p1DFc
~ t !,

whereNs andEs are given by Eqs.~3!. By substituting Eqs.
~9! into Eqs.~8! and neglecting second-order terms, we o
tain the following set of linearized equations:

dDN

dt
52~g11BuESu2!DN22BNSESDEc

,

dDEc

dt
5

1

2
BESDN1gextcos~V0t2vct!Es ,

dDFc

dt
5gextsin~V0t2vct!. ~10!

By solving Eqs.~10!, we obtainDEc
(t). The photon out-

put rate~i.e., number of photons per second! is simply given
by

nout~ t !5gcuEc~ t !u2. ~11!

The relative laser output power of the modulation is th
given by

Dnout~ t,V0!

^nout~ t !&
5

2DEc
~ t,V0!

Es

52gext

A~hg1!21V0
2

A~v r
22V0

2!21~hg1!2V0
2

3cos~V0t2vct1f r !, ~12a!

where ^nout& is the averaged photon output rate,v r

5Ag1gc(h21) is the relaxation frequency of the laser, a
f r is an additional phase shift which is independent of
nature (gext) and the position~t! of the target and is define
by

tanf r5
V0@~v r

22V0
2!2~hg1!2#

hg1v r
2 .

We see from this signal that the effective reflectivityReff and
the positiond of the target can be determined, respective
from the LOFI amplitude term and the LOFI phasevct.
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Moreover, the optical phase of the lasing electric field

DFc
~ t,V0!52

gext

V0
cos~V0t2vct!. ~12b!

Figure 3 shows the theoretical power spectrum of
square of the relative amplitude of the modulati
Dnout/nout. As we can see, the power spectrum exhibits
strong resonance at the laser relaxation frequencyv r with a
full width at half maximum ~FWHM! given by DV1/2

5hg1 . At the resonance frequency, the maximum relat
amplitude of modulation is

Dnout~v r !

^nout&
>

2gext

hg1
52

gc

hg1
AReff. ~13!

Compared to a standard heterodyne detection, an amp
cation ofgc /hg1 occurs. For a microchip laser@25#, gc /g1
is typically of the order of 106. Assuming a pumping rate o
h52, a relative amplitude of a 100% modulation is obtain
for a feedback corresponding to a reflectivity as low asReff
510212. The high sensitivity of the LOFI detection tech
nique comes from this resonant amplification. For a ze
frequency shift, Eq.~12a! becomes

Dnout~ t,V050!

^nout~ t !&
52

h

h21

gext

gc
cos~vct!, ~14!

which is identical to Eq.~5! obtained previously for the
steady state.

C. Ultimate sensitivity

In the preceding section we evaluated the signal amp
cation. In this section we will evaluate the signal to noi
ratio that determines the ultimate sensitivity of the LO
detection technique.

FIG. 3. Power spectrum in dB of the square of the relat
amplitude of the modulationDnout /nout versus the frequency shif
(F05V0/2p) for different values of the pump parameterh, with
g1553103 s21, gc55.73109 s21, Reff510214.
5-4
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1. Langevin noise terms

Without optical feedback (gext50), the set of Eqs.~1!
allows us to study the laser fluctuations induced by
Langevin noise terms,

dN

dt
5g1~N02N!2BNuEu21FN~ t !,

~15!
dE

dt
5 1

2 @BN2gc#E1FE~ t !,

whereFN(t) and FE(t) are the Langevin forces which de
scribe the quantum fluctuations of the laser population
the radiation field. These forces are defined as having a
mean value and white-noise-type correlation functions:

^Fm~ t !&50,

^Fm~ t !Fl~ t8!&5Dm,ld~ t2t8!, ~16!

with m, l P@E,N# and with the following values for the dif
fusion coefficients@26#:

DE,E50s21, ~17a!

DE,E* 5
B^N&

2
1

gc

2
5gc , ~17b!

DN,N5g1N01g1^N&1B^N&^uEu2&52gch
g1

B
. ~17c!

Finally, due to their common physical origin, the phot
noise and the population inversion noise are perfectly a
correlated and have a diffusion coefficient

DE,N52B^N&^E&52gcAg1

B
~h21!. ~17d!
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2. Laser quantum noise

In the same way as in Sec. II B 2, solutions for sm
fluctuations induced by the quantum noise can be obtai
by linearization of Eqs.~15! around the steady states. We g
the following equations:

dDN~ t !

dt
52hg1DN~ t !2gcES@DE~ t !1DE* ~ t !#1FN~ t !,

dDE~ t !

dt
5

1

2
BESDN~ t !1FE~ t !. ~18!

Due to our choice of the steady-state solutions of the opt
phase, the amplitude and optical phase fluctuations are
spectively, given by

DEC
~ t !5

DE~ t !1DE* ~ t !

2
,

~19!

Dfc
~ t !5

1

Es

DE~ t !2DE* ~ t !

2i
.

From the set of Eqs.~18!, we obtain the following alge-
braic equations for the Fourier amplitudes of the la
fluctuations @with the definition DX(V)
5(1/A2p)*2`

1`DX(t)eiVtdt]:

iVDN~V!52hg1DN~V!2gcES@DE~V!1DE* ~2V!#

1FN~V!,

iVDE~V!5 1
2 BEsDN~V!1FE~V!. ~20!

The correlation functions of the Langevin forces are n
given by @27#

^Fm~V!Fl~2V8!&5Dm,ld~V2V8!. ~21!

The resolution of the linear set of Eqs.~20! is straightfor-
ward and leads to
DE~V!5

F1

2
v r

22V21 iVhg1GFE~V!2
1

2
v r

2FE* ~2V!1 iV
BEs

2
FN~V!

iV@v r
22V21 iVhg1#

. ~22!
-

Due to the stationary optical phase choice~real field!, the
spectra of the fluctuation of the amplitudeDEc

(V) and of the

phaseDFc
(V) of the complex intracavity fieldDE(t) are

straightforwardly obtained from Eqs.~19!

DEc
~V!5

1

2
@DE~V!1DE* ~2V!#,

~23!

DFc
~V!5

1

2iEs
@DE~V!2DE* ~2V!#.
The power density spectra of the amplitude (DEc

2 )V and

the optical phase (DFc

2 )V are obtained from their autocorre

lation functions@27#

^DEc
~V!DEc

~2V8!&52p~DEc

2 !Vd~V2V8!,

~24!

^DFc
~V!DFc

~2V8!&52p~DFC

2 !Vd~V2V8!,

and are given by using Eq.~22!,
5-5
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~DEc

2 !V5
1

2p

gc

2

hg1
21V2

~v r
22V2!21~hg1V!2 ,

~25!

~DFc

2 !5
1

2p

1

2uESu2
gc

V2 .

We can now use these expressions to calculate the sign
noise ratio of the LOFI signal.

3. Signal to noise ratio

For the amplitude, from Eqs.~11! and~25!, we obtain the
power density spectrum of the fluctuations of the out
power due to the Langevin quantum noise,

Anoise~V!>4noutgc~DEc

2 !V

52
noutgc

2

2p

hg1
21V2

~v r
22V2!21~hg1!2V2 . ~26!

The power density spectrum of the LOFI signal is obtain
from Eq. ~12a!

Asignal~V!5nout
2 gext

2 ~hg1!21V2

~v r
22V2!21~hg1!2V2 d~V2V0!.

~27!

In the bandwidthDV around the frequencyV0 , the de-
tected noise power and the detected signal power are t
respectively, given by

^@NAmpl~V0!#2&52E
DV

Anoise~V!dV,

~28!

^@SAmpl~V0!#2&52E
DV

Asignal~V!dV.

If the bandwidth of the detection is narrower than t
resonance width (DV52pDF!hg1), the power signal to
noise ratioS/N of the amplitude of the modulation reduce
to

SAmpl /NAmpl5
pout

2DF

gext
2

gc
2

h2g1
21V0

2

hg1
21V0

2 . ~29!

Experimentally, in most cases,V0@hg1 and theS/N is
the independent of the frequency shiftV0 . In that case, the
minimum detectable effective reflection coefficientReff

min for a
given signal to noise ratio is

Reff
min5

2DF

pout
@SAmpl /NAmpl#. ~30!

Physically, this means that aS/N51 is obtained when,
during the integration time, only one photon is reinject
inside the laser cavity. The LOFI detection is therefore sh
noise limited. As an example, for an output beam of 1 mW
a wavelength of 1mm, the minimum detectable value of th
04381
to

t

d

n,

t-
t

effective reflection coefficientReff
min could be as low as 2

310213 for an integration time of 1 ms.
Figure 4 shows the calculated power spectra@Eqs.~28!# of

the output power of a frequency shifted reinjected laser.
we can see, the laser quantum noise, as well as the L
signal exhibit a strong resonance at the laser relaxation
quency. In the absence of detector noise the signal to n
ratio is frequency independent and also shot-noise limit
Now by including the detector noise presumed to be a wh
noise, the signal to noise ratio is only shot-noise limit
within a frequency range close to the laser relaxation f
quency~i.e., in a frequency domain where the laser quant
noise is several orders of magnitude higher than the dete
noise!.

For the optical phase, in the same way as for the am
tude, the power density spectra of the optical phase fluc
tion is obtained from Eqs.~11! and ~25!:

Pnoise~V!>~DFc

2 !V5
1

2p

1

nout

gc
2

V2 . ~31!

The power spectrum of the optical phase modulation
obtained from Eq.~12b!,

Psignal~V!5
1

4

gext
2

V2 D~V2V0!. ~32!

In the bandwidthDV around the frequencyV0 , the de-
tected optical phase signal and noise are then, respecti
given by

FIG. 4. Normalized theoretical power spectra of the outp
power of a reinjected laser versus the frequency shift (F0

5V0/2p): ~a! signal, ~b! white detector noise,~c! laser quantum
noise, ~d! signal to noise ratio in the absence of detector no
~shot-noise limit!, ~e! signal to noise ratio including detector nois
with h51.5, g1553103 s21, gc55.73109 s21, Reff510214.
Power spectra are normalized to the quantum shot noise (pout2DF)
with the following parameters:P51 mW, l51 mm, and 2DF
51 kHz.
5-6
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^@Sphase~V0!#2&52E
DV

Psignal~V!dV,

^@Nphase~V0!#2&52E
DV

Pnoise~V!dV. ~33!

The power signal to noise ratio is then given by the ra
of the two previous expressions,

Sphase/Nphase5
pout

2DF

gext
2

gc
2 . ~34!

As for the amplitude detection, the optical phase signa
noise ratioS/N is frequency independent. The optical pha
detection is also shot-noise limited.

III. EXPERIMENTAL RESULTS

A. Experimental setup

The experimental setup is shown schematically in Fig
The laser is a Nd31:YAG ~yttrium aluminum garnet! micro-
chip laser with a cavity length of 800 microns lasing at
wavelength of 1061.34 nm@28#. The pumping laser is a
810-nm diode laser. In typical operating conditions t
threshold pump power is of the order of a few tens of m
The maximum pump parameter available is abouth'2. For
such conditions, the infrared output power is a few mW a
the relaxation frequencyf r5v r /2p is in the range of 1 MHz.

The frequency shift is generated by means of t
acousto-optic deflectors~AOD!. The first is supplied by radio
frequency~RF! at 81.5 MHz and the diffracted beam~order
21! is sent into the second AOD which is supplied by a R
at (81.51F0/2) MHz, whereF05V0/2p is the frequency
shift. Its diffracted beam~order 11! is therefore shifted by
an optical frequency ofF0/2. The beam is then focused by
lens and sent to the target under investigation. All ot

FIG. 5. Schematic diagram of the LOFI experiment: L1–L
lenses; BS, beam splitter; PD photodiode; AOD, acousto-optic
flector; RF, radio-frequency generator;F0 , frequency shift; GM,
galvanometric mirror.
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beams are stopped by absorbing surfaces. The focused b
is diffracted and/or diffused by the target in the half spa
and only a small part of the retroreflected light is reinject
inside the laser cavity after a second pass through the
quency shifters. After this round trip the reinjected beam
then shifted byF0 . This frequency can by adjusted and
typically of the order of the laser relaxation frequenc
Three-dimensional~3D! images can be obtained from th
LOFI amplitude~reflectivity! @19# or from the LOFI phase
~profilometry! @24#. Images are obtained either by movin
the target in three dimensions using micrometric motoriz
stages or by moving the laser beam using a galvanome
scanner. In the latter case, the third dimension is then
tained by aZ micrometric motorized stage or by a variab
focus lens@19#.

A small fraction of the output beam of the microchip las
is sent to a Si-photodiode loaded by a 50V resistor. The
delivered voltage is analyzed by a lock-in amplifier whi
gives directly the amplitude and the phase of the LOFI sig
and/or by a spectrum analyzer. All these signals are a/d c
verted from analog to digital and recorded by a PC for f
ther analysis and/or imaging.

B. Experimental observations

1. Laser quantum noise

Without optical feedback, the microchip laser exhibits
the time domain relatively strong fluctuations of the outp
intensity. As it was demonstrated in the theoretical secti
these fluctuations, of the order of several percents,
mainly due to the resonant amplification of the Langev
quantum noise at the laser relaxation frequency.

Figure 6~a! shows a typical example of the time evolutio
of the laser output power where the relative fluctuation is
the order ofDPout/Pout540%. The inset shows clearly tha
laser quantum noise is mainly composed of quasiperio
oscillations at the laser relaxation frequency. Figure 6~b!
shows, for a microchip laser with an output power of 4 m
~h51.7, nout5231016 photon/s!, a comparison between th
experimental and the theoretical noise power spectrum of
laser. The experimental study of both the resonant freque
v r

25g1gc(h21) and the full resonant widthDV5g1h ver-
sus the pump parameterh allows us to determine the follow
ing laser damping rates:g1553103 s21 and gc58
3109 s21 @29#.

With these parameters, the theoretical noise power sp
trum obtained from Eq.~26! is in good agreement with the
experimental one. The discrepancies between the two cu
at low and high frequency comes from the 1/F noise induced
by the detection system and the harmonic noise induced
the nonlinear laser dynamics not included in the linear a
lytical development in Sec. II C 2.

For comparison, the power spectrum of the photodio
detector is also shown in Fig. 6. Far away from the 1F
noise, the laser quantum noise is several orders of magni
higher than the detector noise. For a microchip laser,
LOFI detection system is then shot-noise limited in a bro
frequency range around the laser relaxation frequency. T
result is again a consequence of the very high value of

e-
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laser damping rate ratio (gc /g151.63106).

2. LOFI signal

With frequency-shifted optical feedback, the microch
laser exhibits in the time domain relatively strong oscil
tions of the output intensity. As it was demonstrated in
theoretical part, these fluctuations can be of the order of s
eral percent for a feedback reflectivity as low asReff
510212.

Figure 7 shows typical experimental laser power spe
obtained with a spectrum analyzer. For weak optical fe
back @Fig. 7~a!#, the laser fluctuations are principally com
posed of the laser quantum noise at the relaxation freque
Fr and of the LOFI signal at the frequencyF0 . For strong
optical feedback, nonlinear dynamical effects appear in
laser output power. In these conditions, the power spect
displays harmonic peaks (2F0,3F0 ,...) andparametric peaks
~Fr1F0,2Fr1F0,2F01Fr ,...!.

C. Experimental analysis

The aim of this section is to confirm experimentally t
behavior of the LOFI signal and the noise determined th
retically in Sec. I. Figure 8 compares the laser power spe
obtained for two different amounts of frequency-shifted o

FIG. 6. ~a! Typical time evolution of theNd31: microchip laser
without optical feedback.~b! Experimental and theoretical lase
noise power spectrum with the following laser parameters:g155
3103 s21, gc583109 s21, h51.7, Pout54 mW ~nout5231016

photon/s!. The photodiode noise power spectrum is shown for co
parison.
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tical feedback. The spectra are obtained by scanning the
quency shift and measuring with the lock-in amplifier.

For weak optical feedback, the laser quantum noise
well as the LOFI signal, exhibit a strong resonance at
laser relaxation frequency. As predicted theoretically@Eq.
~29! and Fig. 4#, when the laser quantum noise is seve
orders of magnitude higher than the detector noise, the si
to noise ratio is frequency independent@Fig. 8~a!#.

For strong optical feedback, when the optical frequen
shift F0 approaches the laser relaxation frequencyFr , the
effects of nonlinear dynamics increase and there is a gen
tion of harmonics, parametrics, and also probably cha
laser oscillations. In this condition the LOFI signal at th
frequencyF0 is completely saturated and the signal to no
ratio exhibits an antiresonance~i.e., a deep hole! at the laser
relaxation frequency@Fig. 8~b!#.

Figure 9 shows a study of the LOFI signal to noise ra
versus the effective reflectivityReff . Experimentally, the ab-
solute value ofReff is first calibrated by the study of the lase
steady state. For strong optical feedback with zero-freque
shift, the change in the laser output power allows us to
termine the external coupling coefficientgext and then to
calibrateReff @see Eqs.~2! and ~6!#.

The amount of optical feedback is then changed over s
eral orders of magnitude by using calibrated optical atten
tors. Figure 9 shows the normalized LOFI signal and
LOFI signal to noise ratio versus the effective reflectiv

-

FIG. 7. Experimental power spectra of the laser output pow
with frequency-shifted optical feedback.~a! Weak optical feedback.
~b! Strong optical feedback. For clarity of observation, the opti
frequency shiftF0 is not resonant with the laser relaxation fr
quencyFr .
5-8
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Reff for different detuning frequencies (dF5F02Fr).
For a detuning frequency ofdF5300 kHz@Fig. 9~a!#, we

observe that for over five orders of magnitude of the eff
tive reflectivity (10213<Reff<1028), experimental results
are in good agreement with the theoretical result obtai
from Eq. ~30!. On this graph, we can also observe tha
signal to noise ratio equal to unity is obtained for a refle
tivity of Reff>10213. For these experimental conditions, th
value corresponds to the shot-noise limit~one photon retrore-
flected is detected during the detection integration time!.

In Fig. 9 we also observe that the saturation of the LO
signal due to the nonlinear laser dynamics corresponds
laser output modulation of approximately 80% and is ind
pendent of the frequency detuningdF. We also observe tha
the dynamic range of feedback detection increases with
frequency detuning. Indeed, for a microchip laser, due to
high value of the laser parameter ratiogc /g1>13106, the
LOFI signal is rapidly saturated for a frequency shift close
the laser relaxation frequency.

IV. CONCLUSIONS

We have studied both theoretically and experimentally
dynamical response of a laser to frequency-shifted opt
feedback and determined the ultimate sensitivity of the LO

FIG. 8. Typical LOFI signal and laser noise versus the opti
frequency shift.~a! For weak optical feedback the signal to noi
ratio is approximately independent of the optical frequency sh
~b! For strong optical feedback the laser output oscillation atF0 is
completely saturated and the signal to noise ratio exhibits an a
resonance~i.e., a deep hole! at the laser relaxation frequency. Las
output powerPout54 mW ~nout5231016 photon/s!; lock-in inte-
gration timeT51 ms.
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~laser optical feedback imaging! detection technique. In the
LOFI technique, the beam of a laser is focused on or int
noncooperative target. Only photons backscattered from
volume located near the focus are reinjected by mode ma
ing into the laser. The laser beam is frequency shifted be
reinjection into the laser by a frequencyF0 . The effect of the
reinjected light is to modulate the net laser gain at the ra
frequencyF0 and then to be amplified. The modulated inte
sity of the laser is detected by means of a lock-in amplifier
by a spectrum analyzer. The maximum amplification is o
tained when the beating frequencyF0 is resonant with the
relaxation oscillation frequencyFR of the laser. In such a
condition, the relative modulation amplitude of the intens
is given byDPout(F5FR)/Pout52(gc /hg1)AReff, whereh
is the normalized pumping parameter,Reff is the effective
reflectivity of the target, andgc andg1 are, respectively, the
cavity and the population inversion damping rates. Co
pared to a classical optical beating between two waves w
the same relative amplitude, an amplification ofgc /g1 oc-
curs. This amplification is of the order of 106 for a microchip
laser and 103 for a diode laser.

Experimentally, we have observed that for weak opti
feedback, the laser fluctuations is principally composed
the laser relaxation frequency and of the LOFI signal at
frequency shift. For strong optical feedback, nonlinear

l

t.

ti-

FIG. 9. LOFI signals measured with the lock-in amplifier vers
the absolute effective reflectivityReff for different values of the
detuning frequencydF5F02Fr . ~a! Theoretical~shot-noise limit!
and experimental power signal to noise ratio withF051200 kHz
andFr5900 kHz.~b! Normalized LOFI signalDPout /Pout . Experi-
mental conditions: laser output power,Pout54 mW ~nout5231016

photons/s!; lock-in integration timeT51 ms.
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fects appear in the laser dynamics. In these conditions,
laser power spectra exhibit harmonics and parametrics pe
The LOFI signal at the optical frequency shiftF0 is then
saturated.

Without optical feedback, the strong fluctuations of t
microchip laser output power are well described by Lange
noise process. In a broad range around the laser relaxa
frequency, the laser quantum noise is resonantly ampli
and can be of several orders of magnitude higher than
detector noise. In these conditions, the LOFI technique
shot-noise limited. A reflectivity as low as 10213 is then de-
tectable with laser output power of a few mW in a detect
bandwidth of 1 kHz.
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APPENDIX: DERIVATION OF EQ. „2…

Without optical feedback (gext50), and by neglecting in-
ternal losses~diffusion, parasitic absorption,...!, the cavity
damping rate is given by

gc5
c

2nlc
lnS 1

ur 1u2ur 2u2D , ~A1!

which in the case ofur 1u251 andur 2u2'1 reduces to

gc'
c

2nlc
~12ur 2u2!. ~A2!

The feedback parametergext appearing in Eq.~1! can be
readly expressed in terms of the mirror reflection coeffici
r 2 and the reflectivityr 3 of the target. IfEie

ivt is the intra-
cavity incident field on the output mirror, then the total r
flected field on this mirror, taking into account the reinject
field, is given by Ere

ivt5@r 21(12ur 2u2)r 3e2 ivt#Eie
ivt,

where we have neglected multipass effects (r 3!1). We can
then define an effective amplitude reflectivityr 2

eff for the
compound cavity as

r 2
eff5

Er

Ei
5r 2F11~12ur 2u2!

r 3

r 2
e2 ivtG . ~A3!
tu

t.
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The effective cavity lossgc
eff of the compound cavity can

be expressed asgc
eff5(c/2nlc)ln(1/ur 1u2ur 2

effu2), and by using
Eqs.~A2! and ~A3! we obtain

gc
eff5gc2

c

nlc
~12ur 2u2!

r 3

r 2
e2 ivt'gc22gcr 3e2 ivt.

~A4!

In the above calculation, we have supposed that the
tem is autocollimated and therefore that the light reflec
from the target is totally reinjected inside the laser cav
For a target out of the focal point of the lens (dÞ0), the
system is no longer autocollimated~Fig. 1!, andr 3 has to be
multiplied by a normalized mode-matching coefficientg
which takes into account the overlapping of the retroreflec
electric field with the Gaussian cavity field. A similar situ
tion happens if the target is not a mirror but a scatter
medium; in this caseg has to take into account the overla
ping of the retrodiffused field with the Gaussian cavity bea
In both cases, this factor is of the following form@24#:

g~d!5

E E E
cavity

uEcavityuuEreinjected~d!dvu

E E E
cavity

uEcavityuuEcavitydvu
. ~A5!

In the hypothesis of a short focal length (f !d1) and for a
fundamental Gaussian beam, with a mirror as the targe
good approximation of Eq.~A5! is given by

g~d!'S 1

11
3d2

L2
D 1/2

, ~A6!

whered is the detuning between the focal point and the t
get ~Fig. 1! and whereL5)ZR , is the half width at half
maximum~HWHM! andZR is the classical Rayleigh lengt
defined by the numerical aperture of the focalizing lens.

The final expression of the effective cavity loss is th
given by

gc
eff5gc22ggcr 3e2 ivt. ~A7!

From the above equation, by comparison with Eq.~1! one
obtains the external coupling coefficient given by Eq.~2!.
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Compared to the prediction of our simple rate equation mo
(DV5g1h), the dramatic change of the resonance width n
the threshold region (h'1) is due to spontaneous emissio
Fluorescence emission is known to give a significant contri
tion to the dynamics for guided lasers like semiconductor
sers or optical fiber lasers. In a microchip laser this effec
also important far away from the threshold (h'2) due to the
high value of the cavity damping rategc compared to the
population inversion damping rateg1 .
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