
,

PHYSICAL REVIEW A, VOLUME 64, 034701
Semiclassical-quantal approach to the near-threshold ionization of hydrogen
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A recent improved version of the semiclassical-quantal approach has been applied to thee2-H near-
threshold ionization foru125180° geometry. It is found, that unlike other sophisticated theoretical methods
such as distorted wave theory or convergent close-coupling calculation, the present relatively simpler approach
produces correct behavior and numerical values for the triple-differential cross sections. We compare our
results with recent absolute measurements and accurate numerical calculations at 2 eV and 4 eV above the
threshold at constantu12 geometry.
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Although considerable attention has been focused
(e,2e) studies ine2-H scattering, the overall situation is fa
from complete specially in the near-threshold region. Wh
the sophisticated theories such as convergent close-cou
~CCC! calculations@1,2# or theories based on distorted-wa
~DW! formalism@3–6# have had some success in predicti
the correct behavior of the angular distributions, their res
close to the threshold show large quantitative disagreem
ranging from a factor of 2 to 7 for the CCC theory and by
factor of 10 to 27 for certain variants of DW theory. Bas
on an exterior-complex-scaling~ECS! procedure, McCurdy
and co-workers@7,8# were spectacularly successful in d
scribing accurate total and differential cross sections for
e2-H scattering. This gigantic numerical effort involves a
enormous amount of supercomputing time and their res
down to 4 eV above the threshold and upwards at cons
u12 geometry are now available. Comparison of these res
@7,8# with recent measurements@9,10# show excellent agree
ment.

There has been some criticism of the CCC calculati
that they do not satisfy the symmetrization postulate a
represent incoherent combinations of amplitudes on ei
side ofE/2, E being the excess energy above the thresh
To address these criticisms Bray@11# introduced a step-
function hypothesis that the ionization amplitude beyond
E/2 is identically zero. However, this hypothesis is yet to
proved analytically. A detailed analysis in this regard h
been presented by Rescignoet al. @12#. The CCC angular
behavior of the triple-differential cross sections~TDCS! even
close to the threshold show good qualitative agreement w
the measurement@9#. Recently Bray@13# has successfully
shown that the ‘‘raw’’ CCC amplitudes are now purported
converge to exactly half the correct value atE/2. This makes
the CCC results better in the sense that it no longer requ
arbitrary scaling constants to compare with measurement@9#.
Nevertheless, a factor of 2 or so still remains to be un
plained for the near-threshold results. In our present calc
tion we shall compare the most recent CCC results obta
from them@14#. We note that the measurements are abso
only at 2 eV and 4 eV and at remaining energies they
relative measurements normalized to the distorted par
wave ~DPW! calculation of Pan and Starace@6#. A host of
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other variants of distorted wave approximations@3–5# has
been applied to thee2-H ionization with reasonably good
description of the triple-differential cross section but pref
entially in the high-energy region~at least not close to the
ionization threshold!. Among the distorted-wave calculation
the method of Pan and Starace@6# represented the best agre
ment of the TDCS with the measurement@9# close to the
threshold. While the DPW results at 4 eV above the thre
old show very good agreement both qualitatively and qu
titatively with the absolute measurement@9#, the results are
off by a factor of 2 at 2 eV above the threshold. Therefo
we are still in search of a technique that can produce cor
angular distributions and numerical values of the TDC
close to the threshold. In what follows, we shall demonstr
that a recently reported improved version@15,16# of the
semiclassical-quantal treatment of Crothers@17# can provide
just such a reasonably accurate technique for the elec
impact ionization of atomic hydrogen.

The direct amplitude for the electron impact ionization
atomic hydrogen is given by

f ~ k̂1 ,k̂2!.
2i

p E C f
2* ~r1 ,r2!F 1

r 12
2

1

r 1
Geik0•r1w~r2!dr1dr2 ,

~1!

where w(r2) is the ground state of hydrogen atom
C f

2* (r1 ,r2) the final-state wave function for the two outgo
ing electrons with momentak1 , k2, and k0 being the mo-
mentum of the incident electron. Energy conservation
mands thatk0

2/22e I5k1
2/21k2

2/2 with e I the ionization
threshold of atomic hydrogen~13.6 eV!. In equation~1! r1
andr2 are the projectile and atomic electron coordinates w
respect to the bare nucleus.

Since in the final channel the wave function for the tw
outgoing electrons is independent of the target we can
the same final-state wave function used in our recent ca
lations@15,16# for ionization of atomic helium. The uniform
semiclassical wave functionC f

2* (r1 ,r2) in the final channel
for the two outgoing electrons was first obtained@17# by
solving the corresponding equation in hyperspherical coo
nates and is given by
©2001 The American Physical Society01-1
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C f
2* 5

c1/2Em12/2u1
1/2

ṽ1/2r5/2sina cosa
d~ k̂12 r̂1!d~ k̂22 r̂2!

3expS 4i

~8Z0r!1/2
~Du12!

22D expF2 i S S0

1
1

2
S1~Da!21

1

8
S2~Du12!

21
p

4 D2~conjugate!G .
~2!

The presence of the termd( k̂12 r̂1)d( k̂22 r̂2) in Eq. ~2!
is necessary to ensure that the two electrons have spe
directions asymptotically and to project out the requir
outgoing scattering amplitude. Various constants a
expressions for the classical action variablesS0 , S1, andS2
in Eq. ~2! are are all given in our recent calculation@16#.
The wave function in Eq.~2! includes both radial and angu
lar correlation through the hyperspherical coordina
a5tan21(r 2 /r 1) and u125cos21(r̂1• r̂2), respectively. The
classical action was expanded in a Taylor series around
Wannier ridge anglesa5p/4 andu125p and terms through
second order were retained. This wave function is then u
to evaluate the direct amplitude in Eq.~1!. Thea integration
in the hyperspherical space has been evaluated by usin
method of stationary phase/steepest descent, the point o
tionary phase being given naturally enough bya5p/4, the
saddle point. The remaining integrations are done num
cally using Gauss-Lobatto quadrature. The exchange am
tude is obtained from the direct amplitude by interchang
u1 and u2 made by the two outgoing electrons with the i
cident beam direction.

In Fig. 1 we compare our TDCS results at 2 eV exce
energy~15.6 eV incident electron energy! with correspond-
ing absolute measurement of Ro¨der et al. @9# and the CCC
results@14#. All the results are in the constant geometry
u125p. Our results show good agreement with the measu
ment for the angular region 40 °,u1,140 °. Outside this
region our results tend to deviate from the measured va

FIG. 1. TDCS in the constant geometry ofu125p at E
52 eV above threshold. Filled circles: measurement@9#, dashed
lines: CCC results@14#, and solid line: present results.
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that are strongly peaked in the forward or backward dir
tions. It is to be noted here that at this energy the experim
tal uncertainty is 35%. The CCC results at this energy
shown in the combined experiment-theory paper@9# demon-
strated better agreement only after being scaled up by a
tor of 7. The apparent deviation of our results at the forwa
or backward angles was also noted earlier@15,16# for the
ionization of helium.

Figure 2 shows a comparison of the TDCS results at 4
excess energy in the present calculation, unscaled CCC
sults @14#, the absolute measurement@9#, and the results of
ECS calculation@8#. Note that the experimental uncertain
at this energy is as large as 40%. The agreement of
present as well as CCC results with the measurement@9# is
similar to that of the 2 eV excess energy case. The E
results@8# show the best agreement with the measurem
@9# and tend to peak strongly in the forward and backwa
direction. From both figures we note that the present a
CCC results show similar behavior in the extreme forward
backward directions. It is interesting to note from Figs. 1 a
2 that the present results are higher than both CCC and
results in the trough region while at the forward and ba
ward angles the present results are lower than ECS re
but higher than CCC results. This will make the integrat
cross sections under the curves closer to the ECS results
DPW results@6#, as presented by Ro¨der et al. @9#, are no
better and no worse than ours, in comparison with CCC@14#,
ECS@18#, and the experimental results@9#. In the absence of
any experimental data at these angles, it is difficult to jud
the accuracy of any theoretical results although ECS res
@18# are more likely to be accurate.

In conclusion, we have demonstrated that the present r
tively much simpler semiclassical-quantal approach can p
vide a reasonably good description of the TDCS for t
electron-hydrogen ionization process. The present metho
far less time consuming than the large multistate CCC c
culation or the giant numerical ECS technique. However,
present method may have its own limitation in that the fin
state wave function for the two outgoing electrons is ba
on a Wannier model and therefore may not be suitable ei

FIG. 2. Same as Fig. 1 but forE54 eV and long-dashed line
represents ECS results@8#.
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for the angles far away from the ridge angles or for t
energy far above the threshold. Here we report our res
only at a constant geometry ofu125p. Results at other ge
ometries will be reported elsewhere.
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