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Synchronization-induced noise reduction in spatially coupled microchip lasers

C. Serrat, M. C. Torrent, J. Garcı´a-Ojalvo, and R. Vilaseca
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~Received 15 March 2001; published 12 September 2001!

We investigate theoretically the intensity and phase correlations in the quantum-noise-driven dynamics of
two spatially coupled microchip lasers. These correlations induce noise reduction phenomena for which simple
analytic expressions are derived. We predict a complete suppression of the dominant relaxation oscillation
peaks in the intensity difference noise spectrum, as well as photon statistics approaching the standard quantum
limit. The correlations and consequent noise reduction effects are robust against frequency detuning and persist
for pump powers well above threshold.
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Control of quantum noise in light sources@1# has received
great attention in recent years. Advanced optical meas
ment technology, as high-sensitivity interferometry and sp
troscopy, and optical communications, needs to circumv
the standard quantum limit~SQL! to achieve an arbitrarily
desired precision. Several methods have been propose
order to achieve the reduction of quantum noise below
SQL @2#. Specially interesting schemes are the ones repo
in the frame oftwin beams, i.e., two beams having the sam
intensity fluctuations, in optical parametric oscillators@3#. In
that case, the suppression of quantum noise is achieved
quantum correlations in the photon pairs produced by
parametric process. In a recent paper@4#, it is demonstrated
that a similar kind of noise reduction may be obtained w
two correlated lasers. In Ref.@4# the possibility of noise re-
duction is studied by considering the intensity correlat
induced by correlation of the pumping mechanism. Suita
conditions are established for the difference between the
related photodetection signals to present fluctuations be
the SQL. A comparable situation might be expected from
output of spatially coupled lasers. This issue, however,
not been investigated so far. Intensity correlation in spa
coupling has only been considered in the case of unstab
chaotic lasers@5#, where synchronization effects in the larg
amplitude temporal variations of the system have been s
ied in view of their potential applications in encoded co
munications.

In this paper, we directly address the problem of the
fluence of spatial coupling on the noise properties of las
considering the specific case of Nd:YVO4 microchip lasers
working in a steady-state regime. As will be shown, stro
correlations, affecting both intensity and phase, appear
tween the noise fluctuations induced by the spontane
emission of each coupled laser. These correlations lead
complete suppression of the dominant peaks in the n
spectrum of the difference between the two beam intens
and take the system near the SQL.

The system that we study consists of two laser beam
wavelengthl51064 nm generated in the same crystal
two equal-intensity pump beams of wavelengthl
5808 nm @6#. The spatial separation of the parallel pum
beams may be varied and is larger than their radius, so
the population inversions of the two lasers do not overl
The coupling between the lasers is provided by overlap
the intracavity laser fields.
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In order to model our system, we have adopted aclassical
Langevin-type approach that has been successfully use
several authors, showing good agreement with experime
data in the case of solitary Nd:YVO4 microchip lasers@7,8#.
This approach considers the spontaneous emission factb
@9#, and takes into account the finite decay rate of the low
laser level through nonlinear gain saturation, this last eff
being a key factor in the quantum-noise properties
Nd:YVO4 microchip lasers@7,8#. The evolution of the com-
plex amplitudes of the fieldsEj and the population inver-
sionsNj is given by

Ėj52hEj1gNjEj~12euEj u2!1jEk1 id jEj1F j~ t !,

Ṅj5L2g iNj22gNj~12euEj u2!uEj u2, ~1!

where j ,k51,2, with j Þk. For simplicity, we take the sam
value for the cavity loss rateh of the two fields and conside
the two lasers pumped at the same rateL. g5g ib/2, with g i
being the decay rate of the upper laser level. The nonlin
gain saturation coefficient ise5g ib/g, with g being the
decay rate of the lower laser level. The coupling coefficie
is given byj52h exp@2d2/(2r2)#, whered is the separation
between the fields andr is the 1/e2 radius of the intensity
profile @6#. In the present work, we address the case of pur
dissipative coupling as a first approach to the problem,
hence the coupling coefficientj, which in general could be
complex@10#, has been taken as real.d j are the laser detun
ings from a common reference frequency. We define the
quency detuning parameterD5(d22d1), and the normal-
ized pump parameterM5L/L thr , whereL thr'2h/b is the
threshold pumping rate of the solitary lasers. The Lange
noise sources of the fieldsF j (t) are mutuallyuncorrelated,
satisfying^F j (t)Fk* (t8)&52gNjd jkd(t2t8), with j ,k51,2.

The parameter values in our study are close to those
experiments that are feasible with Nd-based microchip las
~see, e.g., @7,8#!: g i516.6 ms21; b51.531026; g
51.6 ns21; r 5220 mm; andh50.6 ns21. The degree of
synchronization of the fluctuations in the intensities a
phases of the two fields„Ej (t)5AI j (t)exp@ifj(t)#, j 51,2…
can be characterized by the time average of the inten
©2001 The American Physical Society02-1
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differencê uI 12I 2u&, and of the relative phase angle betwe
the two fields, defined aŝu&[^uf12f2u&, with uf12f2u
P$0,p%.

As shown in Fig. 1, for a large separationd*1.2 mm of
the pump beams within the crystal, the two lasers areun-
coupled. The average relative phase angle between the
laser fields is^u&5p/2 rad in the uncoupled regime; th
scattered behavior shown by Fig. 1~a! for d*1.2 mm indi-
cates a considerable slow phase diffusion, and hence a
sequent error due to the length limitation of the calcula
time traces. The corresponding average intensity differe
@Fig. 1~b!#, d*1.2 mm, gives thestandard deviation
('0.22 in this case! of the calculated time trace of one of th
lasers. This corresponds to the expected value in an a
chronous regime.

As the value of the separation of the pump beams is
creased fromd'1.2 mm, the laser outputs undergo a tra
sition from the uncoupled regime to acoupledregime ~see
Fig. 1!. For d&0.9 mm, the value of the average relati
phase angle between the laser fields approachesp rad, as can
be seen in Fig. 1~a!, i.e., the two lasers becomephase-locked.
Although this phase-locking phenomenon has already b
known for some time in the context of coupled lasers, o
analysis of the noise dynamics of the system reveals a
ferent insight to the phenomenon. Indeed, we find that
accuracy of phase-locking between the two lasers incre
progressively as the coupling between the two lasers is
creased, in such a way that, in the domain of strong coup
(d'0.4 mm), the locking fully affects the quantum-nois
driven fluctuations of the phases. Figures 2~a! and 2~b! show

FIG. 1. Time average of the relative phase angle~a! and the
intensity difference~b! between the two laser fields, as a function
the pump separation, forM52 andD50. The axes of the intensi
ties have been rescaled withb along the paper.

FIG. 2. Time evolution of the phases~a,b! and the intensities
~c,d! of the two lasers in the strong-coupling regimed
50.4 mm), forM52 andD50.
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the diffusion dynamics of the phases of the two fields in
strong-coupling regime (d50.4 mm). TheX-Y plot shown
in Fig. 3~a! is a clear representation of this synchroniz
behavior. As will be discussed below, this accurate pha
locked state results in a substantial noise reduction on
relative phase of the two beams.

On the other hand, Fig. 1~b! shows that the value of the
time average of the intensity difference between the t
beams decreases asd is lowered, meaning that the fluctua
tions of the intensities of the two beams become progr
sively correlated. Figures 2~c! and 2~d! show the time evo-
lutions of the intensity fluctuations of the two lasers in t
strong-coupling regime (d50.4 mm). The high degree o
correlation in this regime can also be observed in Fig. 3~b!,
where the correspondingX-Y plot is shown. The correlation
in the intensities induces an important noise reduction ef
in the intensity difference noise spectrum. This is the cen
result of this paper, and it will be further described below

To this end, we study next the noise properties of
relative phase (f[f12f2) and the intensity difference
(I 2[I 12I 2) between the two signals. To get a deeper
sight, we compare computer simulations performed fr
Eqs.~1! with results obtained with a linearized treatment
the system@11#.

The steady state (I j 0 ,Nj 0 , j 51,2) can be derived analyti
cally from Eqs.~1! by neglecting the noise sourcesF j (t) and
setting the time derivatives equal to zero. In the case of re
nance (D50), and assuming thatI 105I 20[I 0 , N105N20
[N0, it leads to

N05
2~h1j!

g ib

I 0

I 0~12eI 0!11
, ~2!

R

11bI 0~12eI 0!
5

I 0

I 0~12eI 0!11
, ~3!

where R5bL/„2(h1j)…. From Eq. ~3!, and usingbeI 0
2

!bI 0, one finds

I 0'
1

b FR21

2z
1AS R21

2z D 2

1
bR

z G , ~4!

wherez5(11eR/b). We note that the steady-state intens
I 0 increases to some extent with the absolute value of
coupling between the two fields (j,0), i.e., as the distance
between the pumping beamsd is reduced.

FIG. 3. X-Y plot of the time evolution of the two laser phase
~a! and intensities ~b!, in the strong-coupling regime (d
50.4 mm), forM52 andD50.
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The noise spectrum~frequency-dependent variance! of the
relative phasef, in the linear approximation, results:

^d2f~v!&5
Rsp

I 0~4j21v2!
, ~5!

whereRsp5g ibN0.
The effect of the degree of correlation of the phases of

two fields can be clearly observed in Fig. 4, where the no
spectrum of the phase difference between the two ou
fields is plotted for different values of the pump beam se
ration d. The results from the linearized theory@Eq. ~5!# are
shown in dashed lines and they have also been reprod
separately in the inset, since they largely overlap with
results from the computer simulations in the main plot. In
region of moderate coupling (d50.7 mm), the mean rela
tive phase of the two fields is close top rad @see Fig. 1~a!#,
and hence the system is normally considered in this regio
phase-locked. However, we observe that at this level of c
pling, the time evolution of the phases is only correlated
low frequencies, and consequently the reduction of nois
only observed in the low-frequency domain. A substan
amount of noise reduction is only obtained in the region
strong coupling~Fig. 4, d50.4 mm), in which the fluctua-
tions of the phases become correlated in a wide freque
domain.

On the other hand, the noise spectrum of the inten
differenceI 2 , in the linear approximation, is given by

^d2I 2~v!&5
4RspI 0~gN

2 1v2!

~v ro
2 1g I 2

gN2v2!214v2g ro
2

, ~6!

where g I 2
52h2Rsp(112eI 0), gN5g i(11bI 0), v ro

5g ibRspI 0, andg ro5(g I 2
1gN)/2.

Lines ~1!, ~2!, and ~4! in Fig. 5 show the normalized in
tensity difference noise spectrum calculated forM52 and
D50: d51.4 ~line 1!, d50.75 ~line 2!, andd50.6 ~line 4!.
The results from the linearized theory@Eq. ~6!# describe most
of the features of the complete nonlinear system. The o

FIG. 4. Noise spectrum of the relative phase (f12f2) for M
52 andD50, and for the indicated values ofd. The dashed lines
correspond to the linear theory@Eq. ~5!#. Inset: curves from the
linear theory alone.
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discrepancies arise at the low-frequency wing of the sp
trum, where the numerical calculations have a limited pre
sion, and at the harmonics of the relaxation oscillations f
quency, where the peaks are absent because of their intr
nonlinear origin. Clearly, increasing the coupling betwe
the laser fields rapidly reduces the dominant relaxation os
lations peak and suppresses its harmonics~line 2!, and at still
moderate coupling,d50.6 mm~line 4!, all the peaks disap-
pear. Line~3! in Fig. 5 corresponds tod50.6 mm and to
cavity detuningD51.85j (D'27ms21) and shows the ro-
bustness of the synchronization~and of the consequent nois
reduction effect! against frequency detuning.

We study the photon statistics of the intensity differen
I 2 by measuring the Fano factor@7,12#, which is defined as
the variance ofI 2 normalized with respect to the SQL (2I 0).
Its expression is obtained from the linear approximation
integrating Eq.~6! over all frequencies, yielding

F[
^d2I 2&

2I 0
5

Rsp

2g ro
. ~7!

Figure 6 shows the behavior of the Fano factor as a fu
tion of the pump separation. The Fano factor is a repres
tation of the statisticalsecond moment~variance! of the fluc-
tuations in I 2 , and can be compared with Fig. 1, whic
represents thefirst moment~mean!. Calculations are shown
in Fig. 6 for two different values of the pump parameterM
52,50. Again, the results from the linearized theory@Eq. ~7!#
are in excellent agreement with the numerical simulatio
Clearly, the Fano factor progressively decreases with incre
ing coupling, though it remains always above unity; f
strong coupling (d'0.4) the Fano factor approaches uni
meaning that the photon statistics of the intensity differen
(I 2) approaches a Poissonian distribution. Figure 6 inclu
two numerical simulations calculated with frequency detu
ing (D5j). The effect of detuning is relatively weak in th
behavior of the Fano factor. The first effects of frequen
detuning are observed forD.j/10, and they are more im
portant for higher values of the pump parameter, as can

FIG. 5. (I 12I 2) noise spectrum normalized to the SQL, forM
52. The dashed lines correspond to the linear theory@Eq. ~6!#. ~1!
d51.4, D50; ~2! d50.75, D50; ~3! d50.6, D51.85j; ~4! d
50.6, D50. Inset: curves~1!, ~2!, and ~4! from the linear theory
alone.
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observed in Fig. 6. Note that the detuningD is included in
the calculations of Fig. 6 as a function of the coupling its
(D5j); this leads, e.g., to a value of the frequency detun
such asD'0.1 ns21 for a pump separation such asd50.4.
Finally, we have also performed calculations for higher v
ues of the pump power, and we can assert that the sync
nization remains substantially accurate forL/L thr,200, at
least.

As a conclusion, we have shown that the intensity a
phase fluctuations driven by spontaneous emission in
spatially coupled Nd:YVO4 microchip lasers working in a
steady-state regime become highly correlated when the la
are strongly coupled. The phase and intensity correlati

FIG. 6. Fano factor corresponding to the intensity differen
signal (I 12I 2) as a function of the pump beam separationd. The
dashed lines correspond to the linear theory@Eq. ~7!#.
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occur because they maximize the gain of the system, as
be shown by further developing Eqs.~1! @11#. The key point
here is that this synchronization applies not only to lar
amplitude fluctuations, such as those observed, e.g., in
stable coupled lasers@5#, but also to the dynamics of th
small fluctuations that we have considered, which are c
tinuously fed by quantum noise, and this can be used
induce noise reduction effects in the system.

Interestingly, our study provides a characterization of
degree of accuracy of the phase-locking phenomena
served in spatially coupled lasers. The study of the no
reduction in the spectrum of the difference between the
beam intensities as a function of the coupling strength exh
its a complete suppression of the dominant relaxation os
lations peak and of its harmonics at a moderate coupl
although the photon statistics remains always above
SQL.

It is likely that the effects presented here can be obser
in many different types of spatially coupled lasers who
solitary dynamics are usually described by rate equation
will also be interesting to study the noise characteristics
the sum of the synchronized output fields studied here,
this will be published elsewhere.
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