
PHYSICAL REVIEW A, VOLUME 64, 042705
Exact exchange effects on vibrational excitation of H2 by electron impact
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A representation of the exact nonlocal exchange-potential operator is proposed and applied to study electron-
impact vibrational excitation of H2 in the low- and intermediate-energy range. In our approach, a complete set
of one-dimensional particle-in-box wave functions is used as expansion basis. This representation of the
exchange operator is easy to program and the calculated cross sections converge rapidly with the number of
basis functions. Excitation cross sections for the transitionsv850→v50, 1, 2, and 3 calculated in the
1.5–100-eV range are in general good agreement with the available experimental and theoretical data.
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I. INTRODUCTION

During the past three decades, considerable activities
theoretical studies of electron-impact vibrational excitat
of molecules were reported in the literature@1–8#. The body-
frame vibrational close-coupling~BFVCC! approach@2,4#,
which incorporates vibrational effects exactly, has be
widely applied for these studies. In this approximation, ro
tional levels of molecules are treated as essentially dege
ated, which reduces significantly the number of coup
equations. Consequently, computational efforts for electr
impact vibrational-excitation studies are also significantly
duced. Despite that, taking correctly the nonlocal excha
effect into account in calculations of vibrational-excitatio
cross sections is still a very difficult task. Most investigatio
reported in the literature made use of some model excha
potentials@9–11#. Among them, the so-called ‘‘tuned free
electron-gas exchange’’~TFEGE! potential proposed by
Morrison and Collins@11# is the most successful. TFEGE
an approximate free-gas local exchange potential base
the familiar Hara’s model@9#. The essence of the TFEGE
to treat the internuclear-distance-dependent ionization po
tial, I (R), used to determine the local momentum of the sc
tering electron, as a theoretical parameter. The determina
of the quantityI (R) is based entirely on theoretical consi
erations. For instance, at each internuclear distance and
each incident energy, it is obtained from adjustment to
eigenphase sum calculated using the exact static-exch
~ESE! approach for a determined scattering channel.

Recently, we applied the method of continued fractio
~MCF! @12# in calculations of electron-impact vibrationa
excitation cross sections of H2 in the low-incident-energy
range. An optical potential formed by static, exchange, a
correlation-polarization contributions was used to repres
the collisional dynamics. The TFEGE model potential w
I (R) determined by adjusting the eigenphase sum of the2Sg
scattering channel to that obtained in an ESE calcula
were used in that study. Although in general, the calcula
cross sections of that study for the vibrational elastic co
sions are in good agreement with experimental data and
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some recent calculated results available in the literature
some impact energies discrepancies between calculated
experimental results were seen for vibrational-excitat
cross sections. Moreover, such discrepancies became
significant for excitations leading to higher vibrational stat
The use of the approximate TFEGE potential was attribu
as the origin of these discrepancies.

In the present work, we propose a representation for
exact exchange-potential operator. A complete set of o
dimensional particle-in-box wave functions is used as exp
sion basis. Results of the application of this exchange op
tor to study electron-impact vibrational excitations of H2 will
also be presented.

The organization of this article is as follows. In Sec.
we briefly outline the theory used. The comparison of o
calculated results with available data is presented in Sec
where we also give some concluding remarks.

II. THEORY AND CALCULATION

The laboratory-frame~LF! differential cross sections
~DCS! averaged over the molecular orientations, for vib
tional excitation from an initial vibrational levelv to a final
level v8, is expressed in thej t-basis representation@13# as

ds

dV
~v→v8!5

kf

k0
(

j tmtmt8

1

~2 j t11!

3uB
mtmt8

j t ~v→v8,k0 ,kf , r̂ 8!u2, ~1!

where jW t5 lW82 lW is the transferred angular momentum duri
the collision, whilemt8 andmt are the projections ofj t along
the laboratory and molecular axis, respectively. Thek0 and
kf are the momenta of the incoming and the outgoing el

tron, respectively. In Eq.~1!, B
mtmt8

j t (v→v8) are coefficients

of the j t-basis expansion of the LF vibrational-excitatio
scattering amplitudes and is given by
©2001 The American Physical Society05-1
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B
mtmt8

j t ~v→v8,V8!5 (
l 8 lm8m

~21!mall 8mm8~ l l 80mtu j tmt!

3~ l l 8mm8u j tmt8!Ylml
~V8!, ~2!

where the dynamical coefficientsall 8mm8 for the transition
from an initial vibrational stateuv& to a final stateuv8& are
related to the partial-wave components of the vibration
excitation transition-matrix elements as

all 8mm8~v→v8!52~1/2!p@4p~2l 811!# (1/2)i l 82 l

3^kf lm,v8uTuk0l 8m8,v&. ~3!

In the present work, the reactanceK matrices were calculate
by solving the BFVCC scattering equations,

~“21kv8
2

!Fv85(
v

Uv8vFv , ~4!

where Fv8 is the wave function of the scattering electro
associated with the target vibrational stateuv8&, kv8

2 is the
kinetic energy of the scattered electron in Rydbergs,
Uv8v is the vibrational-excitation interaction-potential oper
tor.

In the present work, a set of coupled equations are so
using the MCF. The MCF, originally proposed by Hora´ček
and Sasakawa@14# for single-channel electron-atom scatte
ing, has been extended by our group to treat actual elect
molecule-scattering problems. Recently we have satisfa
rily applied the MCF to the calculation of elastic- an
electronic-excitation cross sections for electron scattering
H2 in the low- and intermediate-energy range@15–18#.

Equation ~4! can be converted into a Lippmann
Schwinger integral equation, in matrix form,

C̃5S̃1G̃0ŨC̃, ~5!

where C̃ is the solution of Eq.~5! in matrix form, S̃ is a
diagonal matrix that represents a set of solutions of the
perturbed Schro¨dinger equation,G̃0 is also a diagonal matrix
that represents the unperturbed Green’s operator, andŨ is
the potential-operator matrix.

The application of MCF consists basically of defining t
nth-orderweakenedpotential operatorŨ (n) as

Ũ (n)5Ũ (n21)2Ũ (n21)uS̃(n21)&~Ã(n21)!21^S̃(n21)uŨ (n21)

~6!

and thenth-order correction ofD̃ matrix is defined through
the relation

D̃ (n)5B̃(n)1Ã(n)@Ã(n)2D̃ (n11)#21Ã(n). ~7!

Here,

Ã(n)5^S̃(n)uŨ (n)uS̃(n)&, ~8!

B̃(n)5^S̃(n21)uŨ (n21)uS̃(n)&, ~9!
04270
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where

S̃(n)5G̃0
PŨ (n21)S̃(n21) ~10!

andG̃P denotes the principal-value unperturbed Green’s
erator. The scatteringK̃ matrix is related with theD̃ matrix
via

K̃52D̃. ~11!

Ũ (n), defined in Eq.~6!, is expected to become weake
and weaker with increasingn. As a result, the iterative pro
cedure can be stopped after some steps when the de
convergence is achieved. The convergedK̃ matrix would
correspond to what can be obtained through the exact s
tion of the scattering equation~5!. In practice, thenth-order
D̃-matrix can be obtained using Eq.~7! by settingD (n11)

50. Repeating the procedure of Eq.~7!, one obtains back-
wardly D̃ (n21), D̃ (n22), . . . ,D̃ (1) andD̃. Thenth-iterationK̃
Matrix is calculated via Eq.~11!.

The transition matrix is given by

T̃52
2K̃

~12 iK̃ !
. ~12!

The electron-molecule-interaction potential for low
energy vibrational excitation is formed by three main co
ponents, viz.,

Vint~rW,R!5Vst~rW,R!1Vcp~rW,R!1Vex~rW,R!. ~13!

The static potentialVst(rW,R) is the electrostatic term arisin
from Coulomb interactions between the projectile and
nuclei and electrons of the target. In this study, t
R-dependentVst was derived exactly from the target wav
functions. They were calculated for 15 internuclear distan
varying from 0.6 to 3.5 au. At each distance, the ground-s
target wave function was calculated within the Hartree-Fo
self-consistence-field~SCF! framework. These wave func
tions were constructed with a 5s/3p uncontracted Cartesia
Gaussian basis set of Huzinaga@19# augmented by three s
(a50.04, 0.015, and 0.005! uncontracted functions. With
this basis set, the calculated SCF energy for the ground-s
H2 at the equilibrium internuclear distance~1.4006 a0) is
21.133 022 a.u., to be compared with the Hartree-Fo
limit of 21.1336 a.u.@20#.

The Vcp appearing in Eq. ~13! is the correlation-
polarization potential arising at short range from bound-f
many-body effects and at long range from induce
polarization effects. Strictly speaking, theVcp is also nonlo-
cal and depends on the scattering energy. In the pre
work, this contribution is approximated by a parameter-fr
local potential as prescribed by Padial and Norcross@21#.
The publishedR-dependent dipole polarizabilities of H2 @22#
are used to describe the asymptotic form of theVcp.

The third term in the right-hand side of Eq.~13! is a
nonlocal energy-dependent exchange contribution aris
from the antisymmetric consideration between the scatte
5-2
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EXACT EXCHANGE EFFECTS ON VIBRATIONAL . . . PHYSICAL REVIEW A 64 042705
and target electrons. This nonlocal contribution to the tran
tion uv8&→uv& can be written as a kernel,

Vv8v
ex Fv~rW !5^xv8~R!f~rW i ;R!u

1

urW2rW i u
uFv~rW i !f~rW;R!xv~R!&,

~14!

wheref(rW i ;R) are theR-dependent ground-state electron
wave function of the target,xv(R) are the vibrational wave
functions, rW i denotes collectively the position of all targ
electrons, the integrals are performed over therW i and the
internuclear distanceR. In principle, the direct calculation o
this kernel is possible. However, the formidable compu
tional efforts required for this calculation makes it unfe
sible. In order to overcome these difficulties, a separable
tential approximation is used in this work. We have made
of the closure property of a complete set of orthonorm
functions,

(
n

un&^nu51. ~15!

Therefore, the kernel of Eq.~14! can be rewritten as

Vv8v
ex Fv~rW !5(

n
^fv8n~rW i !u

1

urW2rW i u
uFv~rW i !fnv~rW !&,

~16!

where

fvn5^xv~R!uf~rW i ;R!un~R!&. ~17!

In the present study, the one-dimensional particle-in-b
wave functions

Cn5S 2

bD 1/2

sinS np@R2R0#

b D ~18!

are used to generate the exchange kernel. In Eq.~18!, b is the
size of the box andR0 is the minimum internuclear distanc
used in the calculation. In the present study, 25 basis fu
tions are used to represent the exchange operator leadi
the convergence of calculated cross sections to be better
0.2%.

Finally, in order to calculate the vibrational-excitatio
interaction-potential matrix elementsUv8v , the vibrational
wave functionsxv(R) were calculated using the numeric
method of Cooley@23# from the Rydberg-Klein-Rees~RKR!
potential curve of the ground electronic state H2 @24#. These
wave functions were calculated in a 801-point grid, cover
the 0.6<R<3.5 a.u. range. TheR-dependent interaction po
tentials defined in Eq.~13! were interpolated over the sam
grid and the integral over this internuclear-distance grid w
evaluated using the Simpson’s rule.

The number of vibrational states that must be included
solving the BFVCC scattering equation, Eq.~4!, depends on
the incident energy, especially on whether the scatterin
resonant or nonresonant. In the energy range covered he
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it required four vibrational states to converge the repor
elastic and excitation cross sections to better than 2%.

III. RESULTS AND DISCUSSIONS

Figures 1–3 show the calculated DCS for the vibration
elastic (v50→v850) electron-H2 collisions at 1.5, 2.5, 4.5
6, 10.8, and 20 eV incident energies along with some exp
mental data available in the literature@25–28#. Results of
Lee et al. @12# calculated using a local TFEGE-model e
change potential are also shown for comparison. In gene
there is a good agreement between the calculated and
sured data in the entire energy range covered herein. In
dition, the vibrationally elastic DCS calculated using the e
act and approximated exchange potentials also agree
well with each other indicating that the TFEGE model p
tential is a good approximation for elastic electron-H2 scat-
tering.

In Figs. 4 and 5 we present our calculated vibration
excitation (v50→v851) DCS for electron-H2 scattering
at 1.5, 2.5, 4.5, and 45 eV incident energies. Experime
results available in the literature@25,27,29,30# as well as
the calculated data using the TFEGE model@12# are also
shown for comparison. In general, the present calculated
sults are in very good agreement with the measured d
both qualitatively and quantitatively. The comparison b
tween the present data and results calculated using
TFEGE also show a good qualitative agreement. Howe
the quantitative agreement between them is fair at lower
cident energies indicating that the vibrational-excitati

FIG. 1. DCS for vibrationally elastic electron-H2 scattering at
~a! 1.5 eV and~b! 2.5 eV incident energies. Solid line presen
calculated results with exact exchange potential; dashed line, ca
lated results with TFEGE@12#; full circles, measured data of Linde
and Schmidt@25#; open circles, measured data of Brungeret al.
@26#.
5-3
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cross sections are more sensitive to the exchange-intera
potential.

Figures 6 and 7 show our calculated DCS for the vib
tional (v50→v852) transition in H2 by electron impact
along with the TFEGE data at 1.5, 2.5, 4.5 and 45 eV. T
experimental data of Wong and Schulz@30# at 4.5 eV and
Trajmaret al. @29# at 45 eV are also shown for compariso
The comparison of our results with the TFEGE data reve

FIG. 2. Same as Fig. 1 but for~a! 3.5 eV and~b! 6 eV.

FIG. 3. Same as Fig. 1 but for~a! 10.8 eV and~b! 20 eV. Open
diamond, experimental data of Shyn and Sharp@27#; stars, mea-
sured data of Srivastavaet al. @28#.
04270
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that the calculated cross sections of this vibrational exc
tion are highly dependent on the quality of the description
exchange interactions. As expected, DCS calculated with
exact exchange are in better agreement with experime

FIG. 4. DCS for vibrational (v50→v851) excitation of H2 by
electron impact at~a! 2.5 eV and~b! 4.5 eV incident energies. The
symbols used are the same as in Fig. 1 except open squares d
measured data of Wong and Schulz@30#. The experimental results
of Wong and Schulz are obtained by summing up their DCS for
DJ50 andJ50→J853 rovibrational transitions.

FIG. 5. Same as Fig. 4 but for~a! 10.8 eV and~b! 45 eV.
Crosses, measured data of Trajmaret al. @29#.
5-4
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EXACT EXCHANGE EFFECTS ON VIBRATIONAL . . . PHYSICAL REVIEW A 64 042705
data at 4.5 eV than those of the TFEGE model. On the o
hand, DCS calculated using both exchange approaches
eV are in good agreement with each other.

In Figs. 8 and 9 we present our calculated DCS
electron-impact vibrational (v50→v853) excitation of H2
at 1.5, 2.5, 4.5, and 45 eV. The theoretical TFEGE data@12#

FIG. 6. Electron-impact DCS for vibrational (v50→v852)
transition in H2 at ~a! 2.5 eV and~b! 3.5 eV. The symbols used ar
the same as in Fig. 1.

FIG. 7. Same as Fig. 6 but at~a! 4.5 eV and~b! 45 eV. Open
squares, measured data of Wong and Schulz Ref.@30#; crosses,
measured data of Trajmaret al. @29#.
04270
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as well as the measured data of Wong and Schulz@30# at 4.5
eV are also shown for comparison. As in the (v50→v8
52) excitation, significant differences between the pres
calculated results and those of the TFEGE calculation re
force the fact that the excitations leading to higher vib
tional levels are very sensitive to the description of excha
interactions. Again, DCS calculated with the exact excha

FIG. 8. Electron-impact DCS for vibrational the (v50→v8
53) transition in H2 at ~a! 2.5 eV and~b! 3.5 eV. The symbols used
are the same as in Fig. 6.

FIG. 9. Same as Fig. 6 but for~a! 4.5 eV and~b! 45 eV. The
symbols used are the same as Fig. 7.
5-5
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are in much better agreement with experimental data at
eV. On the other hand, even at incident energy as high a
eV, significant discrepancies are seen in the DCS calcul
using the exact and approximated exchange operators.

Figure 10 compares our calculated integral cross sect
~ICS! for the (v50→v850 and 1! transitions in H2 by elec-
tron impact with some available experimental data@25–
27,31,32#. The TFEGE ICS and calculated results
Snitchleret al. @33# for the (v50→v850, 1! transitions are
also shown for comparison. The results of Snitchleret al.
~1990! were also calculated using an exact exchange po
tial represented in a separable form. Bound and virtual m
lecular orbitals of the target were used as expansion bas
their representation. Generally, our calculated ICS with ex
exchange potential are in very good agreement with
available experimental data for both vibrationally elastic a
inelastic scatterings. They are also in good agreement
the calculated results of Snitchleret al. On the other hand
the calculation with TFEGE potential overestimates sign
cantly the ICS near the maxima.

In Fig. 11, we show our calculated ICS for the (v50
→v852 and 3! transitions in H2 by electron impact with the
experimental data of Ehrhardtet al. @31# and with the calcu-
lated results using the TFEGE-model potential. Signific
differences seen between the two calculated ICS cle

FIG. 10. ICS for~a! vibrationally elastic electron-H2 scattering
and ~b! vibrational (v50→v851) excitation of H2 by electron
impact. Solid line presents calculated results with exact excha
potential; dashed line, calculated results with TFEGE@12#; short-
dashed line, the calculated results of Snitchleret al. @33#; full
circles, measured data of Linder and Schmidt@25#; open diamonds,
measured data of Shyn and Sharp~1981!; stars, experimental result
of Srivastavaet al. @28#; full squares, experimental results o
Ehrhardtet al. @31#; open triangles, experimental results of Gibs
@32#.
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demonstrate the importance of accounting for accurate
change effects into electron-impact excitation processes l
ing to higher vibrational states. As expected, our calcula
ICS with exact exchange potential are in much better ag
ment with the available experimental data than those
TFEGE calculations.

In summary, from the present study one learns that
exchange effects play a very important role for the calcu
tion of low-energy electron-impact vibrational-excitatio
cross sections, particularly, for thosev50→v852 and 3
transitions and therefore must be correctly accounted
The representation of the exact exchange operator prop
here seems to be a very convenient manner for descriptio
these effects. This representation made use of o
dimensional particle-in-box wave functions as expansion
sis. Our study reveals that this is a very efficient manner
the calculated cross sections for vibrational (v50→v850,
1, 2, and 3! transitions are very satisfactory when compar
with the existing experimental and calculated data. One
portant advantage of this representation is the facility to
generalized to other molecular targets. Efforts in this dir
tion is now in progress.
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ge

FIG. 11. Same as Fig. 10 but for~a! vibrational (v50→v8
52) and~b! vibrational (v50→v853) excitation of H2 by elec-
tron impact.
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