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Convergent series representation for the generalized oscillator strength of electron-impact
ionization and an improved binary-encounter-dipole model
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~Received 29 September 2000; revised manuscript received 24 April 2001; published 18 September 2001!

The use of the Bethe cross section in the binary-encounter-dipole~BED! model for electron-impact ioniza-
tion is studied. While the dipole contribution in the Born approximation accounts for the longest-range inter-
action in electron-neutral atom/molecule inelastic collisions at any incident energy, the Bethe formula is
applicable only at high energies. To derive a suitable representation of the Born cross section for dipole-
allowed transitions, a convergent series representation for the generalized oscillator strength~GOS! of electron-
impact ionization is studied. It is shown that by transforming to a new variable determined by the location of
the singularities of the GOS on the complex plane of momentum transferK, a series representation for the GOS
is obtained that is convergent at all physically attainable values ofK. An approximate representation of the
GOS that truncates the series representation to the first three terms is also given. The approximate GOS
describes the interaction of the electron with a shielded dipole potential and satisfies both Lassettre’s limit
theorem atK50 and the asymptotic behavior at largeK derived by Rau and Fano@A. R. P. Rau and U. Fano,
Phys. Rev.162, 68 ~1967!#. The dipole-Born cross section so obtained is applicable at all incident energies and
goes to the Bethe cross section at the high-energy limit. It provides a more suitable representation of the dipole
contribution in the BED model than the Bethe cross section and is valid over the entire energy range. A similar
analysis of the optical-oscillator strength~OOS! as a function of the complex momentum for the ejected
electronkp , plus the requirement that the OOS satisfies both the low- and high-kp limits produces an analo-
gous series representation for the OOS. An approximate one-term representation of the OOS is also developed
that can be used in modeling calculations. Numerical examples of total ionization cross sections of N2 , H2O,
CO2 , CH4, and CF4 using the new analytical representation are presented to illustrate the applicability of the
improved BED model.

DOI: 10.1103/PhysRevA.64.042719 PACS number~s!: 34.80.Gs, 52.20.Fs
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I. INTRODUCTION

Electron-impact ionization of atoms and molecules is
fundamental process in a plasma. While a large experime
database for electron-impact ionization cross sections
available, in a number of cases significant discrepancies
remain. Furthermore, measurements of reactive species
as radicals are known to be difficult. Theoretically,ab initio
calculation of electron-impact ionization cross sections
atoms is a challenging problem and is actively being purs
@1–4#. In the case of molecules, only Born calculations w
a simple function describing the ejected electron have b
attempted so far. Thus physically based models are curre
the only means to determine the electron-impact ioniza
cross section of large, complex molecules.

The binary-encounter-dipole~BED! model for electron-
impact ionization of Kim and Rudd@5# combines a modified
form of the Mott cross section and the Bethe-dipole cr
section. In the BED model, the incident-electron energyT
appearing in the denominator of the Bethe cross sectio
replaced byT1U1ao

2/2, with U being the kinetic energy o
the bound electron andao

2/2 its binding energy. Kim and
Rudd also introduced a simplified version of the BED mod
called the binary-encounter-Bethe~BEB! model in which a
simple expression for the optical-oscillator strength, ba
on the results from H, He, and H2, is employed in the ex-
pression of the Bethe cross section. Both the BED and B
models depend only on quantities either determined us
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target and ion wave functions or from experiment. Calcu
tions based on either model are generally in good agreem
with experiment at incident energies from threshold to s
eral keV. For many cases the deviation from experimen
within 5–15 % at the peak, with the BED model performin
somewhat better than the BEB model@6–10#. More recently,
Khare et al. @11,12# introduced their version of the binary
encounter-dipole model. Again the Bethe cross section
used to describe long-range dipole collisions.

While the BED/BEB model has met much success, p
zling aspects of the model exist. The Bethe cross section
high-energy approximation. However, the BED and BE
models have been applied successfully at energies clos
the first ionization threshold. Furthermore, analysis of
calculated cross sections shows that the contribution of
Bethe term at low energies is nontrivial, as much as 30–5
of the total cross section. Does the success of the BED/B
model arise from the empirical replacement of 1/T by 1/(T
1U1ao

2/2) in the Bethe cross section? If so, what is t
theoretical basis for doing so? Another puzzling aspect is
manner in which BED/BEB cross sections vary with im
proved molecular parameters. In a BEB calculation of p
fluorocarbons@9#, BEB cross sections for CF4 agree best
with experiment when RHF parameters are used. But
C2F6 and C3F8, parameters from complete-active-space se
consistent-field~CASSCF! calculations give the best result
There is no obvious explanation to account for such irregu
behavior. In order to put the BED/BEB model on
©2001 The American Physical Society19-1
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sound theoretical footing, it is important to investigate th
further.

Theoretically, the most questionable aspect of the BE
BEB model lies in the use of the Bethe cross section at
incident-electron energies. The role of the dipole interact
~or transition-dipole interaction for inelastic collisions! in the
Born series has been studied previously by Huo@13#. By
analyzing the Fourier transform of the collision amplitud
including both Born and non-Born contributions, it was de
onstrated that the long-range dipole-interaction poten
1/r 2, coming from the Born term, is the longest-range pot
tial in electron-neutral atom/molecule inelastic collisions. A
non-Born contributions are of shorter range. It was also
gued that the long-range dipole potential in the Born te
must be shielded as the incident electron moves into
molecular-charge cloud@14#. These results hold independe
of the incident-electron energy. It can therefore be arg
that, in order to account for dipole interactions over a w
energy range, the Born cross section, instead of the B
cross section, is a more appropriate form to use.

To derive a simple, analytical representation of the Bo
cross section, we study the generalized oscillator stren
~GOS! for electron-impact ionization. GOS is frequently em
ployed in the study of high-energy electron collisions@15#.
However, certain properties of the GOS are actually ap
cable to low-energy collisions as well. One example is L
settre’s limit theorem@16,17# which states that at the limit o
zero-momentum transfer,K50, the GOS is equal to the
optical-oscillator strength. This result holds for any atoms
molecule regardless of whether the Born approximation
applicable. While zero-momentum transfer for inelastic c
lisions is a mathematical limit reachable only by extrapo
tion from the measured GOS, the limit theorem shows t
extrapolation can be done using low as well as high-ene
data.

For inelastic collisions involving bound-bound transition
Lassettre also investigated a convergent series represen
of the GOS@18#. An expansion of the GOS in a power seri
of K generally leads to a series with finite radius of conv
gence. However, by introducing a new expansion variabt
5K2/(K21a2), based on the location of the singularities
the GOS as a function of complexK, Lassettre showed that
is possible to transform the GOS representation to a n
series that converges for all physically attainable values oK.
Here K56 ia is the position of the singularities for th
GOS, anda25a1

21a2
2, with a i

2522Ei andEi the binding
energy of the electron being excited.

In applying Lassettre’s series to deduce the limit of GO
at K50, Huo @19# showed that at the limit of zeroK the
derivative of the GOS with respect toK does not vanish and
the derivative with respect toK2 becomes infinite at all finite
incident energies, both resulting from the non-Born contrib
tions. Thus it is necessary to include odd-power terms inK in
a series expansion of the GOS to deduce its limit atK50.
Recently Felfliet al. @20# introduced a new generalized La
settre expansion that employed a Reggie Pole represent
for the non-Born term and demonstrated reliable extrap
tion to the OOS limit even at low incident-electron energi

While Lassettre’s series is often useful in fitting expe
04271
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mental and theoretical data for bound-bound transitions
similar analysis for electron-impact ionization has not be
carried out. Thus the study of ionization GOS does not h
the benefit of the convergent series expansion available
bound-bound transitions. To derive a simple, analytical r
resentation of the Born cross section for ionization, we e
ploy Lassettre’s approach and analyze the singularities of
GOS as a function of complexK. A convergent series repre
sentation of the GOS for electron-impact ionization is d
rived by transforming to a new variable that accounts for
singularities. The resulting series bears a strong resembl
to Lassettre’s result for bound-bound transitions except
the momentum of the ejected electron is involved. By reta
ing the first term in this series, and requiring this repres
tation to satisfy both the Lassettre’s limit theorem asK→0
and the correct asymptotic behavior at largeK derived by
Rau and Fano@21#, we obtain a simple analytic form for th
GOS for dipole-allowed ionization. A three-term represen
tion of the GOS is also proposed. Both are suitable for m
eling purposes. The latter, however, provides a better
scription of the shielding of the dipole potential.

Alternatively, numerical calculations of the Born cro
section for electron-impact ionization of atoms and m
ecules can be used directly in the BED model. Unles
Coulomb wave function is used for the ejected electr
these calculations are quite involved, particularly so wh
the result must be integrated over the momentum transfe
the incoming electron and the energy of the ejected elect
We consider the present approach, employing a simple
resentation of the Born cross section with parameters obt
able by bound-state quantum-chemistry calculations of
target and ions or tabulated thermochemistry data, to be m
efficient. In this sense, the present approach retains muc
the utility of the original BED/BEB model and requires
relatively small amount of computing effort.

An analogous complex analysis for the optical-oscilla
strength~OOS! for dipole-allowed ionization has also bee
carried out. Based on its singularities on the complex m
mentum plane for the ejected electron, and the limiting
havior of the OOS at large and small ejected-electron m
mentumkp , we arrive at a series representation of the OO
An approximate one-term expression is also developed
modeling purposes. This expression is different from wha
used by Kim and Rudd@5# in their BEB approximation.

By combining the dipole-Born cross section and the sy
metrized Mott cross section, with the incident-electron e
ergy modified using the binary-encounter model, we obt
an improved BED~iBED! model. Further simplification by
employing the one-term representation of the OOS gives
simplified version of the iBED~siBED! model. Numerical
calculations of N2 , H2O, CO2, CH4, and CF4 using iBED/
siBED demonstrate the applicability of these models.

Theoretical developments are presented in Sec. II and
merical examples in Sec. III. Sec. IV summarizes our resu

II. THEORETICAL DEVELOPMENT

The generalized oscillator strengthf po for electron-impact
ionization of an atom or molecule from the initial stateo to
9-2
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CONVERGENT SERIES REPRESENTATION FOR THE . . . PHYSICAL REVIEW A 64 042719
the final state with the ion at statep and the ejected electro
with energyEp and momentumkp is defined by

f po~K,Ep!5
1

2
WpoK

2
ko

kf

d2s

dEpdV
, ~2.1!

whered2s/dEpdV is the differential cross section,ko andkf
the momenta of the incident and scattered electron,K the
momentum transfer, andWpo the excitation energy. For ion
ization Wpo is the energy difference between the initial ne
tral state and thepth ion state plus the ejected-electron e
ergy. In the Born approximationf po is given by

f po~K,Ep!5
2Wpo

K2 u«po~K,Ep!u2. ~2.2!

The form factor«po is given by

«po~K,Ep!5K Cp~t1•••tn ,R!U
3(

i 51

n

eiK•r iUCo~t1•••tn ,R!L . ~2.3!

Here t i is the i th electron coordinate including spin andR
the totalilty of the nuclear coordinates. The final-state wa
functionCp(t1•••tn ,R) is approximated by an antisymme
trized product of the ion wave functionFp(t2•••tn ,R) and
the continuum wave function for the ejected electr
wp(t1 ,R) ~See discussions near the end of Sec. II A for
removal of this approximation!. Due to the large difference
between the electronic and nuclear mass, the ionization o
electron is significantly faster than the relaxation of t
nuclear configuration and the sudden approximation can
employed. In that case«po is rewritten as

«po~K,Ep!5K Cp~t1•••tn ,Ro!U
3(

i 51

n

eiK•r iUCo~t1 . . . tn ,Ro!L
3^zp~R!uzo~R!&, ~2.4!

whereRo is the equilibrium geometry of the initial state an
z the nuclear wave function. It should be pointed out that
results presented below do not depend on the validity of
sudden approximation. However, in the sudden approxi
tion «po is expressed in terms of a product of electronic a
nuclear matrix elements and the derivation is more trans
ent. In the following, we shall omit writing out the nuclea
overlap term and the nuclear geometryRo .

In Sec. II A the location of the singularities for the GO
are derived with the assumption that the initial- and fin
state electronic wave functions are one-electron orthogo
@22# to each other at any nuclear configuration. The assu
tion of one-electron orthogonality further simplifies the e
pression for«po to
04271
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«po~K,Ep!5^wp~r !ueiK•ruwo~r !&. ~2.5!

Again the assumption of one-electron orthogonality is n
essential to our results but makes the presentation sim
The relaxation of the sudden approximation, one-electron
thogonality, and the simple product form of the final-sta
wave function will be discussed in Sec. II A.

The present study considers only the Born contribution
the GOS. Our analysis determines the primary singulari
in the GOS and is sufficient for the derivation of a conve
gent series representation of the Born cross section, on
the goals of this paper. Additional singularities in the GO
may arise from the non-Born contributions but they will n
be considered here.

A. Singularities of the GOS on the complexK plane

The rationale for deriving a series representation of
GOS based on its singularities comes from Liouville’s the
rem, which states that a functionf (z) that is analytic for all
values ofz and bounded asuzu→` must be a constant. Thu
it follows that we can determine the GOS to an additi
constant if all its singularities are known. The present ana
sis is an extension of Lassettre’s work on the GOS
bound-bound transitions.

The wave functionswo(r ) and wp(r ) are expanded in
terms of spherical harmonics,

w i~r !5(
l imi

r 21Ril i ,mi
~r !Yl imi

~ r̂ !, ~2.6!

with the subscripti representing eithero or p. After a similar
spherical-harmonics expansion foreiK•r and integrations
over the angular variables,«po can be written as

«po~K,Ep!5 (
lomo

(
lpmp

(
lm

a

3E
o

`

Rplpmp
* ~r ! j l~Kr !Rolomo

~r !dr. ~2.7!

Here the summations overl,m,lo ,mo ,lp , andmp cover the
allowed values ofl ,m,l o ,mo ,l p , andmp after angular inte-
grations. The constanta5a(lomolpmplm) comes from the
angular integration. The radial integral is separated into t
regions: the first,« ( i ), is inside a sphere with a large radiusC,
and the second,« (e), outside this sphere. By expanding th
Bessel functionj l(Kr ) in an ascending series ofKr , it is
seen immediately that for any finite value ofK, « ( i ) is regu-
lar. Thus any singularity of« must come from the exterio
integral« (e) that is given by

« (e)5 (
lomo

(
lpmp

(
lm

aE
C

`

Rplpmp
* ~r !

3
sin~Kr 2lp/2!

Kr
Rolomo

~r !dr. ~2.8!

Since sin(Kr2lp/2)/Kr is an analytic function of bothK
and r nearK50, « (e) has no singularities atK50.
9-3
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WINIFRED M. HUO PHYSICAL REVIEW A 64 042719
If the radius of the sphereC is chosen to be so large tha
exchange and correlation effects are unimportant outside
asymptotic form ofRolomo

(r ) satisfies the differential equa
tion,

d2

dr2
Rolomo

~r !1F2Eo1
2

r
2

lo~lo11!

r 2 GRolomo
~r !50,

r>C ~2.9!

where Eo is the binding energy of the electron. Thus t
leading term ofRolomo

in the asymptotic expansion at larger

has the form,

lim
r>C

Rolomo
~r !'bor 1/aoe2aor , ~2.10!

with ao5A22Eo andbo a normalization constant.
Asymptotically, the ejected electron behaves like a C

lomb wave,

lim
r>C

Rplpmp
~r !5b1~kpr !2 igexp@ i ~kpr 2lpp/21hp!#

1b2 ~kpr ! igexp@2 i ~kpr 2lpp/21hp!#,

~2.11!

with hp5argG(lp111 ig) andg521/kp .
Using Eqs.~2.10! and ~2.11!, « (e) can be rewritten as

K« (e)5a1E
C

`

r 1/ao2 ig21exp$@ i ~K1kp!2ao#r %dr

1a2E
C

`

r 1/ao1 ig21exp$@ i ~K2kp!2ao#r %dr

1a3E
C

`

r 1/ao2 ig21exp$@2 i ~K2kp!2ao#r %dr

1a4E
C

`

r 1/ao1 ig21exp$@2 i ~K1kp!2ao#r %dr.

~2.12!

Let us consider the first integral in Eq.~2.12!,

I 15E
C

`

r be(z2ao)rdr, ~2.13!

with b51/ao2 ig21 and z5 i (K1kp). It can be readily
shown thatI 1 satisfies the following differential equation:

d2I 1

dz2 1S b12

z2ao
2CD dI1

dz
2

C~b11!

z2ao
I 150. ~2.14!

The differential equation~2.14! is linear and homogeneous
Hence the only singularities ofI 1 are located at the points fo
which the coefficients are singular. These points are az
04271
he

-

5ao and z5`. The singular point atz5ao is regular. To
determine if it is a branch cut off a pole, we use the follo
ing series expansion forI 1,

I 15~z2ao!s(
n50

`

jn~z2ao!n. ~2.15!

At z5ao , the only nonvanishing term isjo(z2ao)s. Sub-
stitute the expression ofI 1 to Eq. ~2.14!, we find

@s~s21!1s~b12!#~z2ao!s22

2C@s1~b11!#~z2ao!s2150. ~2.16!

The indicial equation for the (z2ao)s22 term is

s~s21!1~b12!s50. ~2.17!

For the (z2ao)s21 term it is

s1~b11!50. ~2.18!

The solution of Eq.~2.17! is s50 ands52(b11), and for
Eq. ~2.18! it is s52(b11). The solutions50 gives rise to
an analytic function ofI 1 and thus is of no interest. Th
solution s52(b11) identifies the singularity atz5ao to
be a branch point ifb is a noninteger or a pole of orderb
11 if b is an integer.

Similar analysis can be applied to the other three integ
in Eq. ~2.12!. Thus the form factor«po has singularities at
the following locations:

K56kp2 iao ,
~2.19!

K56kp1 iao .

In addition,«po may also be singular atK5`, but this value
of K is not physically reachable.

Based on Eq.~2.2! f po will have the same set of singu
larities as«po , i.e., the points listed in Eq.~2.19!. In addi-
tion, it may also be singular atK50 andK5`. However,
Lassettre’s limit theorem@16,17# states that,

lim
K→0

f po~K,Ep!→ f po
(o)~Ep!, ~2.20!

with f po
(o)(Ep) the optical-oscillator strength. Sincef po

(o)(Ep)
is a constant,f po(K,Ep) should also be regular atK50.
Otherwise Lassettre’s limit theorem will not hold. On th
other hand,f po(K,Ep), like epo , may be singular atK5`.
This singularity is not considered here becauseK5` is not
physically accessible.

It is important to point out that we have located the s
gularities for f po(K,Ep) based on the asymptotic forms o
the initial and final wave functions. Equations~2.10! and
~2.11! are accurate representations ofRolomo

and Rplpmp
at

r>C. No approximation has been assumed for the full-ran
wave functionwo or wp . In particular, since asymptotically
Rolomo

andRplpmp
can be represented by single-center wa

functions, their multicenter nature in the interior region do
not enter into the derivation of the singularities. Also, wh
9-4
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the Bethe cross section uses a Coulomb wave to repre
the ejected electron, we only require that the ejected-elec
wave function asymptotically behaves like a Coulomb wa

Similarly, the removal of the sudden approximation f
nuclear motion and the assumption of one-electron ortho
nality for initial and final wave functions will not invalidate
the present result. If the Born-Oppenheimer approximatio
used instead of the sudden approximation,«po is given by

«po~K,Ep!5E zp* ~R!K Cp~t1•••tn ,R!U
3(

i 51

n

eiK•r iUCo~t1•••tn ,R!L zo~R!dR,

~2.21!

instead of Eq.~2.4!. The ^ & in the integrand denotes an in
tegration over all electronic coordinates. The fact that
radial integral« (e) is now R dependent does not change t
nature of the singularity. However,ao and kp need to be
averaged over the nuclear wave functions. This leads to
use of the electron-binding energyEo for a particular rovi-
brational level of the initial state and the ejected-elect
energyEp associated with a particular rovibrational level
the ion.

The relaxation of the one-electron orthogonality also w
not change the major conclusions. If the initial and fin
states are not one-electron orthogonal, the expression for«po
will include overlap integrals and possible additional sing
larities coming from the non-orthogonal orbitals. Neverth
less, the singularities identified in Eq.~2.19! are still the
primary singular points~or branch cuts!.

The removal of the approximation that the final-sta
wave function be represented by an antisymmetrized pro
of the ion wave function and ejected-electron wave funct
also will not alter the results on the singularities. A mo
accurate representation of the final-state wave function is
tained by a linear combination of such products. The ad
tional terms, which describe the correlation between
ejected electron and the bound electrons of the ion, go
zero asymptotically asr→`. Thus we can choose the radiu
C that partitions the inner and outer integrals,« ( i ) and« (e), to
be so large that atC those terms become negligible compar
to the term associated with the outgoing Coulomb wa
Thus we conclude that the same set of singularities will
sult using a more sophisticated final-state wave function

For bound-bound transitions, Lassettre@18# derived the
following singularities for the GOS:

K56 i ~ao1ab!. ~2.22!

Here ab5A22Eb and Eb is the binding energy of the
excited-state electron. Notice that for both bound-bou
transitions and ionization, the location of the singularities
the GOS depends only on energies, and not
l o ,mo ,l p ,mp ,l , andm.
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To test the validity of Eq.~2.19!, we compare our resul
with the generalized oscillator strength for electron-imp
ionization of H atom originally derived by Bethe@17# and by
Massey and Mohr@23#,

f ~K,Ep!5
28@K21~kp

21ao
2!/3#~kp

21ao
2!

@~K1kp!21ao
2#3@~K2kp!21ao

2#3

3@12exp~22p/kp!#21

3expH 2
2

kp
arctanF 2kp

K22kp
21ao

2G J .

~2.23!

Walske@24# and Holt@25# pointed out that the derivation o
Eq. ~2.23! requires the branch lying between 0 andp to be
used for the multivalued arctangent function. Taking this in
account, the location of the singularities of the H-atom GO
are identical with the list in Eq.~2.19!.

Based on Eq.~2.19!, a series representation forf po that
converges for all physically accessible values ofK can be
constructed. A general form will be,

f po~K,Ep!5@~K1kp!21ao
2#s1

3@~K2kp!21ao
2#s2 (

n150

`

(
n250

`

jn1n2

3
K2(n11n2)

@~K1kp!21ao
2#n1@~K2kp!21ao

2#n2
.

~2.24!

As far as we know, this is the first derivation of a seri
representation off po(K,Ep) based on its singularities on th
complexK plane. As in Lassettre’s series for bound-bou
transitions, this series should converge for all physically
cessible values ofK. Inokuti et al. @26# studied the analytica
properties of the GOSd fpo /dEp , i.e., the integral of
f po(K,Ep) overK. They proposed to fit the GOS by a pow
series ofEp /DE, with DE the energy transfer. Howeve
their approach appeared to work well only at high energi

Equation ~2.24! is applicable to any type of electron
impact ionization, including dipole- or quadrupole-allowe
or symmetry-forbidden transitions. In Sec. II B an appro
mate representation of the GOS for dipole-allowed ionizat
will be derived.

B. GOS for dipole-allowed ionization
and its approximate expression

Using the alternate expression of the form factor

«po~K,Ep!5K Cp~t1•••tn ,R!eik f•roU(
i

1

uro2r i u

2(
s

Zs

uro2Rsu
UCo~t1•••tn ,R!eiko•roL ,

~2.25!
9-5
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it is readily seen thatepo , and hencef po , includes ionization
of all symmetry types. However, only the dipole-Bethe co
tribution is used in the BED model. Furthermore, while t
expansion off po in Eq. ~2.24! is useful for analyzing experi
mental data, it is unsuited for simple-model calculations s
as the BED calculations. For that purpose, a simpler exp
sion is preferable with the expansion coefficient determin
by known physical conditions that the GOS must satis
Two physical conditions are used. The first is Lassettr
limit theorem, which determines the value of the GOS at
limit K50. The second is the asymptotic behavior of t
GOS at largeK. Rau and Fano@21# showed that for dipole-
allowed transitions, the GOS should decrease asK212 at
largeK. Thus for dipole-allowed transitions, a one-term e
pression forf po that accounts for the singularities listed
Eq. ~2.19! and satisfies both physical conditions listed abo
is

f̂ po~K,Ep!5
d fpo

(0)~Ep!

dEp

~kp
21ao

2!6

@~K1kp!21ao
2#3@~K2kp!21ao

2#3 .

~2.26!

Here f̂ po denotes the dipole GOS, to be distinguished fro
the GOSf po that includes transitions of all symmetry type
Also, the OOSf po

(o) is written out explicitly as a differentia
with respect to the ejected-electron energy. Comparing
~2.26! with Eq. ~2.23!, we find that the GOS for H-atom
ionization has two contributions, one that does not vanis
K50 and decreases asK212 at largeK, and the second tha
vanishes atK50 and decreases asK210 at largeK. The first
comes from a dipole transition and the second a nondip
transition. The GOS in Eq.~2.26!, on the other hand, only
accounts for the dipole contribution. Also Eq.~2.26! includes
only the Born contribution to the GOS. Consequently t
expansion only includes even powers ofK. If non-Born con-
tributions are included, Eq.~2.26! needs to be modified to
include odd-powerK terms.

Note that Lassettre’s limit theorem uniquely defines
functional dependence off po and its magnitude atK50. On
the other hand, Rau and Fano’s large-K limit only provides
the functional dependence at largeK, but not its magnitude
Thus the one-term expression in Eq.~2.26! describes the
small-K behavior of f po better than largeK. An analogous
situation occurs in Lassettre’s series representation for
GOS of bound-bound transitions. In fitting experimental d
for bound-bound transitions, it has been found that more t
one term in the expansion is necessary to give a good
scription of f over a wide range ofK. In the present case,
corresponding three-term expression is given by

f̂ po~K,Ep!5
d fpo

(0)~Ep!

dEp

~kp
21ao

2!6

@~K1kp!21ao
2#3@~K2kp!21ao

2#3

3$11d1t1d2t2%, ~2.27!

with
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t5
K4

@~K1kp!21ao
2#@~K2kp!21ao

2#
. ~2.28!

The values ofd1 andd2 can be obtained using experiment
or theoretical differential cross-section data at largeK. In the
absence of such data, they can be determined based on fi
integrated cross sections.

To understand what roles the three terms in Eq.~2.27!
play, let us consider the spherical-harmonics expansion
the Coulomb potential,

1

uro2r i u
5 (

l 50

`

(
m52l

l
4p

2l 11

r ,
l

r .
l 11 Yl m* ~ r̂ o!Yl m~ r̂ i !,

~2.29!

wherer ,5(r o ,r i)min andr .5(r o ,r i)max. For dipole inter-
action,l 51,

Vdipole5 (
m521

1
4p

3

r ,

r .
2 Y1m* ~ r̂ o!Y1m~ r̂ i !.

The first term inf̂ po , which becomes the OOS atK50 and
hence proportional to the transition dipole moment, can
identified with the long-range dipole interaction forr o.r i .
The second and third terms in Eq.~2.27!, which vanish at
K50, can be considered as contributions from the sh
range part of a shielded dipole potential. This is consist
with the fact that the second and third terms become m
important with increasingK since large-angle scatterin
samples close scattering more. The shielding also beco
more important as the incident-electron energy increa
from threshold because it is more difficult for low-energ
electrons to come close. The fact that the shielding te
become more important at higher energies distinguishe
from a polarization potential, which is most important at lo
energies.

C. The dipole Born cross section and its high-energy limit

Using the GOS in Eq.~2.27!, the singly differential Born
cross section is written as

dspo~Ep!

dEp

5
4p

ko
2Wpo

d fpo
(o)~Ep!

dEp
~kp

21ao
2!6

3E
Kmin

Kmax 11d1t1d2t2

K@~K1kp!21ao
2#3@~K2kp!21ao

2#3 dK.

~2.30!

One test for the validity of the approximate Born cross s
tion so obtained is to see if it reaches the Bethe asymptot
T→`, with T5ko

2/2. To analyze the high-energy behavior
the approximate Born cross section, we follow the proced
described in Ref.@15#, Sec. 4.1 and 4.3, and find
9-6
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lim
T→`

spo5
p ln~T!

T E
0

` 1

Ep1ao/2

d fpo
(o)~Ep!

dEp
dEp1O~T0!.

~2.31!

Similarly, the high-energy limit of the stopping cross secti
is

lim
T→`

spo
ST52E

0

`

Wpo

dspo~Ep!

dEp
dEp52pNi

ln~T!

T
.

~2.32!

with

Ni5E
0

`d fpo
(o)

dEp
dEp . ~2.33!

Thus spo and spo
ST are identical with their respective Beth

asymptotes. For nondipole allowed transitions, the Bethe
ymptotes for the integrated and stopping cross sections
1/T instead of lnT/T dependence@15#. Thus asT→` Eqs.
~2.31! and ~2.32! are the sole contributors to the Bethe a
ymptotes for theo→p ionization processes.

D. Singularities of the optical-oscillator strength
on the complexkp plane

1. Singularities of fpo
„o…

The analysis in Sec. II A can be employed to analyze
optical-oscillator strength,

d fpo
(o)

dEp
52WpouM pou2, ~2.34!

M po5^wp~r !ur uwo~r !&. ~2.35!

Again the singularities ofM po are located in the radial inte
gral outside a large sphere with radiusC. The outer integrals
are,

I 15E
C

`

r 1/ao2 ig11e( ikp2ao)rdr,

I 25E
C

`

r 1/ao1 ig11e(2 ikp2ao)rdr. ~2.36!

The singularities are located atkp56 iao . A convergent se-
ries representation off po

(0) for all physically accessible value
of kp can be obtained using the transformed variableq,

q5
kp

2

kp
21ao

2 . ~2.37!

2. A series representation for fpo
„o…

To derive a series representation forf po
(o) , we make use of

the asymptotic behavior ofM po at small and largekp . At the
limit of zero kp , M po should match smoothly with the
bound-bound transition moment. The largekp behavior of
04271
s-
as

-

e

M po has been investigated by Rau and Fano@21# using an
energy-normalized spherical Bessel function to repres
wp(r ). They obtained akp

2(lo1lp12.5) dependence forM po .
Since the minimum value oflo1lp is 1, M po varies at least
askp

23.5 at largekp . However, iflp5lo11, thekp
23.5 term

vanishes andM po varies at least likekp
24.5. Based on the two

asymptotic limits and the relationship 2Wpo5kp
21ao

2 , the
following series is recommended,

d fpo
(o)

dEp
5

1

~kp
21ao

2!4 H a01kp (
n50

`

cnS kp
2

kp
21ao

2D nJ .

~2.38!

There are other, alternate series representations that acc
for the singularities on the complexkp plane and satisfy all
the necessary constraints. For example,

d fpo
(o)

dEp
5

1

~kp
21ao

2!7/2 (
n50

`

cnS kp
2

kp
21ao

2D n

. ~2.39!

In Eq. ~2.38! the singularities atkp56 iao are represented a
poles whereas in Eq.~2.39! they are presented as branc
points. Based on our experience in fitting the OOS fo
number of ionization channels of N2 and CH4, Eq. ~2.38!
generally converges faster than Eq.~2.39!. The former is
therefore the preferred representation off po

(o) in this study.

3. One-term representation of fpo
„o…

For modeling purposes, we look for a one-term repres
tation of f po

(o) and use an approximate sum rule to determ
the associated parameter. A suitable candidate that sati
both asymptotic behaviors would appear to be the first te
in Eq. ~2.39!. Somewhat surprisingly, this representati
does not give the best one-term fit to the molecular OOS
tested, even though it may be suited for simpler systems s
as H, He, and H2. Instead, the one-term representation
d fpo

(o)/dEp that gives the best overall performance is,

d fpo
(o)

dEp
5

bokp

~kp
21ao

2!3 , ~2.40!

with bo a constant to be determined by an approximate s
rule. Note that the above expression forces the OOS to
zero atkp50. Thus it does not necessarily match with t
corresponding bound-bound transition at threshold. It a
decreases too slowly at largekp . However, the main goal o
this study is integral cross sections. Modeling this quan
only requires the integral overf po

(o) . It is not too surprising
that the best one-term representation for the OOS of the
molecules studied here, Eq.~2.40!, does not satisfy the lim-
iting conditions. As a consequence, Eq.~2.40! is not a suit-
able expression to use in the study of the ejected-elec
distribution. We believe that a more accurate representa
of f po

(o) , involving more than one term, is required in th
study of the ejected-electron distribution. It should also
noted that many molecular OOSs, unlike H2, do not peak at
kp50. For example, the least square fit of experimental d
9-7
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using Eq.~2.38! for several ionization channels in N2 and
CH4 appear to indicate a threshold OOS value of zero.

We employ an approximate sum rule to estimate the va
of bo . Because of electron correlation, the Thomas-Rei
Kuhn ~TRK! sum rule for a many-electron system cannot
decomposed into orbital contributions. However, if an a
proximate, effective one-electron Hamiltonian can be use
describe the active orbitalwo , then the transition among it
eigenstates will satisfy one-electron sum rules. One exam
of such effective Hamiltonian is the closed-shell Fock ope
tor. Consider the integral in Eq.~2.33! with Ni representing
the contribution of the photoionization processo→p to the
sum rule. Assuming that the TRK sum rule for individu
orbitals holds, and the bound-bound contribution to the s
rule is negligible, thenNi>No , with No the occupation
number ofwo . Equation~2.33! becomes

E
0

`d fpo
(o)

dEp
dEp>No . ~2.41!

Analysis of the experimental OOS data for photoionizat
out of the valence orbitals of N2 @27# and CH4 @28# shows
the above approximation works reasonably well for the
cases. However, it works less well for the more tightly bou
orbitals where double excitation may occur.

It is possible to determinebo by substituting Eq.~2.40!
into Eq. ~2.41! and integrating overEp . We find bo

58ao
3No /p and

d fpo
(o)

dEp
5

8ao
3Nokp

p~kp
21ao

2!3 . ~2.42!

It should be pointed out that Eq.~2.42! has a number of
shortcomings. First, as pointed out earlier in this section,
~2.42! does not take into account the correct asymptotic
havior of f po

(o) and thus is not expected to provide a reliab
ejected-electron distribution. Second, it assumes that for
citation out of each orbitalwo , there is only one ion state
created, corresponding to the hole statewo

21 . Thus double
excitations are not allowed. In the next section an exampl
CH4 will be presented where experimentally it was sho
that double excitation plays a role at moderate energies@28#.
Third, it is assumed that all dipole-allowed excitations go
the ionization continuum. Obviously this assumption is ne
fully satisfied. However, because OOS is weighted by
excitation energy, the contribution from the ionization co
tinuum dominates. The error introduced by neglecting
bound-bound transitions may be reasonably small. T
present derivation suggests that subtracting the contribut
from bound-bound transitions to Eq.~2.41! should improve
the accuracy.

E. iBED model and a simplified version of this model„siBED…

The modified Mott cross section, with the inciden
electron energy replaced by the average energy from
binary-encounter model, is given by
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dspo
BE~Ep!

dEp
5

8pNo

ko
21ko

21ao
2 H 1

~kp
21ao

2!2

2
1

~kp
21ao

2!~ko
22kp

2!
1

1

~ko
22kp

2!2J .

~2.43!

Hereko
2 is twice the kinetic energy of the bound elecron

wo . The above expression, called the binary-encounter c
section by Kim and Rudd, differs from the symmetric for
of the binary-encounter cross section of Vriens@29# in the
absence of the 1/(kp

21ao
2)3 and 1/(ko

22kp
2)3 terms. Because

the Mott cross section is a generalization of the Rutherf
cross section for Coulomb scattering by taking exchange
account, the direct interaction term in Eq.~2.43! is obviously
associated with thel 50 term in Eq.~2.29!. On the other
hand, the dipole-Born cross section is associated with
l 51 term in the two-electron Coulomb interaction and d
scribes collisions of a different symmetry type than t
modified binary-encounter cross section. Thus the two c
tributions should be additive. Neglecting the interferen
term between the two contributions, we obtain the sin
differential-ionization cross section in the iBED model.

dspo
iBED~Ep!

dEp

5
8pNo

ko
21ko

21ao
2 H 1

~kp
21ao

2!2 2
1

~kp
21ao

2!~ko
22kp

2!

1
1

~ko
22kp

2!2J 1
8p

ko
2

d fpo
(o)~Ep!

dEp
~kp

21ao
2!5

3E
Kmin

Kmax 11d1t1d2t2

K@~K1kp!21ao
2#3@~K2kp!21ao

2#3 dK.

~2.44!

In the BED model, Kim and Rudd@5# combined the dipole-
Bethe and the binary-encounter cross sections with the c
straint that the high-energy limit of the integrated-ionizati
cross section and thetotal-stopping cross section from th
BED model agreed with the their respective Bethe asym
totes. In the present case, it has been demonstrated in
II C that the approximate dipole-Born cross section in E
~2.44! gives the Bethe asymptotes for both the integrated
stopping cross sections due to the ionization processo→p.
Furthermore, the high-energy limit of nondipole ionizatio
decreases withT faster than the dipole term and does n
contribute to the Bethe asymptote. Since the Bethe asy
totes are already built in, they can no longer be used a
guide for combining the Born and binary-encounter con
butions.

While the integrated cross section from the bina
encounter term in Eq.~2.44! decreases faster than ln(T)/T
and does not contribute to the Bethe asymptote for this qu
tity, it does contribute to the Bethe asymptote for the sto
ping cross section. This is a shortcoming of the bina
encounter model. By requiring the sum of the binar
9-8
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encounter and dipole-Born contributions to the stopp
cross section equal to thetotal-stopping cross section, a
done in the BED model, would incorporate extraneous c
straints outside the ionization process. Thus for the iB
model we choose to add the two contributions together w
out any additional constraint.

The integrated cross sectionspo is obtained by integrating
Eq. ~2.44! overEp . For the binary-encounter term that has
symmetrized expression including both direct and excha
contributions, the integration limit is from 0 to (T2Eo)/2.
For the dipole-Born term, the integration limit is from 0
T2Eo because it includes direct collisions only.

spo
iBED5

4pNo

ko
21ko

21ao
2 Fko

22ao
2

ko
2ao

2 2
1

~ko
21ao

2!
lnS ko

2

ao
2D G

1
8p

ko
2 E

0

(ko
2
2ao

2)/2
~kp

21ao
2!5

d fpo
(o)~Ep!

dEp
dEp

3E
Kmin

Kmax 11d1t1d2t2

K@~K1kp!21ao
2#3@~K2kp!21ao

2#3 dK.

~2.45!

In the absence of experimental or theoretical data forf po
(o) ,

the approximate one-term expression in Eq.~2.42! can be
used and we obtain the simplified version of the improv
binary-encounter dipole~siBED! model,

spo
siBED5

4pNo

ko
21ko

21ao
2 Fko

22ao
2

ko
2ao

2 2
1

~ko
21ao

2!
lnS ko

2

ao
2D G

1
64ao

3No

ko
2 E

0

(ko
2
2ao

2)/2
kp~kp

21ao
2!2dEp

3E
Kmin

Kmax 11d1t1d2t2

K@~K1kp!21ao
2#3@~K2kp!21ao

2#3 dK.

~2.46!

As discussed earlier, the binary-encounter contribution
the iBED and siBED cross sections are of symmetry ty
l 50. Due to the difference in symmetry, the short-ran
interactions described by the binary-encounter contribu
do not cause redundancy problems with the shielding pa
the shielded-dipole interaction described by the dipole B
contribution.

III. NUMERICAL EXAMPLES

Total ionization cross sections for N2 , H2O, CO2, CH4,
and CF4 have been calculated to illustrate the applicability
the iBED and siBED models. These five molecules are c
sen because recent experimental data from the Rice grou
these molecules@30–35# have tight error bounds,65%, and
hence well suited as a benchmark for our models. For2 ,
H2O, CO2, and CH4, a recent recalibration of the apparat
by the Rice group results in data that differ slightly fro
those in the original publications@35#. The revised data are
used as benchmark. For these four molecules, an older s
04271
g

-

-

e

d

n
e
e
n
of
n

f
-

for

of

experiment by Rapp and Englander-Golden@36# has the
next-tightest error estimate of67%. Both CH4 and CF4
have Jahn-Teller splitting. Comparing the results of the
two molecules may be of interest. Also, CF4 is used as a feed
gas for plasma etching. A large pool of experimental data
this molecule has been reviewed@37,38#. Among the re-
viewed data the measurement of Nishimuraet al. @9# has the
smallest error estimate,67.5%, and it will also be included
as a benchmark for our calculations. For all five molecu
considered, a wealth of experimental data are available
sides what we use for benchmarking. However, for clarity
the presentation of the figures, we choose to compare o
with a more selected set.

As in the case of BED/BEB model, most of the compu
tional effort is spent on quantum-chemistry calculations
determine the molecular parameters: the binding ene
(52ao

2/2) and kinetic energy of the bound electro
(5ko

2/2). In the iBED/siBED model, the latter is used on
in the binary-encounter part of the calculation. All quantu
chemistry calculations were done using the experimen
equilibrium geometry of the neutral molecule. The effect
nuclear motion has been neglected except in CH4 and CF4.
For CH4 the large Jahn-Teller splitting observed in the ion
accounted for in the iBED calculation. For CF4 a rough es-
timate of the Jahn-Teller effect is given. The quantu
chemistry calculations use the augmented correlati
consistent aug-cc-pVQZ basis of Gaussian functions@39# for
N2 , H2O, CO2, and CH4. For CF4 the augmented
correlation-consistent aug-cc-pVTZ basis@39# is used. The
kinetic energies, being a one-electron property, are de
mined using Hartree-Fock calculations. The binding energ
are either taken from experimental vertical ionization pote
tials ~VIP! or from ab initio calculations. In theab initio
calculations the VIP to the lowest-ion state of each symme
is determined by taking the difference between the total
ergies for the target and the ion states using the RCCSD~T!
~spin-restricted coupled-cluster singles and doubles with p
turbation correction for triples! method@40,41#. Since size-
consistency is not a problem for RCCSD~T!, it is well suited
for determining the energy difference between two syste
with different number of electrons. However, RCCSD~T! can
only be used to determine the lowest IP of each symme
The energies of the second and higher ion states of a s
metry and the corresponding IPs are determined us
CASSCF calculations and the result scaled by
RCCSD~T! result for the lowest state. For N2, internally con-
tracted multireference configuration interaction calculatio
@42# are used to search for the (2sg

21) hole state. All theo-
retical calculations have been carried out usingMOLPRO @43#.
The agreement between theory and tabulated experime
data@44# are consistently good, giving confidence that the
of molecular parameters used in our calculations are the
available set.

The two-dimensional integration overK and Ep are car-
ried out numerically using Simpson’s rule. The calculat
partial cross sectionsspo

iBED are added up to give the tota
ionization cross section,
9-9
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(
p

(
o

spo
iBED5s iBED. ~3.1!

The siBED model assumes only one ion state is produ
from the ionization ofwo , so the labelp is dropped,

(
o

so
siBED5ssiBED. ~3.2!

The results using the iBED and siBED models are
scribed separately below. In the iBED calculations, we
the OOS from available experimental data. The optimal v
ues for the coefficientsd1 and d2 in the expression for the
dipole-Born cross section are determined by the best fi
experimental total ionization cross section. The goal is
investigate the nature of the shielding of the dipole potent
In the siBED calculations, our goal is to derive a set
parameters that is applicable to all five molecules un
study. The calculated cross sections are compared with
BEB cross sections as well as experiment. Note that o
theoretical models for electron-impact ionization cross s
tions are also available. One frequently used model is
semiclassical Deutsch-Ma¨rk model @45#. Nevertheless, we
have limited our comparison to the BEB model in order
illustrate the difference between the use of Bethe and dip
Born cross sections.

A. Calculations using the iBED model

1. N2

The OOS for the photoionization of N2 has been mea
sured by Hamnettet al. @27# from threshold to 50 eV in an
(e,2e) coincidence experiment. They reportedf po

(o) for the
production of the ion statesX2Sg

1 (3sg hole!, A2Pu (1pu

hole!, B2Su
1 (2su hole!, and 2Sg

1 (2sg hole!. They also
reported the production of an ion state that they nameZ
state because it does not relate to a specific hole state.
VIP for the 2sg hole listed in Levin and Lias@44# varies
from 28–29 eV to 38.9 eV. We investigated the nature of
Z state and the 2sg hole state by carrying out state-averag
~10 electron/12 orbital! CASSCF calculations followed by
ICMRCI for the lowest six N2

1 states of2Sg
1 symmetry. We

could not locate a pure 2sg hole state. The second2Sg
1 state

was the first state with significant 2sg hole character. Its VIP
was 29.20 eV, in good agreement with the'29 eV threshold
that Hamnettet al. reported for theirZ state and the lowes
estimated VIP of 28–29 eV by Levin and Lias. The config
ration 1sg

21su
22sg

12su
21pux

2 1puy
2 3sg

2 had a weight coeffi-
cient of 20.3433, but two configurations corresponding
double excitations, 1sg

21su
22sg

22su
11pux

1 1puy
2 3sg

21pgx
1 and

1sg
21su

22sg
22su

11pux
2 1puy

1 3sg
21pgy

1 , had weight coeffi-
cients of 0.5333. Thus theZ state was not a pure hole stat
but had characteristics of both a doubly excited state an
hole state. The third to sixth2Sg

1 states, corresponding t
VIPs 33.43–37.99 eV, all exhibited the character of a mix
2sg hole state and doubly excited states. None could
characterized as a pure 2sg hole state.
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In our iBED calculation, we fitted the experimentalf po
(o)

using three-, four-, and five-term expansions of Eq.~2.38! for
the X2Sg

1 , A2Pu , and B2Su
1 data, and three-term expan

sions for theZ state and what Hamnettet al. @27# labeled as
2sg hole state. The optimal length of expansion was de
mined by the shortest expansion that satisfied the follow
three criteria:~1! The OOS should be positive at all electro
energies.~2! The f sum obtained should be physically re
sonable.~3! The fit should have a reasonable root-mea
square error after satisfying conditions~1! and ~2!. For the
B2Su

1 and Z states, we found the first coefficient in the fi
corresponding to the value off po

(o) at zero ejected-electron
energy, to be consistently negative for any reasonable v
of f sum. Thus the final fit for these two cases was obtain
by forcing the first coefficient to be zero. The oscillato
strength sums from the fit were 2.251 for the photoionizat
of an electron out of the 3sg orbital, 3.464 for 1pux
11puy , 0.739 for the 2su , 0.301 for theZ hole, and 1.085
for 2sg . For 2su and 2sg hole states, thef sum was far
from the orbital occupation number of 2, even after includi
the contribution of theZ state. We believe this to be partiall
due to the limited-energy range in the experimental data
that for the more tightly bound orbitals there are larger u
certainties in the extrapolation.

Due to the uncertainty in the nature of theZ state and the
2sg hole state, two iBED calculations have been carried
for N2. The first iBED calculation, labeled as iBED~1!,
treated theZ state as the lowest 2sg hole state and the ion
state observed by Hamnettet al. @27# at 37.8 eV as an ex-
cited state associated with the 2sg hole. This treatment was
consistent with the quantum-chemistry result for N2

1 states of
2Sg

1 symmetry. The VIP used, together with their sourc
were: 3sg , 15.58 ~expt., Ref. @44#!, 1pu , 16.98
@RCCSD~T!#, 2su , 18.78 @RCCSD~T!#, and 2sg forming
excited ion, 37.8 eV~expt., Ref.@27#!. A VIP of 29.20 eV for
the production of theZ state of the ion, based on a scale
CAS calculation, was used. Note that our RCCSD~T! calcu-
lation for the VIP of 3sg was 15.60 eV, in good agreeme
with experiment. RCCSD~T! VIPs for other ion states were
expected to be of similar level of accuracy. Because
binary-encounter model was based on the collision betw
a free and a bound electron, it could not describe ionizat
resulting in an excited-ion state, such as the higher 2sg hole
state. Hence excited-ion states were not included in the
culation of binary-encounter cross section. The occupa
numbers from the SCF configuration of the neutral molec
were used forNo in all the binary-encounter calculations
Thus for the 2sg hole, we usedNo52 for theZ state and the
binary-encounter contribution from the 37.8 eV 2sg hole
state was neglected.

Due to the lack of experimental OOS, the contributio
from the core orbitals, 1sg and 1su , were calculated using
the siBED model. However, the contributions from these t
orbitals were very small. At 1 keV electron energy their co
tribution was only 0.003310220 m2. Thus their contribu-
tions could be safely neglected.

Based on the molecular parameters described ab
iBED calculations were carried out to determine the para
9-10
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etersd1 and d2 in the Born cross section by a fit to th
experimental data of Straubet al. @30# and Rapp and
Englander-Golden@36#. Since the contributions from thed1
term became important near the peak of the cross-sec
curve and thed2 term was relatively unimportant until th
energies were higher, we determinedd1 first by fitting the
cross-section peak. Thend2 was determined using the high
energy data. The valuesd1522.0 andd250.5 have been
chosen in this manner.

The second iBED calculation, iBED~2! used the same se
of VIPs as~1!, but treated theZ state as a doubly excite
state associated with the 2su hole. The binary-encounte
contribution was calculated usingNo52 for theB2Su

1 state
and the 37.8 eV 2sg hole state. The contribution of theZ
state was neglected. The ionization cross sections calcu
using both iBED models are presented in Fig. 1. As s
from Fig. 1, the iBED~1! and iBED~2! cross sections are
very close. Thus electron-impact ionization data cannot
used to determine if theZ state should be labeled as a 2sg
hole state or a doubly excited state associated with thesu
hole. Figure 1 will be further discussed in Sec. III B 1 wh
the siBED cross sections for N2 are presented.

2. CH4

In an electron-ion coincidence experiment, Backx a
Van der Wiel@28# measured the OOS for the production
(1t2

21), (2a1
21), and a third, two-electron excited state th

they labeled as ‘‘higher states.’’ In addition, Backxet al. @46#
reported coincidence experiment of the high-energy, s
tered electron and the essentially zero-energy ejected e
tron. Their spectra clearly showed the Jahn-Teller splitting
the ion state labeled as (1t2

21). The equilibrium geometry of
the ion corresponding to the 1t2 hole has a lower symmetry
C3v , than theTd symmetry of the neutral molecule. Th
triple degeneracy of the2T2 state is lifted and the ion split
into two states,2A1 and 2E, the latter being doubly degen

FIG. 1. Total-ionization cross section of N2 calculated using the
iBED and siBED models. Two sets of iBED calculations, iBED~1!
and iBED~2!, corresponding to different treatments of the doub
excited state, are shown. Also presented are the experimental
of Straub et al. @30# and Rapp and Englander-Golden@36#. The
BEB cross sections using Kim’s molecular parameters and the
rameters determined in this study are included for comparison.
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erate. The threshold electron spectrum for2A1 peaks at
'13.5 eV, and2E spectrum peaks at'14.5 eV. In their
analysis, Backx and van der Wiel used 13.5 eV as the thre
old of the (1t2

21) OOS and lumped the contributions from
the 2A1 and 2E states together. They also identified the tw
electron excited state with the configuration 1t2

42a1
23a1

1.
In order to understand how the Jahn-Teller effect infl

ences the photoionization cross section, we fitted the O
for the (1t2

21) state in three different ways.~1! Following
Backx and van der Wiel, we used 13.5 eV as the VIP a
lumped the2A1 and 2E states together. A five-term expan
sion for the OOS gave an ionizationf sum of 5.93 and the
average % difference between the fit and experiment
6.0%. ~2! A VIP of 13.5 eV was used for the2A1 state and
14.5 eV for the2E state. The OOS of the two states we
constrained to use the same set of expansion coefficie
except that different VIPs are used forao

2 @see Eq.~2.38!#. A
range of expansion lengths, from two to seven terms, w
tried. In all cases, the fitting of the low-energy OOS work
well but the OOS at the high-energy end consistently h
large fitting errors, as much as650%. ~3! Two VIPs, 13.5
and 14.5 eV, were used for the two Jahn-Teller states and
expansion coefficient were allowed to vary freely. We o
tained the poorest fit in this case. Thef sums for the two sets
of OOS were unphysical. The above three fittings seem
indicate that the OOS is best approximated by a single V
as practiced in the data analysis of Backx and Van der W
@28#, but it is difficult to reconcile this result with the Jahn
Teller effect indicated by the zero-energye-2e coincidence
experiment.

The OOS for the (2a1
21) state was fitted using a five-term

expansion and a VIP of 22 eV. Thef sum from the fit was
0.57. A five-term expansion with 29 eV for the VIP is use
for the two-electron excited state, giving 0.44 for thef sum.
Both VIPs were values suggested by Backx and Van der W
@28#. In both fittings, the first coefficient in the expansio
corresponding to the value off po

(o) at zero energy, was set t
zero. Otherwise we either obtained unphysicalf values at
some electron energy or unphysicalf sums. Also, as in the
case of ionization of the inner orbitals of N2, the f sum for
the ionization of the 2a1 orbital of CH4 did not match its
occupation number, even though thef sum for the (1t2

21)
hole was close to its occupation number of 6.

Two iBED calculations were carried out to test the role
Jahn-Teller effect in CH4. In iBED~1!, the Jahn-Teller effect
was accounted for by assigning 13.5 and 14.5 eV for the
of the 2A1 and 2E state, respectively, with 1/3 of the OO
assigned to2A1 and 2/3 to 2E. The (2a1

21) state and the
doubly excited state were explicitly accounted for in t
Born calculation, but the binary-encounter calculation e
cluded the doubly excited state andNo52 was used for the
(2a1

21) state. The coefficientsd1 and d2 in the Born cross
section are chosen based on a fit to the experimental da
Straubet al. @33# and Rapp and Englander-Golden@36#. The
optimal choice wasd1520.4, d250.2.

In iBED~2!, Jahn-Teller splitting in (1t2
21) was neglected

and a VIP of 13.5 eV was used for all electrons in the 1t2

ata

a-
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orbital. The treatment of the (2a1
21) state and the doubly

excited state were identical with iBED~1!. Figure 2 presents
the two iBED cross sections as well as the experime
cross section of Straubet al. @33# and Rapp and Englande
Golden @36#. Of the two theoretical cross sections, t
iBED~1! data are close to experimental values of Stra
et al. at 35 eV and above. Below 35 eV they become clo
to the data of Rapp and Englander-Golden. The iBED~2!
cross sections are larger than both sets of experimental
except below 30 eV and above 200 eV. Below 30 eV
becomes quite close to the data of Straubet al. Overall, it
appears that accounting for the Jahn-Teller effect in thet2

21

state is important to obtain a good fit to experiment. Th
appears to be a slight hump in the data of Straubet al.
around the 20–30 eV region, but it is absent in the data
Rapp and Englander-Golden. It should be pointed out
Straubet al. reported higher light ion productions than pr
vious experiments@47–50#. This is attributed to a better col
lection technique used by the Rice group and provide
possible explanation for the difference between the two
of experimental data. We shall return to Fig. 2 when
discuss the siBED cross sections for CH4 in Sec. III B 4.

It is worthwhile to compare the two sets of parameters,d1
andd2 for N2 and CH4, both obtained by a fit to the exper
mental cross-section data. In the N2 case the parameterd1 is
large and negative,22.0. Since it is opposite in sign to th
leading dipole term, it represents a repulsive short-range
tential acting as the shielding potential. The parameterd2 is
smaller and positive, 0.5, representing a small attractive
rection to the repulsive shielding term represented byd1. For
CH4, the parameters ared1520.4 andd250.2, indicating a
shielding potential that is slightly repulsive. The two sets
d1 ,d2 values appear to be related to the nature of the che
cal bond in the two molecules. Because N2 has a triple bond,
electron-charge distribution builds up at the center of
molecule. It is reasonable for the incoming electron to ex
rience a strong repulsive potential as it comes near. CH4, on
the other hand, has four single bonds extending in a tetra

FIG. 2. Total ionization cross section of CH4 calculated using
the iBED and siBED models. Two sets of iBED calculation
iBED~1!, which includes Jahn-Teller splitting, and iBED~2!, which
neglects Jahn-Teller splitting, are shown. Also presented are
experimental data of Straubet al. @33# and Rapp and Englander
Golden@36#, plus the BEB cross sections of Kimet al. @7#.
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dron. It has a more open structure and the short-range in
action probably is only slightly repulsive.

B. Calculations using the siBED model

The preceding discussion showsd1 andd2 to be molecu-
lar specific parameters and related to the nature of the
lecular charge distribution in the bonding region. In this se
tion, we approach the problem in a different manner. As
the case of the one-term prepresentation ofd fpo

(o)/dEP , we
look for a set of genericd1 and d2 applicable to siBED
calculations for all five molecules. This is done by choosi
a set of values that gives the optimal representation in
siBED calculations of N2 , H2O, and CO2. Figure 3 shows
how ssiBED of N2 varies with d1 and d2. As discussed in
Sec. II B,d1 andd2 have no effect at the low-energy cros
section but improve the agreement of the overall cross s
tion with the experiment of Straubet al. @30# and Rapp and
Englander-Golden@36#. With d1 changing in step of 0.4, the
change of the cross section is small and smooth. Also, o
d1 is chosen, the parameterd2 is determined by an optima
representation of the high-energy part of the cross-sec
curve. The effect on the H2O and CO2 results is similar.
Based on these calculations, the valuesd150.0 and d2
50.05 are chosen and these values will be used for all
molecules.

1. N2

The siBED cross sections of N2 were calculated using the
same set of molecular parameters as the iBED~1! calculation.
The Z state was used to represent the 2sg hole and the con-
tributions from the 37.8 eV state was neglected. Figure
presents the siBED cross sections together with the
iBED cross sections and the experimental data of Str
et al. @30# and Rapp and Englander-Golden@36#. The
iBED~1!, iBED~2!, and siBED cross sections are in goo
agreement with one another and the experimental data ex
near the cross-section peak. There the iBED calculati
overestimate the cross section slightly. Note that the val

,

he

FIG. 3. Total ionization cross section of N2 calculated using the
siBED model as a function of the parameterd1. The experimental
data of Straubet al. @30# and Rapp and Englander-Golden@36# are
also presented for comparison.
9-12
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CONVERGENT SERIES REPRESENTATION FOR THE . . . PHYSICAL REVIEW A 64 042719
of d1 andd2 used for the iBED and siBED calculations a
very different, representing a different description of t
short-range part of the shielded-dipole potential. It appe
that the inaccuracies in the one-term approximation of
OOS used in the siBED calculation is partially compensa
by a more weakly shielded dipole potential, resulting in to
ionization cross sections that are in overall agreement w
experiment and with the iBED results. However, as poin
out in Sec. II D 3 the siBED model does not provide a re
able secondary-electron energy distribution whereas
iBED results, based on experimental OOS, should be ab
do so.

Also presented in Fig. 1 are two BEB cross sectio
sBEB, calculated using the parameters determined by Hw
et al. @6# and using the same set of parameters employe
the s iBED~1! and ssiBED calculations. Both BEB cross sec
tions are larger than iBED~1!, iBED~2!, siBED, and experi-
mental data. Notice that the set of VIPs used by Hwa
et al., except for the 3sg hole, are determined using Hartre
Fock calculations. Their values are consistently higher t
the VIPs determined here. Hence thesBEB calculated using
the present set of parameters are larger than thesBEB re-
ported by Hwanget al.This is also the case for all molecule
studied.

2. H2O

Figure 4 presents the siBED calculations of H2O, together
with the experimental data of Straubet al. @31# and the BEB
cross sections of Hwanget al. @6#. The VIPs used in the
siBED calculations are 12.61 for 1b1 @expt, Ref.@44##, 14.75
for 3a1 @expt, Ref.@44##, 18.74 for 1b2 @expt, Ref.@44##, and
32.61 eV for 2a1 @expt, Ref.@44##. As in the case of N2, we
find the siBED cross sections are in better agreement w
experiment than the BEB result. Note also that a BEB c
culation using the present set of VIP will give even larg
cross sections. Both the siBED and BEB cross sections
larger than the experimental cross sections around the
energy side of the cross-section peak. This is the ene
range where the largest deviation between the siBED mo
and experiment is found.

FIG. 4. Total ionization cross section of H2O calculated using
the siBED model. Also presented are the experimental data
Straubet al. @31# and the BEB cross sections of Hwanget al. @6#.
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3. CO2

The siBED cross sections for CO2 are presented in Fig. 5
together with the experimental data of Straubet al. @32# and
Rapp and Englander-Golden@36#, plus the BEB cross sec
tions of Hwanget al. @6#. The VIPs used in the siBED cal
culations are 13.73 for 1pg @expt, Ref.@44##, 17.85 for 1pu
@RCCSD~T!#, 18.16 for 3su @RCCSD~T!#, 19.45 for 4sg
@RCCSD~T!#, 37.79 for 2su(CASSCF), and 39.16 eV fo
3sg(CASSCF). The RCCSD~T! value for the first VIP is
13.88 eV. As in the case of H2O, the siBED cross section
are in better agreement with experimental data than the B
cross sections, especially at higher energies. Also, the ov
agreement is better with the data of Straubet al. than with
Rapp and Englander-Golden. Except for the 1pu orbital, the
BEB cross sections were calculated using the Hartree-F
VIPs. Thus the BEB cross sections will be significan
higher if the present set of VIPs are used.

4. CH4

The siBED calculations for CH4 neglected the Jahn-Telle
splitting in the (1t2

21) channel and used 13.5 eV as the V
for the 1t2 orbital. It also neglected the contribution from th
doubly excited state with a VIP at 29 eV. Both Born-dipo
and binary-encounter calculations usedNo52 for the
(2a1

21) channel.
The siBED cross sections are presented in Fig. 2, toge

with the iBED cross sections, the experimental cross sect
of Straubet al. @33# and Rapp and Englander-Golden@36#,
and the BEB cross section of Kimet al. @7#. Unlike the N2
case where the siBED and iBED cross sections employ
the same set of molecular parameters are in good agree
with each other, we find significant differences between
siBED and iBED cross sections, both with each other a
with experiment. The siBED and iBED~1! cross sections dif-
fer by 21% at the cross-section peak. While the two sets
calculations use slightly different values ofd1 and d2, it
appears that the major source of the difference comes f
the OOS. The use of experimental OOS greatly improves
agreement with measured data. This is one case where

of
FIG. 5. Total ionization cross section of CO2 calculated using

the siBED model. Also presented are the experimental data
Straubet al. @32# and Rapp and Englander-Golden@36#, plus the
BEB cross sections of Hwanget al. @6#.
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one-term approximation for the OOS is insufficient and
reasonable representation of the total ionization cross sec
requires experimental OOS data.

The BEB cross section of Kimet al. is between the iBED
and siBED results. The agreement with Rapp and Englan
Golden’s data@36# is very good from threshold to the cros
section peak. The agreement with the recent data of St
et al. is not as good. In view of the fact the OOS fitted fro
experimental data is quite different from the OOS used
Kim et al. @7#, the agreement found between the BEB res
and experiment is probably due to the use of the ene
scaled Bethe cross section in the BEB calculation, wh
tends to overestimate the cross section and, in this case,
tially compensates for the shortcoming in the OOS.

5. CF4

Calculations of siBED cross sections have been car
out using the following values for the VIP: 16.30 eV for 1t1
@expt, Ref.@44##, 17.49 for 4t2 @RCCSD~T!#, 18.41 for 1e
@RCCSD~T!#, 22.64 for 3t2 ~CASSCF!, and 25.86 eV for
4a1 ~CASSCF!. All other parameters were deduced fro
Hartree-Fock calculations and have been tabulated pr
ously @9#. Figure 6 presents the siBED and BEB@9# cross
sections as well as the experimental data of Sieglaffet al.
@34# and Nishimuraet al. @9#. The two sets of theoretica
cross sections are in excellent agreement with each oth
low energies and both are larger than the experimental d
Above 80 eV, the two sets of theoretical data differ, with t
siBED cross section coming to close agreement with exp
ment.

Like CH4, Jahn-Teller effect should play a role in th
ionization of CF4. To understand the role of Jahn-Teller e
fect, we have carried out the calculation with two ion sta
in C3v symmetry. The 1t1 orbital in Td symmetry was split
into two components, the nondegeneratea2 component and
the doubly degeneratee component. As a rough approximat
we used the Jahn-Teller splitting observed in CH4 and raised
the VIP of thea2 orbital by 1 eV. The 4t2 orbital was split
into an a1 component ande component inC3v symmetry.

FIG. 6. Total ionization cross section of CF4 calculated using
the siBED model. Also presented are the experimental data
Sieglaff et al. @34# and Nishimuraet al. @9#, plus the BEB cross
sections of Nishimuraet al. @9#.
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Again we used 1 eV as the Jahn-Teller splitting for this
bital. The siBED cross sections calculated in this manner
labeled as siBED with Jahn-Teller in Fig. 6. This simp
introduction of Jahn-Teller effect improves the siBED res
with experiment, particularly with the data of Nishimur
et al., but insufficient to account the difference betwe
siBED results and the data of Sieglaffet al.

Note that the BEB calculations in Fig. 6 were done usi
Hartree-Fock data, as is the case of the other molecule
this study. Indeed, Nishimuraet al. pointed out that BEB
cross sections for CF4 calculated using Hartree-Fock param
eters gave results in better agreement with experiment
CASSCF parameters. They chose the BEB cross sect
determined using the Hartree-Fock parameters as the ‘‘
ommended’’ cross section. Here we show that in the siB
model, parameters determined from correlated calculati
are important to bring theory into closer agreement with
periment. The earlier conclusion that Hartree-Fock para
eters should be ‘‘best suited’’ is a fortuitous result due to
use of energy-scaled Bethe cross sections.

IV. SUMMARY

The approximate GOS and OOS derived here, based
variables deduced from the singularities of these quanti
on the complexK plane orkp plane and incorporating known
limiting behavior, enable us to use the dipole-Born cross s
tion instead of an energy-scaled Bethe cross section in
binary-encounter-dipole model. Furthermore, the dipo
Born cross section includes the effect due to the shielding
the long-range dipole potential. The iBED model so deriv
provides a viable method to analyze electron-impact ioni
tion cross sections and are capable of incorporating finer
tails of molecular interactions such as doubly excited sta
and Jahn-Teller splitting. These issues in electron-imp
ionization cross sections have not been treated by calc
tions previously.

The siBED model is developed to provide a means
calculate approximate total ionization cross sections ba
on known molecular parameters. Here a simple one-term
proximation of the OOS is used instead of the experimen
OOS. The parametersd1 andd2 are chosen to represent th
shielding of a generic dipole potential, instead of a molecu
specific potential. For N2 , H2O, CO2, and CF4, the siBED
model works quite well, but in the case of CH4, it underes-
timates the ionization cross section by'21% at the peak,
demonstrating the importance of reliable OOS data.

The role of Jahn-Teller effects in electron-impact ioniz
tion are investigated for CH4 and CF4. For CH4, the fit of
OOS works best if a single VIP is used for the Jahn-Te
state, 2T2. However, the iBED cross sections agree mu
better with the experiment of Straubet al. @33# if Jahn-Teller
splitting is incorporated. For CF4, we simulate the Jahn
Teller effect by introducing splittings in both the 1t1 and 4t2
hole states. The resulting cross section is in better agreem
with experimental data than the calculation without the Ja
Teller effect, but below 200 eV there is still a sizeable d
ference between the siBED data and the data of Sieg
et al. @34#. It is uncertain at present whether this is due to t

of
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approximate OOS used or inaccurate description of the J
Teller effect. Future experiment measurements or quant
chemistry studies of the Jahn-Teller splitting of CF4

1 ion will
be very useful to determine the role of the Jahn-Teller eff
on the ionization of CF4.

In this study, the parametersd1 andd2 used in the shield-
ing of the long-range dipole potential have been chosen
fitting experimental data. Analysis of the calculations in
cate that they are related to the molecular charge distribut
Further studies are required to relate these two parame
with molecular properties in a quantitative manner.
, J
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As in the case of the Lassettre series for the GOS
bound-bound excitations, the series expansion for the G
derived here should be useful in the analysis and exten
of experimental data of electron-impact ionization.
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