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Comment on “Bose-Einstein condensation with magnetic dipole-dipole forces”
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The ground-state solutions of a dilute Bose condensate with contact and magnetic dipole-dipole interactions
are examined. By lowering the value of the scattering length, Gairal. [Phys. Rev. A61, 051601(2000 ]
numerically predict a region of unstable solutions, accompanied by a neighborhood where the ground-state
wave functions have internal structure. On the contrary, we find that the dipolar condensate has an intuitively
located stability region, and ground-state solutions near the instability threshold that are without any unusual

structure.
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A nonideal Bose-Einstein condensate in the presence of FIV(r)]=— % pop?(1-3 cofa), 3)

magnetic dipole-dipole forces was recently investigdtdd
For a magnetic moment equal to that for chromium and & nareq is the angle betweek and .
typical value for the scattering length, all solutions were — \ow inspecting the formuld3), one thing seems intu-

found to be stable and differed only in size from condensateg; ey clear: the first term will introduce an effective shift in
lacking long-range interactions. Upon reducing the scattering, scattering length according to

length below a critical value, the dipolar condensate was
found to become unstable, and for scattering length values Uo=4mh2aN/m — uou®N/3, %)
just above the instability, a “structured” condensate was
found (i.e., the density had several peaks instead of the ordiand one would expect instabilitroughly) when this be-

nary single-peaked behavjoiThe purpose of this Comment comes negative. A first approximation to the instability
is to report a disagreement in both the location of the instathreshold is then

bility threshold and the existence of the structured ground-

state solutions. a.=Muou?/127h2. (5)
The results of Ref.1] were achieved by numerically solv-

ing the Gross-Pitaevskii equation for atoms in a cylindricalUsing the chromium parametegs=6uz, m=52u we get

harmonic trap: the estimate gy,=2.75 nm)
A h2v?z 1 ~a
ihH: — Emwg(xz+yz+ y222) ac/an~0.291. (6)

Ari2a This simple estimate is about twice as big as the values given
K 2 o 1243, by Goral et al. [1] in their Fig. 2, and it also indicates a

* m N|¥| +Nj V(r ' |\P(r )| dr }qf' critical scattering length that is independent of particle num-
ber. To a certain extent, the kinetic enei@yd possibly the
anisotropic part of the dipole-dipole interactjaran stabilize
the condensate in a manner similar to that for condensates
with negative scattering lengths, but it seems unlikely that
hese would cause such a dramatic shift in the critical scat-
ering length.

To determine more accurately when the condensate is ex-
, , pected to turn unstable, we perform a variational calculation
V(r—r')= o [ma(r)- pa(r') ] =3[ (1) - ul[ (1) - u] , by assuming a trial wave function for the condensate density

4 lr—r’|? (2],
2

. . . 2_
whereu=(r—r’)/|r—r’| andu, is the magnetic permeabil- |W[*=
ity of the vacuum. All the magnetic moments are assumed to

point in the same directionz(direction, i.e., = p,= puz. The energy of the condensate is th&s Ex+Ep+Ey,
As explained in Ref[1], the Gross-Pitaevskii equatidi) +Epp, where

can be solved easily enough when one notices that the non-

local (NL) term is a convolution, and is therefore local in Ex=(/2/2m) (102 + 1,2) ®)
k-space. This approach requires a Fourier transform of the 2027
dipole-dipole (DD) interaction, given in the limit of small

atomic overlap distance %] Ep=(Mw3/2) (0?+ % y?0?), 9

.Y

Here ¥ is the condensate wave functioa,is the swave
scattering lengthN is the number of atoms, ana is the
mass of the atom. The long-range potential is due to th
magnetic dipole-dipole interaction and is given by

1
23252 exf — (2+y?)la?lexp(—22la?). (7)
z
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En=Uo/(2m)¥%0%0,, (10) 03—V 1 T T
and 0.25 ‘ |
2 2 2
1 o 3 5 o
Epp= M;f;‘ . {E__zzFl(E,z;E;[l—(—) )] 02
27020, 30, 0, &
(11) ®0.15
Here ,F.(a,B;;2) is a hypergeometric function, and Eq.
(3) has been used to calculate the anisotropic contribution 0.1
(Epp) to the energy. Minimizing this energy functional for a 5 5 : : ; ; 5
spherically symmetric trap withoy=(27)150 Hz andN 0.08f e S e B A T
=300000, we find that the energy becomes unbounded and g j ; ‘ :
the system unstable whexiay,~0.94,. Additionally, the % 05 1 15 2 25 3 35 4
critical value is quite insensitive to the number of particles: 105N

for N=10" it is a/aNa%O.9E§c. These values are in dis-

. FIG. 1. Instability threshold as a function of the number of
agreement with the results of Réd]. y

. ! particles for a nonideal dipolar condensate of chromium atoms in a
We also used a trial wave function spherically symmetric trap witlhg=(27)150 Hz. The solid line is
;)2 based on a Gaussian trial and the dashed line is based on a
2., 2\ .2 arabolic-Gaussian trial. Individual data points are numerical solu-
1_(2_0) e~ (xHyDlo]. (12 Eons of the Gross-Pitaevskii equation vr\)/ith error bars indicated.
(The small amount of noise present in the figure is due to the Monte
At the threshold of instability, this trial wave function seems Carlo method used for minimization.
better justified than the Gaussian trial. Due to thé?edac- ) -
tor in Eq. (3), there is extra repulsion in tredirection, so X 64. ForN=300000, we estimate the critical value of the
inverted parabola seems to be a natural guess. Inxthe scattering length to ba/ay,~0.92a.. Near the instability
plane, the interaction terms vanish so a Gaussian profile i§ireshold, the ground-state wave functions looked roughly
expected. For the functiofl2), the kinetic energy diverges parabolic along the axis and Gaussian in they plane.
so it was left out from the optimization process. Thus thisSolutions in the neighborhood of the REE] instability were
approach is valid only at the Thomas-Fermi limit, i.e., atconsistently found to be unstable, althougansientstruc-
large particle numbers. We were not able to evaluate all théure was observed en route to collagse least when the
integrals analytically, so a numerical integration was perkinetic-energy term was artificially removed.

2_
[W|*= 2

477200'

formed. With this wave function, we estimate that far While it is true that a variational wave function will not
=300000 the critical value is/ay,~0.96a,, again quite deliver any more physics than is already present in the trial
close to the simple estimate given before. wave function, our analytical and numerical results strongly

In Fig. 1, we show the instability threshold calculated indicate that the numerical instability threshold of Réf| is
with three different methods. It can be seen that each methddibious; furthermore, their structured solutions are not nu-
gives about the same results at large particle numbers. THEerically reproducible. In conclusion, we therefore contend
missing kinetic-energy term for the parabolic-Gaussian triafNat, upon lowering the strength of the contact interaction, a

results in a nonphysical behavior at small particle numbersonideal dipolar BEC reveals an instability threshold that is
but the Gaussian trial gives fairly satisfactory results for alllargely independent dfl and given to a good approximation

particle numbers. Figure 1 should be contrasted with Fig. ®Y the intuitive result(6), and the ground-state wave func-

of Ref. [1]. tions at and near this threshold have a simple, single-peak
Finally, we address the existence of structured dipolaProfile:

condensates by solving Ed.) numerically using the method The authors acknowledge the Academy of Finland for fi-

outlined in Ref.[1]. The largest grid we used had a size nancial supportproject 43336 J.-P.M. acknowledges sup-

128x128x 128, but the results obtained with this grid were port from the National Graduate School on Modern Optics

not very different from those in a grid with a size 664  and Photonics.
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