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Elastic electron scattering by excited hydrogen atoms in a laser field
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We consider electron scattering by hydrogen atoms in a linearly polarized laser field. The electrons may have
sufficiently high energy in order that the scattering process can be treated in the first-order Born approximation.
The scattered electrons, embedded in the laser field, are described by Gordon-Volkov waves. We assume that
during the scattering, the hydrogen atoms are in an excited state~in particular, in the 2s, 2p, or 3s state! and
that for moderate laser field intensities, it is sufficient to describe the interaction of the target atoms with the
radiation field by first-order time-dependent perturbation theory. We discuss the angular dependence of the
nonlinear differential scattering cross sections for low valuesN of emitted or absorbed laser photons, inspect-
ing the contributions of the various electronic and atomic terms of the matrix elements. Detailed numerical
results are presented for one-photon absorption at low-field intensities. We also compare our results with those
obtained from the assumption of a static atomic polarizability, describing the laser dressing of the excited
atomic states.
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I. INTRODUCTION

The investigation of scattering of electrons by atoms i
laser field has by now a long history. Introductions into th
field of research can be found in the books by Mittleman@1#
and by Faisal@2#. A comprehensive survey on various a
pects of this problem has been presented in our recent re
@3#. As long as the laser frequencies are sufficiently low,
laser dressing of the atomic targets can be neglected an
atoms can be described by a structureless potential. This
proximation was used in the seminal work of Bunkin a
Fedorov@4# and of Kroll and Watson@5#. Investigations of
laser-assisted electron scattering on a potential beyond
first-order Born approximation were done by Han@6#. Since
now, various laser sources of higher frequencies have
come available, the interaction of the laser radiation with
atomic electrons during the scattering process has becom
relevance. As long as the laser fields are of moderate po
this laser dressing of the atomic target can be described
the time-dependent perturbation theory~TDPT!. The investi-
gation of free-free transitions during the scattering of el
trons, mainly by hydrogen atoms in their ground state,
been considered by several authors, starting with the wor
Gersten and Mittleman@7#, Mittleman @8#, and Zon@9#. The
importance of laser-target interaction during electron-at
scattering in a laser field was discussed quite a numbe
years ago in two papers by Lami and Rahman@10,11#. These
authors showed by treating the interaction with the laser fi
in the lowest order of TDPT, that for single-photon inver
bremsstrahlung the laser-target interaction begins to do
nate over the laser-electron interaction for photon ener
above about 4 eV. The most detailed investigations of
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present topic were, however, those of Francken and Joac
and co-workers@12,13#. Further work on free-free transi
tions, including the laser-dressing of the atomic target in
ground state, was performed by Krackeet al. @14#, Dörr et al.
@15#, and Ciongaet al. @16,17#. Various approximation
schemes were discussed in the work of Gavrila@18#, Faisal
@19,20#, and Maquetet al. @21#, and we refer to their work
for further details. A summary of the experimental situati
in the field of electron-atom scattering in a laser field can
found in the review by Mason@22#.

To our knowledge, the above scattering process has b
investigated in less detail for the case where the target a
is in an excited state. By intuitive reasoning, we may exp
that with increasing excitation of the atomic system, t
laser-dressing effects should become of increasing imp
tance, in particular, at small scattering angles. Calculati
on the scattering of electrons by hydrogen in its metasta
2s state were performed by Vucˇić and Hewitt@23#. Related
investigations were recently presented by Purohitet al. @24#
for resonant frequencies and by Korol’et al. @25#.

In the present paper, we shall consider the scattering
electrons of higher kinetic energies of at least 100 eV
hydrogen atoms in excited states in the presence of a line
polarized laser field of moderate power of som
1012 Wcm22 such that target dressing can be treated
TDPT. Different frequencies of the laser field will be consi
ered and we shall discuss the angular distribution of the
ferential cross sections~DCS! of the scattered electrons fo
the following two configurations of scattering, namely«W uukW i

and «W uuqW wherekW i ( f ) is the momentum of the ingoing~out-
going! electron,qW 5kW i2kW f , the momentum transfer of sca
tering electron, and«W the unit vector of the linear polariza
tion of the laser field. We shall devote particular attention
the contributions of the different parts of the matrix eleme
to the final values of the cross sections as a function of
©2001 The American Physical Society01-1
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scattering angle and compare our results with those obtai
if the target dressing is described by a laser-induced po
ization potential with a static polarizability.

Section II will be devoted to the presentation of the th
oretical basis of our calculations. In Sec. III, we shall discu
a number of representative numerical examples for the
drogen atom in its 2s, 2p, and 3s state. While the first state
is metastable, and therefore, the presented data will be ac
sible to observation, the second and third case will be c
sidered to discuss the effect of target dressing as a func
of the excitation of the atom. Finally, in Sec. IV, we sha
summarize our results and make some concluding rema
Atomic units will be used throughout this paper.

II. BASIC THEORY FOR MODERATE INTENSITIES

We assume that for moderate laser field intensities we
treat the field-atom interaction by TDPT@26#. We shall use
first-order TDPT to describe the excited states of hydro
embedded in a laser field. Based on the work of Flore
et al. @27#, we can write down an approximate solution for
electron bound to a Coulomb potential in the presence o
monochromatic electromagnetic plane wave as follows:

uCnlm~ t !&5e2 iEnt@ ucnlm&1ucnlm
(1) &], ~1!

whereucnlm& is an unperturbed excited state of hydrogen
energy En anducnlm

(1) & denotes the related first-order radiati
correction. According to Florescu and Marian@28#, this cor-
rection can be written in terms of the linear response, defi
by

uwW nlm~V!&52GC~V!PW ucnlm&. ~2!

Here, GC(V) is the Coulomb Green function andPW is the
momentum operator of the bound electron. Two values of
argument of the Green functions are necessary in orde
write down the approximate solution Eq.~1!, namely,

V65En6v. ~3!

As in the formalism developed by Byron and Joach
@26#, we describe the initial and final states of the scatte
electron by Gordon-Volkov waves. For an electron of kine
energy Ek and momentumkW , the corresponding solution
reads

xkW~rW,t !5
1

~2p!3/2
exp$2 iEkt1 ikW•rW2 ikW•aW ~ t !%, ~4!

whereaW (t) describes the classical oscillation of the electr
in the electric fieldEW(t) of the plane wave in dipole approx
mation, namely,

aW ~ t !5a0«W sinvt. ~5!
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Here, a05E0 /v2 with the field amplitudeE0 and the laser
frequencyv. In Eq. ~4!, the A2 part of the electromagnetic
interaction has been dropped since it does not contribut
dipole approximation to scattering processes.

We restrict our considerations to high scattering energ
for which the first-order Born approximation in terms of th
scattering potential is sufficiently accurate. Neglecting e
change effects, we describe the electron-atom interaction
the static potential

V~r ,R!52
1

r
1

1

urW2RW u
. ~6!

Then, theS-matrix element of elastic electron-atom scatte
ing is given by

Si f
B152 i E

2`

1`

dt^xkW f
~ t !Cnlm~ t !uV~r ,R!uxkW i

~ t !Cnlm~ t !&,

~7!

whereCnlm andxkW i ( f )
are given by Eqs.~1! and~4!, respec-

tively. As we concentrate on free-free transitions, the init
and final atomic states will be identical.

In the presence of the radiation field, the scattered e
tron can gain or lose energy such thatEf5Ei1Nv, where
Ei ( f ) is the initial ~final! kinetic energy of the electron.N is
the net number of photons exchanged~absorbed or emitted!
by the colliding system and the laser field. Therefore,
energy spectrum of the scattered electrons consists of
elastic term withN50 and of a number of sidebands. Ea
pair of sidebands has the same value ofuNu.

The DCS for a process in whichN photons are involved
can be expressed by

dsN

dV
5~2p!4

kf~N!

ki
uTNu2, ~8!

where the transition matrix element, evaluated from theS
matrix element Eq.~7!, has the following general structure

TN5TN
(0)1TN

(1) . ~9!

The first term is given by

TN
(0)5JN~aW 0•qW !^cnlmuF~qW !ucnlm&, ~10!

and is related to the Bunkin-Fedorov formula@4#, in which
the laser dressing of the target is neglected. In this caseTN

reduces toTN
(0) and the ordinary Bessel functionJN(aW 0•qW )

contains all the field dependences of the transition ma
element.F(qW ) is the operator of the form factor and reads

F~qW !5
1

2p2q2
@exp~ iqW •rW !21#, ~11!
1-2
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ELASTIC ELECTRON SCATTERING BY EXCITED . . . PHYSICAL REVIEW A64 043401
with qW 5kW i2kW f .
The second term on the right-hand side of Eq.~9! de-

scribes the first-order radiative correction to the atomic st
Here, one of theN photons exchanged between the field a
the colliding system interacts with the bound electron. T
photon can be emitted or absorbed while the otherN61
photons interact with the scattered electron. After the in
gration over the coordinates of the scattered electron
been performed, the general structure ofTN

(1) is given by

TN
(1)52

a0v

2
@JN21~aW 0•qW !M at

(I )~V1!

1JN11~aW 0•qW !M at
(I )~V2!#. ~12!

The transition matrix elementsM at
(I )(V6) refer to the ex-

change of one photon between the atomic electron and
field. In terms of the linear response Eq.~2!, the correspond-
ing expression reads in the case of absorption

M at
(I )~V1!5^cnlmuF~qW !u«W •wW nlm~V1!&

1^«W * •wW nlm~V2!uF~qW !ucnlm& ~13!

and for emission

M at
(I )~V2!5^cnlmuF~qW !u«W * •wW nlm~V2!&

1^«W •wW nlm~V1!uF~qW !ucnlm&, ~14!

respectively.

A. Scattering by hydrogen in the 2s state

For the 2s state, the atomic matrix element appearing
Eq. ~10! reads

^c2suF~qW !uc2s&52
1

2p2

q614q414q217

~q211!4
[2

1

~2p!2
f el

B1 ,

~15!

where f el
B1 is the first-order Born approximation for the tra

sition amplitude of elastic electron scattering by a hydrog
atom in its 2s state.

For the evaluation of the matrix elements Eqs.~13! and
~14! the expression for the linear response Eq.~2! used was
evaluated by Florescu and Marian@28# @see Eqs.~9! and~28!
in this work#. After the angular integrations have been p
formed, we obtain

M at
(I )~V1!52

«W •qW

2p2q3
J̃ 201

a ~v,q!,

M at
(I )~V2!5

«W * •qW

2p2q3
J̃ 201

a ~v,q!. ~16!

We were able to derive an analytic expression forJ̃ 201
a (v,q)

in terms of hypergeometric functions. The details are p
sented in Appendix A. By means of the expressions in
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~16!, we can write down the following explicit formula fo
TN

(1) in the case of linear laser polarization:

TN
(1)5

a0v

2p2q2

«W •qW

q
JN8 ~aW 0•qW !J̃ 201

a ~v,q!, ~17!

whereJN8 (aW 0•qW ) is the first derivative of the Bessel functio
with respect to its argument. It satisfies the well-known re
tion

JN8 ~aW 0•qW !5
1

2
@JN21~aW 0•qW !2JN11~aW 0•qW !#. ~18!

Within the framework of the above approximation,
which the first-order radiative correction to the 2s state is
taken into account only, the DCS for a process in whichN
photons are exchanged between the colliding system a
linearly polarized laser field is given by

dsN

dV
5

kf

ki
U f el

B1~q!JN~aW 0•qW !

22a0v
«W •qW

q3
JN8 ~aW 0•qW !J̃ 201

a ~v,q!U2

. ~19!

Taking the low-frequency limit ofJ̃ 201
a (v,q), we can

show that the expression for the DCS in Eq.~19! takes the
form

dsN

dV
.

kf

ki
U f el

B1~q!JN~aW 0•qW !

224
10261q2124q4115q6

~q211!6
E 0

«W •qW

q2
JN8 ~aW 0•qW !U2

~20!

and it is worthwhile to compare this expression with E
~2.31a! in the work of Byronet al. @30# and Eq.~1! in the
paper of Zon@9#, evaluated for the 1s state. Moreover, for
small scattering angles, and hence, forq!1, the factor in
front of E0 in Eq. ~20! can be approximated by the numeric
value 240 a.u..2a2s , wherea2s is the static polarizability
of the 2s state. Its value is much larger than the polarizabil
of the ground state,a1s54.5 a.u.. In general, we learn from
the tables of Radzig and Smirnov@29# that the dipole polar-
izability of the subshellnl of the hydrogen atom is given b

anl5n61
7

4
n4~ l 21 l 12!. ~21!

We therefore expect stronger dressing effects for exc
states, and consequently, an increased probability for t
experimental verification.

For weak laser fields at any scattering angle and for m
erate laser intensities at small scattering angles, i.e., wh
ever the arguments of the Bessel functions are small,
1-3
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following DCS expression can be derived from Eq.~19! for
the absorption of one photon (N51):

ds1

dV
.

~aW 0•qW !2

4

kf

ki
U f el

B122
v

q3
J̃ 201

a ~v,q!U2

~22!

and a similar expression can be found forN521, describing
one-photon emission in the perturbative regime.

B. Scattering by hydrogen in the 2p states

The elastic scattering of electrons by laser-dressed hy
gen atoms in the 2p states can be treated in a similar mann
Here, the form-factor matrix element^c2pmuF(qW )uc2pm&, ap-
pearing inTN

(0) , can be evaluated from the formula

^c2pmuexp~ iqW •rW !uc2pm&52
1

~q211!4 H ~q221!

24Ap

5
q2~3m222!Y20~ q̂!J .

~23!

On the other hand, the matrix elementTN
(1) of Eq. ~12! reads

after the angular integration was performed

TN
(1)5

a0v

2p2q2

«W •qW

q
JN8 ~aW 0•qW !F J̃ 210

c ~v,q!dm0

1
1

5
~42m2!J̃ 212

c ~v,q!G . ~24!

We want to have the analytic expression in the above
mula as simple as possible for all future calculations.
therefore consider«W to define the quantization axes. For th
case, the explicit analytic expressions for the two new ra
integrals appearing in Eqs.~23,24! are presented in Appendi
B.

In order to be able to trace the relationship between
laser-induced dressing effects and the static atomic pola
ability of the 2p state, we evaluatedJ̃ 21l 8

c , defined in Eqs.
~B1! of Appendix B, in the low frequency limit. This leads t
the expressions

J̃ 210
c ~v,q!.4qv

2257q2124q413q6

~q211!6
, ~25!

J̃ 212
c ~v,q!.4qv

65230q2215q4

~q211!6
. ~26!

If we moreover takeq!1 a.u., then we find

J̃ 210
c ~v,q!.8qv and J̃ 212

c ~v,q!.260qv. ~27!
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Consequently, we obtain after summation over the magn
quantum numberm the following expression for the matrix
element Eq.~9! in the low-frequency limit and for smal
momentum transfer:

TN.
3

~2p!2 H 2

q2 F q221

~q211!4
11GJN~aW 0•qW !

22a2pE0

«W •qW

q2
JN8 ~aW 0•qW !J . ~28!

This is the transition matrix element of laser-assisted ela
electron scattering by hydrogen in its 2p states at low-photon
energiesv and small values of the momentum transferqW .
a2p denotes the static polarizability of the 2p subshell. Its
value, a2p5176 a.u., evaluatet from Eq.~21!, exceeds by
almost 50% the value ofa2s for the 2s state.

C. Scattering by hydrogen in the 3s state

We shall also devote some attention to the study of thes
states since, according to the general expression Eq.~21!, its
static polarizability is even higher (a3s51012.5 a.u.) than
those of the first two excited subshells, discussed before.
formalism, presented in the previous section A for thes
state, can be extended to lead in the present case to the
lowing DCS formula:

dsN

dV
5

kf

ki
U f el

B1~q!JN~aW 0•qW !

22a0v
«W •qW

q3
JN8 ~aW 0•qW !J̃ 301

a ~v,q!U2

. ~29!

The evaluation of the field free-scattering amplitudef el
B1 in

the first-order Born approximation yields, in the present ca

f el
B1[2~2p!2^c3suF~qW !uc3s&52

2

q2
@I30~q!21#,

~30!

where the relevant expression for the radial integralI30(q)
can be derived from the general formula Eq.~A13!, whereas
the appropriate structure of the termJ̃ 301

a (v,q) in Eq. ~29!
can be inferred from Eq.~A9! of Appendix A.

The straightforward generalization of the above form
ism to free-free transitions by hydrogen in anyns state is
possible, if we use the relevant expressions forf el

B1 , In0(q),

andJ̃ n01
a (v,q). The general form of the two radial integra

In0(q) andJ̃ n01
a (v,q) have been explicitly written down in

Appendix A.

III. NUMERICAL RESULTS AND DISCUSSION

In our presentation of numerical examples, we shall fi
concentrate on the study of free-free transitions by a hyd
gen atom in its metastable 2s state. Since this state has
sufficiently long lifetime, the presented effects should be
1-4
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FIG. 1. Shows the DCS data, normalized wi

respect to the field intensity and with«W uukW i , for
scattering by hydrogen and for the parameter v
uesN51, Ei5100 eV, v51.17 eV. In the left
panel, hydrogen is in its 2s state and for compari-
son, in the right panel are the corresponding d
for the 1s state. The increase of the dressing e
fects below the kinematical minimum atu56° is
remarkably large. Actually, the electronic as we
as the atomic effects are increasing by going
the metastable excited state.
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cessible to observation. We consider the scattering of e
trons of initial kinetic energyEi5100 eV, for the kinematic
geometry in which the initial momentumkW i of the electron
points parallel to the vector«W of linear polarization. The
common direction of these vectors will define thez axis. All
calculations presented below were made for moderate l
field intensities such thatI<3.531010 Wcm22.

We shall first demonstrate that at small scattering ang
where the dressing effects are important, the laser-ass
scattering signals are significantly stronger for hydrogen
the 2s state in comparison with the data for the 1s state. This
finding is intuitively understandable, if we remember o
previous remark, using Eq.~21!, about the relationship be
tween the dressing effects and the static polarizabilities
the hydrogenic states, namelya2s5120 a.u. anda1s54.5
a.u.

In Fig. 1, we plotted the DCS~normalized with respect to
the laser intensity! for one-photon absorption (N51). We
used the frequencyv51.17 eV of a Nd:YAG laser and we
present the free-free transition data for the 2s state in panel
~a! and for the 1s state in panel~b!. Full lines are used to
show the DCS, evaluated by including the dressing of
target and dotted lines refer to the corresponding data
tained from the Bunkin-Fedorov low-frequency approxim
tion Eq. ~10!. The dash-dotted curves are used to present
dressing contributions of (2p)4(kf /ki)uT1

(1)u2 to the DCS
only. We immediately see that at small scattering angles,
laser-assisted signals are by roughly three orders of ma
tude stronger for the 2s than for the 1s state. We also note
that in this scattering geometry, all curves shown hav
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minimum at u5arccos(ki /kf). In laser-assisted elasti
electron-atom scattering, this angle does not depend on
particular state of the atomic target but only on the energy
the scattered electron and on the laser frequency. There
it has the same value in panels~a! and ~b! at approximately
u56°. Moreover, the DCS have another minimum caus
by the interference between the electronic and the ato
contributions. This minimum, however, depends on the tar
state considered. We shall present some further cons
ations on these interference minima in a paragraph fur
below.

In Fig. 2, we show the DCS for a different frequenc
namely,v52 eV of a He:Ne laser. Some of the commen
made about the data of the foregoing Fig. 1 remain also
in the present case. Again, the laser-assisted signals are
nificantly stronger for hydrogen in the 2s state if compared
with the data for the 1s state, namely almost four orders o
magnitude in the forward direction. Similarly, the kinema
cal minimum has the same position for the 2s and the 1s
states. Here, however, it is located atu58°, which is differ-
ent from the value in Fig. 1. Moreover, we stress the differ
character of the interferences between the electronic
atomic contributions for the excited state and for the grou
state, respectively. These interferences are constructive
the 2s state, but they are destructive for the 1s state.

For a better understanding of this changing behavior,
present in Fig. 3, the frequency dependence of the DCS
full line, as well as the separate frequency behavior of
electronic~dotted line! and of the atomic~chain line! term,
respectively. We used the same geometry and the same in
a-
er

e
of
FIG. 2. Presents similar data for the same p
rameters as in Fig. 1, except for the higher las
frequencyv52 eV. The kinematical minimum
is now at u58° and the dressing effects hav
increased further, if compared with the results
Fig. 1, for the 1s, as well as for the 2s state.
1-5
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FIG. 3. Discusses for the same configurati
as before the frequency dependence of the D
for N51 at the fixed scattering angleu55°, if
the hydrogen target is in the 2s state. While the
data, evaluated from the electronic term~as a dot-
ted line!, show a rather smooth behavior, the r
sults of the atomic contribution~as a dash-dotted
line! are passing through various resonances w
increasing frequency, yielding constructive an
destructive interferences with the electronic ter
For v→0, target dressing becomes a negligib
effect.
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energy of the scattered electron as in the previous two
ures. The scattering angle was chosen to beu55°. We im-
mediately recognize that the chosen laser frequencyv
52 eV is close to the atomic resonance 2s23p. Hence,
whenever a crossing of an atomic resonance takes place
atomic term will change its sign, and thus, the characte
the interferences will change, as can be seen at the po
denoted byc and byd, respectively. The data of this figur
also indicate that laser dressing of the atomic states beco
negligible for small radiation frequencies.

It is quite useful to discuss under what circumstances
can safely use the closure approximation or, alternatively,
low-frequency approximation to describe the laser dress
of the target atom. For that purpose we plotted in Fig. 4
atomic contribution, given by (2p)4(kf /ki)uT1

(1)u2, to the
DCS.T1

(1) was evaluated from Eq.~12! for small arguments
of the Bessel functions using for comparison of the data:~i!
the explicit first-order dressing calculation, adopted h
~shown as the dash-dotted line!, ~ii ! the low-frequency limit
of this calculation~dashed line!, or ~iii ! the corresponding
closure approximation~dotted line!. We conclude from these
respective data that the two latter approximations work q
well at very small scattering angles and for laser frequen
that are sufficiently far away from any resonances, as we
quite clearly see by considering the data in the left panel
v51.17 eV. At larger scattering angles, however, the c
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sure approximation is no longer a useful approximatio
since it is unable to describe the known decrease of
dressing effects. An improvement of the closure approxim
tion, suggested by Milosˇević et al. @31#, consists in replacing
the static polarizabilityas by the so-called dynamic polariz

ability ad(qW )52/Ē(11q2/4)3 where Ē.4/9 a.u.. But,
whenever the laser frequencyv matches an atomic reso
nance, neither the low-frequency limit is useful nor the c
sure approximation can be appropriately applied. This sit
tion is demonstrated forv52 eV by the data shown in the
right panel of Fig. 4. Here, neither of the two approximatio
can describe the dressing effects fairly well.

In the following, we shall compare the numerical da
obtained from our present theoretical anlysis with those
sults that were evaluated by means of another approac
the investigation of the same problem, using different me
ods.

We begin by showing in Fig. 5, using full lines, the DC
for a different initial electron energy ofEi5500 eV and for
a different scattering geometry where the unit vector of la
polarization«W is taken parallel to the momentum transferqW
such that no kinematical minimum exists. For the data p
sented, we used four laser frequencies, namely,v52.33, 2,
1.165, and 0.825 eV. The quantum- interference between
electronic contribution~dotted line! and the atomic part
re-

re
FIG. 4. Shows a comparison between the
sults for the atomic contribution
(2p)4(kf /ki)uT1

(1)u2 evaluated by using~i! the
first-order dressing calculation, adopted he
~dash-dotted line!, ~ii ! the corresponding low-
frequency limit~dashed line!, or ~iii ! the closure
approximation~dotted line!. v51.17 eV in the
left panel andv52 eV in the right one. The
electron energy isEi5100 eV and the kinematic

choice is«W uukW i .
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FIG. 5. Discusses for hydrogen in the 2s state
and the higher electron energyEi5500 eV theu
dependence of the DCS with increasing laser f
quencies. Depending on the constructive or d
structive interferences of the electronic~dotted!
and atomic~dash-dotted! term, the final appear-
ance of dressing effects will be enhanced or su

pressed. In all panels we have«W uuqW .
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~dash-dotted line! is apparently destructive for the lower-tw
frequencies (v50.825 and 1.165 eV), leading to dee
minima atu.1° and 2°, respectively. The behavior of th
DCS for the other two frequencies is quite different. F
example, atv52 eV there is a constructive interferences
u53°. This is followed by a destructive interference leadi
to a minimum nearu55°. The change in the interferenc
character is the result of a change in the sign of the ato
contribution ~determined by the matrix elementT1

(1)), at u
.3.5°. The data for the DCS, shown in the panels of t
figure as a full line, are in quantitative agreement with tho
results presented by Vucˇić and Hewitt @23# in their Fig. 1.
These authors used the Born-Floquet theory to evaluate
DCS at the laser intensityI 51.3273109 Wcm22. Our
present comparison confirms that the method employed
the above authors and our approach are comparable in
results at moderate laser intensities, as long as our pertu
tive treatment includes the appropriate number of terms.

Next, we inspect the explicit expression forJ 201
a (t,q) in

Eq. ~A4! of Appendix A. Here, the radial integra
J 201

a (V1,q) has poles fort15n with n>3. These poles are
related to the resonances seen in our Fig. 3 and correspo
frequencies which match the 2s2np atomic transitions. We
conclude that our formalism permits to treat resonance
fects in laser-assisted electron-atom scattering that go
yond the two-level approximation of the atomic system a
does not require the use of the rotating-wave approximat
as considered by Purohitet al. @24#. Our formulation of the
problem is much more general, being suitable for the ap
cation of linearly, as well as circularly, polarized laser ligh

If we look at the radial probability distributions of hydro
gen for its lowest levels, presented in the book by Cond
and Shortley@33#, we immediately realize that the 2p and 3s
states should have even higher static polarizabilities than
1s and 2s states considered before. These polarizabilities
indeed be calculated from the general formula~21! to be
a2p5176 a.u. anda3s51012.5 a.u.. We therefore expe
that laser dressing in electron scattering by hydrogen in
2p and 3s states will be even more important. Althoug
these states rapidly decay by dipole transitions, we never
04340
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less thought it worthwhile to present the corresponding s
tering data for comparison with the foregoing findings. T
considered scattering geometry, initial electron energy,
laser intensity will be the same as in Figs. 1–4.

In Fig. 6, we show the DCS data forN51 in the panels
~a! and~b! for electron scattering by hydrogen in the 2p state
and in the panels~c! and~d! for scattering by hydrogen in the
3s state. In panel~a!, we took the laser frequencyv
51.17 eV and in panel~b! we chosev52 eV. The kine-
matical minimum is atu56° in the left panel and atu
58° in the right panel. The DCS, including the atomic las
dressing, are drawn as full lines, the Bunkin-Fedorov da
evaluated from the static atomic potential~6!, are presented
as dotted lines, and the purely atomic pa
(2p)4(kf /ki)uT1

(1)u2 is shown by dash-dotted lines. We re
ognize that below the kinematical minimum, the dress
effects have markedly increased, if compared with the dat
Figs. 1 and 2 for hydrogen in the 2s state forv51.17 and 2
eV, respectively. This is understandable since the static
larizability of the 2p state is larger by a factor 1.46 than th
polarizability of the 2s state. For considering scattering b
hydrogen in the 3s state, we tookv50.117 eV for the data
in the panel~c! andv51.17 eV for the results in the pane
~d!. As before, the full lines represent the DCS including t
laser dressing and the dotted lines represent the Bun
Fedorov approximation. We also plotted the atomic contrib
tion (2p)4(kf /ki)uT1

(1)u2 shown by a dash-dotted line, an
finally, the corresponding data in the closure approximat
by a dashed line. As expected, the DCS have increased s
a3s51012.5 a.u. is almost one order of magnitude larg
than a2s5120 a.u. In addition, the DCS forv50.117 eV
are still larger than those forv51.17 eV. This can be ex
plained by means of thel4-power law of the low-frequency
theorem of Brown and Goble@34#. Although the closure ap-
proximation might be considered fair for forward scatteri
at v50.117 eV, we find it interesting to note that it is qui
inadequate forv51.17 eV. We therefore call attention t
the fact that a statement concerning the validity of the c
sure approximation at low frequency should be critica
analyzed.
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FIG. 6. Presents the DCS for the same co
figuration and initial energyEi as in Figs. 1 and 2
but now for hydrogen in its 2p state in the panels
~a! and ~b!, where we tookv51.17 eV in the
left panel andv52 eV in the right one. More-
over, panels~c! and~d! show finally the DCS for
hydrogen in its 3s state. The laser frequency i
v50.117 eV in the left panel andv51.17 eV
in the right one. The full line represents the DC
including laser dressing of the atom and the d
ted line refers to the Bunkin-Fedorov approxim
tion. We also plotted the atomic contributio
(2p)4(kf /ki)uT1

(1)u2 shown by a dash-dotted line
and its results in the closure approximation, re
resented by a dashed line.
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IV. SUMMARY AND CONCLUSIONS

In the present paper we investigated the scattering of
electrons by hydrogen atoms in a laser field. It was assu
that during the scattering, the hydrogen atoms are not in t
ground state but in one of the low-lying excited states.
included the laser dressing of these excited states by u
TDPT in lowest order of the laser field strength and we
scribed the scattered electron, embedded in the laser field
the well-known Gordon-Volkov solution. Since we cho
sufficiently high-electron energies, we were permitted
treat the scattering process within the frame work of the fi
order Born approximation. For describing the laser-dres
excited atomic states we used a formalism, developed in
lier works @27,28#. This formalism can be used to describe
first-order TDPT the laser dressing of an arbitrary hyd
genic state and the corresponding radial integrals relate
free-free transitions are presented in the two appendices.
calculations show that also for the discussion of free-f
transitions by excited states of the laser-dressed hydro
atom, the closure approximation is a reasonable approxi
tion below the kinematical minimum of the cross sections
u5arccos(ki /kf) and this approximation improves with de
creasing laser frequency. On the other hand, the dres
effects increase with increasing excitation of the atomic s
tem that is reflected by the increasing static polarizabilityas
of these states. Moreover, for scattering angles beyond
kinematical minimum, the details of the atomic structu
will, in general, become apparent in the scattering d
evaluated by including all the details of the atomic and el
tronic contributions. We have compared our results for sc
tering by the metastable 2s state of hydrogen with simila
calculations performed with Floquet methods and we fou
excellent agreement, showing the accuracy and efficienc
our method for moderate laser field intensities where TD
is a reliable procedure to treat the laser dressing of
atomic states.

ACKNOWLEDGMENTS

This work was supported by a special research project
2000/1 of the Austrian Ministry of Education, Science a
04340
st
ed
ir

e
ng
-
by

o
t-
d
r-

-
to
ur
e
en
a-
t

ng
-

he

a
-
t-

d
of
T
e

r

Culture. We also acknowledge financial support by the U
versity of Innsbruck under Reference No. 17011/68-00.

APPENDIX A

An analytic expression forJ̃ 201
a can be obtained by using

the relation

J̃ 201
a ~v,q!5J 201

a ~V1,q!2J 201
a ~V2,q!, ~A1!

where the radial integralJ 201
a (V6,q) is defined by

J 201
a ~V6,q!5E

0

`

drr 2R20~r ! j 1~qr !B201~V6;r !,

~A2!

with B201(V
6;r ) being presented in@28# by Eq. ~33!. J 201

a

only depends on the photon frequency and on the magni
of qW . The dependence on the frequencyv is determined
through the parameterst6, which are related to the param
etersV6 defined in Eq.~3! by

t651/A22V6. ~A3!

Our result forJ 201
a is shown below, expressed as a combin

tion of nine Appell functions of two variables

J 201
a ~t,q!52

t

25q2 S 4

21t D 31t

3ReH 4x2
2@ iS1

a1~2q2 i !xS2
a23qx2S3

a#

1
~21t!2

32t
x2

2@ iS1
b1~2q2 i !xS2

b23qx2S3
b#

2
8

32t
x2

3F iS1
c1

3

2
~2q2 i !xS2

c26qx2S3
cG J .

~A4!
1-8



pa
re

sed

-

c-

ELASTIC ELECTRON SCATTERING BY EXCITED . . . PHYSICAL REVIEW A64 043401
Sj
a , Sj

b , andSj
c stand for

Sj
a5F1~22t,222t,11 j ,32t,j2 ,z2!,

Sj
b5F1~32t,212t,11 j ,42t,j2 ,z2!,

Sj
c5F1~32t,222t,21 j ,42t,j2 ,z2!, ~A5!

and we quote @32# for the definition of the function
F1(a,b,b8,c;x,y). The foregoing Eq.~A4! is written down
for frequencies below the ionization threshold, where the
rameterst6 are real. The following additional notations a
used

x25
2t

t1222iqt
, ~A6!

j25
22t

4
, z25

22t

t1222iqt
. ~A7!

In the more general case, the radial integral reads

J n01
a ~t6,q!5E

0

`

drr 2Rn0~r ! j 1~qr !Bn01~V6;r ! ~A8!

and appears in free-free transitions by hydrogen in anyns
state. This leads withV65En6v to

J n01
a ~t,q!52

1

q

23t

3~22t!

1

n2~n2t!2 S 2n

n1t D tS n2t

n1t D n

3ReH (
p50

1
~11p!!

p! ~12p!! S i

2qD p

3 (
k521,1

dn,0
1,2kS n1t

n2t D k

(
m50

n21
~12n!m

m! ~2!m
S 2

nD m

3 (
m,n50

`
1

m! F2~n1t!2

2n~n2t! Gm
1

n! ~4!n
S 4

n2t D n

3~22p1m1n!!xn
32p1m1n~21k2n!m1n

3
~22t!m1n

~32t!m1n
F1~a,2n2t111k1m,32p1m

1n,a11,jn ,zn!J . ~A9!

The two variables of the Appell functions are then

jn5
n2t

2n
, zn5

n2t

n1t2 iqnt
, ~A10!
04340
-

and dn,0
1,2k is defined by Eq.~22! in @28#. (n)m denotes the

Pochhammer’s symbol and the following notations are u
in addition:

xn5
nt

n1t2 iqnt
, a522t1m1n. ~A11!

The evaluation of the form-factor Eq.~11! requires the
evaluation of the radial integral

In0~t,q!5E
0

`

drr 2Rn0~r ! j 0~qr !Rn0~r !, ~A12!

and this is given by

In0~t,q!5
1

nq
ImF n2

~22 iqn!2
F2S 2,12n,12n,2,2,

n

22 iqn
,

n

22 iqnD G
54

~21!n21

n3q3
F1S 12n,12n,2,2

4

q2n2D
3ImS qn

22 iqnD 2n

. ~A13!

APPENDIX B

In analogy to the case of the 2s state, the analytic expres
sions of the two radial integrals that appear in Eq.~24! for
the 2p state are obtained by means of the relation

J̃ 21l 8
c

~v,q!5J 21l 8
c

~V1,q!2J 21l 8
c

~V2,q!, ~B1!

where we have defined

J 21l 8
c

~V,q!5E
0

`

drr 2R21~r ! j 1~qr !B 21l 8~V;r !, ~B2!

with l 85 l 61. The functionsB212(V;r ) and B210(V;r ) are
presented in Eqs.~34,35! of @28#. In particular,J 212

c (V,q)
can be written down as a combination of two Appell fun
tions, namely,
1-9
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J 212
c ~t,q!52

t

8q~32t! S 4

21t D 31t

3ReFx2
4S 4x2S3

c1
i

q
S2

cD G , ~B3!

while J 210
c (V,q) is a combination of 10 Appell functions

viz.,

J 210
c ~t,q!52

t

283q
S 4

21t D 31t

ReH (
p50

1
~11p!!

p! ~12p!! S i

2qD p

3x2
32pF224x2~32p!!S32p

a

2
6~21t!2

32t
x2~32p!!S32p

b

04340
1
16

32t
x2

2~42p!!S42p
c 2

48t

12t
x2~22p!!S22p

d

1
3t~21t!2

32t
~22p!!S22p

e G J . ~B4!

With reference to Eq.~A5!, two additional notations were
introduced here, namely,

Sj
d5F1~12t,222t,11 j ,22t,j2 ,z2!, ~B5!

Sj
e5F1~32t,2t,11 j ,42t,j2 ,z2!. ~B6!
.
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