
PHYSICAL REVIEW A, VOLUME 64, 032713
Scaling of plane-wave Born cross sections for electron-impact excitation of neutral atoms

Yong-Ki Kim
National Institute of Standards and Technology, Gaithersburg, Maryland 20899-8421

~Received 12 March 2001; published 20 August 2001!

Two methods to scale plane-wave Born cross sections for electron-impact excitations of neutral atoms are
shown to produce excitation cross sections comparable in accuracy to those obtained by more sophisticated
collision theories such as the convergent close-coupling method. These scaling methods are applicable to
integrated cross sections for electric dipole-allowed transitions. Scaled cross sections are in excellent agree-
ment with available theoretical and experimental data for excitations in H, He, Li, Be, Na, Mg, K, Ca, Rb, Sr,
Cs, Ba, Hg, and Tl, indicating the possibility of rapid and reliable calculations of excitation cross sections for
many other neutral atoms.
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I. INTRODUCTION

Two simple scaling methods for first-order, plane-wa
Born cross sections for electron-impact excitations of neu
atoms are shown to produce cross sections for many ne
atoms with an accuracy comparable not only to reliable
perimental data, but also to more sophisticated theories s
as theR-matrix method@1#, the convergent close couplin
~CCC! @2# method, and the exterior complex scaling@3#
method. The scaling methods are applicable only to dipo
allowed excitations, and use three atomic properties—
ionization energy, excitation energy, and the dipolef value—
that can be obtained, in principle, from accurate wave fu
tions, and hence are free of adjustable parameters. In p
tice, however, accurate values of the required atomic data
often available from other sources. In such cases, Born c
sections calculated from simple wave functions serve as
equate starting points, as demonstrated in this paper.

Since scaled cross sections are based on the plane-
Born ~PWB! approximation, they do not account for th
resonances often found near the excitation thresholds.
applications insensitive to the details of the resonances, s
as the modeling of plasma processing, plasmas in lam
plasmas in fusion devices, and a stellar atmosphere, t
scaling methods offer rapid calculation of reliable excitati
cross sections for spin- and electric dipole-allowed tran
tions in many atoms, particularly heavy atoms and ato
with many open-shell electrons presently inaccessible to
orous theoretical methods. The goal of the present sca
methods is to provide a simple theoretical method to ca
late excitation cross sections reliable to620% or better at
the cross-section peak, with an equally reliable cross-sec
shape for the entire range of the incident electron ene
except for the region dominated by resonances. The theo
outlined in Sec. II, results are compared to available exp
mental and theoretical data in Sec. III, and conclusions
presented in Sec. IV.

II. THEORY

The PWB approximation is used as the starting point
the present work because~a! the plane wave is the correc
wave function at infinity for an electron colliding with
neutral atom, and~b! it is the simplest collision theory tha
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uses target wave functions explicitly. The explicit use of t
get wave functions enables one to use relativistic wave fu
tions for heavy atoms, and to distinguish the final state of
target.

In a generic form, first-order PWB cross sectionssPWB
for inelastic collisions are written as@4#

sPWB5
4pa0

2R

T
FPWB~T!, ~1!

wherea0 is the Bohr radius,R is the Rydberg energy,T is the
incident electron energy, andFPWB(T) is the collision
strength~multiplied by a constant to be consistent with th
standard definition of the collision strength!. Qualitatively
the PWB approximation does not account for the elect
exchange effect with the target electrons, the distortion
plane waves in the vicinity of the target atom, or the pol
ization of the target due to the presence of the incident e
tron. The scaling methods described below combine th
deficiencies into simple functional forms that depend on
few atomic properties. The proposed scaling methods ap
only to integrated excitation cross sections, not to angu
distributions, because the scaling methods do not alter
angular distribution shape described by the unscaled B
cross sections.

A. BE scaling andC scaling

The first scaling method, referred to asBE scaling, re-
places theT that appears in the denominator of Eq.~1! by
T1B1E, whereB is the ionization energy, or the bindin
energy, of the target electron, andE is the excitation energy

sBE5sPWBT/@T1B1E#. ~2!

As can be seen in the examples shown in this paper,
BE scaling not only reduces the cross-section magnitud
low T, but also shifts the peak to a higherT than the peak of
the unscaledsPWB, while keeping the high-T validity of the
PWB approximation intact.

The BE scaling is similar in spirit to the scaling for ion
ization cross sections introduced by Burgess@5,6#, who used
the orbital kinetic energyU5^p2&/2m instead ofE in Eq.
~2!. Using the Burgess scaling in combination with oth
approximations, Kim and Rudd@7# developed the binary-
13-1
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encounter-dipole~BED! and binary-encounter-Bethe~BEB!
models for electron-impact ionization cross sections. T
BEB model, which is a simpler version of the BED mod
usesB, U, and the orbital electron occupation numberN of
the ground-state orbitals of the target, and produces reli
total ionization cross sections for molecules ranging from2
to SF6 at low as well as highT @8#.

The original qualitative justification for the Burges
Vrieus scaling was that the ‘‘effective’’ incident energy se
by the target electron isT plus the potential energy of th
target electron. In view of the examples of theBE scaling for
excitation cross sections presented here, it is clear that s
ing the incident energyT in the denominator of Eq.~1! by a
constant of the order ofB1E, but not theT in the collision
strengthFPWB(T), offers a simple but effective way to ac
count for the electron exchange, distortion, and polariza
effects that are absent in the first-order PWB approximat

At present, theBE scaling cannot be ‘‘derived’’ from first
principles. In the absence of more fundamental understa
ing of the origin of theBE scaling, the combinationB1E in
the BE scaling should not be taken literally as a rigid ru
but only as an indicator of the order of magnitude of a co
stant shift to be added toT. Indeed, the examples on som
alkaline-earth elements shown later clearly indicate tha
constant somewhat larger in magnitude thanB1E repro-
duces the experimental data better than usingB1E at inter-
mediate and lowT. Hence, as a corollary of theBE scaling,
the C scaling, in whichB1E is replaced by a constantC, is
introduced:

sC5sPWB@T/~T1C!#. ~3!

The fact that it is necessary to introduceC.B1E for
better agreement with experimental data for alkaline-ea
elements whose resonance levelsnsnp 1P are located above
levels involving (n21)d electrons indicates thatC may be
related to the polarizability of the target.

A hint to the meaning of addingC to T may be found in
the PWB cross section for theelastic scattering from the
Yukawa potential. The Yukawa potential is a screened C
lomb potential,

V~r !52
Ze2

r
exp~2r /b!, ~4!

where r is the radial coordinate,Z is the atomic number,
2e is the electronic charge, andb is the ‘‘range’’ of inter-
action with a dimension of length. Using plane waves for
incident electron, the integrated cross section for elastic s
tering is @9#

sel516pZ2b4/@a0
2~114k2b2!#, ~5!

wherek is the momentum of the incident electron in atom
units. After writing b5ba0 and noting that (ka0)25T/R,
Eq. ~5! becomes

sel54pa0
2RZ2b2/~T1R/4b2!, ~6!
03271
e

le

ift-

n
n.

d-

,
-

a

th

-

e
t-

which has theT in the denominator shifted by a consta
with the dimension of energy. Although this analogy is n
rigorous, the similarity between theC scaling and Eq.~6!
suggests that the constantC may be related to the shieldin
of the nuclear charge by the bound electrons of the tar
Note that b→0 means complete screening of the nucle
charge resulting in a vanishing cross section.

A ‘‘loose’’ connection between the constantC and the
electric-dipole polarizabilityad of the target atom can be
demonstrated as follows. The dipole polarization potent
2e2ad /(2r 4) is often introduced into the Hamiltonian of th
target with some modifications to avoid the singularity ar
50. If the Yukawa potential is written asV(r )}
2@r exp(r/b)#21, then ther 24 term after expanding the ex
ponential function is212b3/r 4. Comparison to the dipole
polarization potential suggests thatb35(ba0)3 plays the
role of the dipole polarizability. Although this relationship
not rigorous, it implies that a study of the connection b
tween effective screening of the nuclear charge and the
larizability of the target atom may provide a clue to the tr
meaning of theC scaling. Note thatC}b22}(ad)22/3 @Eq.
~6!#, andad~Ca! ,ad(Sr),ad~Cs! according to Miller@10#,
which is consistent withC(Ca).C(Sr).C(Cs) as listed in
Table I.

B. f scaling

The PWB cross section depends on two independent
proximations: ~a! a first-order perturbation theory usin
plane waves for the incident and scattered electron, and~b!
the use of approximate wave functions for nonhydroge
targets. TheBE andC scalings correct the deficiency arisin
from the former approximation. However, if poor targ
wave functions are used, the results will be unreliable rega
less of theBE scaling or theC scaling, even at highT.

Although computational tools are available to gener
wave functions that will produce accurate electric dipole
cillator strengths, or thef values, they are not always easy
use. In any case, the focus of the present work is not
production of extremely accurate wave functions. For
nately, reliable experimental or theoreticalf values are avail-
able for many strong transitions, and it is desirable to dev
a method to take advantage of the availability of such res
rather than toil to produce very accurate wave functions.

For several decades, there have been efforts to use a
rate ~or even not so accurate! f values to generate electron
impact excitation and ionization cross sections. Of these,
haps the most popular one is the Gaunt-factor method@11#.
In this method, thef value for the transition of interest i
factored out in front of the collision strengthFPWB(T) in Eq.
~1!, and thenFPWB(T) is modified accordingly. In this way
the objective of the Gaunt-factor method is to find the app
priate collision strengths that will provide reliable cross se
tions.

In the BE and C scalings, the collision strength is kep
intact, while the leadingT is altered. Thef scaling is intro-
duced to take advantage of the availability of reliablef val-
ues from other sources. Thef scaling is based on the ratio o
an accuratef value to a less reliablef value produced by the
3-2
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SCALING OF PLANE-WAVE BORN CROSS SECTIONS . . . PHYSICAL REVIEW A 64 032713
target wave functions being used to generatesPWB. The f
scaling is given by:

sPWmc'~ f mc / f sc!sPWsc. ~7!

wheresPWmc stands for the PWB cross section using ac
rate, or multiconfiguration wave functions with the corr
spondingf value denoted byf mc , while sPWscstands for the
PWB cross section using uncorrelated, or single configu
tion wave functions with the correspondingf value denoted
by f sc.

The BE scaling or theC scaling and thef scaling can be
applied consecutively if needed. For later use, we introd
shorthand notations

sBE f5sBE~ f mc / f sc! ~8!

and

sC f5sC~ f mc / f sc!. ~9!

TABLE I. Resonance transition, binding energyB, excitation
energyE, and scaling constantC in eV, the dipole oscillator strength
f from the wave functions used for unscaled Born cross secti
and the accuratef used for thef scaling.

Atom Transition B E C fBorn f accurate

H 1s-2p 13.6057 10.2043 – 0.4162 0.4162a

2s-3p 13.6057 12.0940 – 0.0791 0.0791a

He 1s2-1s2p 1P 24.5874 21.218 – 0.2671 0.2762b

1s2-1s3p 1P 24.5874 23.087 – 0.0730 0.0734b

Li 2s-2p 5.392 1.848 – 0.7683 0.7474c

Be 2s2-2s2p 1P 9.323 5.277 – 1.341 1.373d

Na 3s-3p 5.139 2.104 – 1.049 0.9620e

Mg 3s2-3s3p 1P 7.646 4.346 – 1.600 1.71f

K 4s-4p 4.341 1.610 – 1.222 0.9938c

Ca 4s2-4s4p 1P 6.113 2.933 14 1.878 1.75g

Rb 5s-5p 4.177 1.560 – 1.330 1.023c

Sr 5s2-5s5p 1P 5.695 2.690 12 2.036 1.84h

Cs 6s-6p 3.894 1.386 – 1.437 1.029c

Ba 6s2-6s6p 1P 5.212 2.239 11 1.940 1.59i

Hg 6s2-6s6p 1P 10.438 6.704 – 1.747 1.18j

Tl 6p1/2-6d3/2 6.108 4.478 15 0.3504 0.29k

aH. A. Bethe and E. E. Salpeter,Quantum Mechanics of One- an
Two-Electrons Atoms~Plenum, New York, 1977!, p. 265.
bG. W. F. Drake@18#.
cW. R. Johnsonet al. @19#.
dG. Tachiev and C. F. Fischer@36#.
eK. M. Joneset al. @20#.
fP. Jönsson, C. F. Fischer, and M. R. Godefroid, J. Phys. B32, 1233
~1999!.
gJ. E. Hansen, C. Laughlin, H. W. van der Hart, and G. Verbo
haven, J. Phys. B32, 2099~1999!.
hY.-K. Kim and P. S. Bagus, J. Phys. B5, L193 ~1972!.
iB. M. Miles and W. M. Wiese, At. Data1, 1 ~1969!.
jA. Lurio, Phys. Rev.140, A1505 ~1965!.
kA. Gallagher and A. Lurio, Phys. Rev.136, A87 ~1964!.
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C. BE scaling for electric-dipole-forbidden excitations

Application of theBE scaling to electric dipole (E1) for-
bidden transitions must be done with caution, because
PWB approximation is less successful for such transitio
than forE1-allowed transitions. The primary reason for th
poor performance of the PWB approximation f
E1-forbidden transitions is that the PWB transition amp
tude for the direct process—e.g., the 1s-2s transition in
H—is small, and hence the contribution from indire
processes—e.g., 1s-2p followed by 2p-2s virtual
transitions—compete with the contribution from the dire
process@4#.

The CCC cross sections for the 1s-2s, 3s excitations of
the hydrogen atom are lower than the corresponding P
cross sections at intermediateT, but the former is higher than
the latter near the threshold owing to the two-step virt
transitions of the type 1s-mp followed by mp-2s, 3s. Be-
yond the threshold region, theBE scaling described in Eq
~2! works well for the 1s-2s, 3s, and 4s excitations.

On the other hand, the CCC cross sections for the 1s-3d,
4d excitations of the hydrogen atom are higher than the c
responding PWB cross sections at low and intermediateT,
because the 1s-nd excitations have substantial contribution
from the second-order process of 1s-mp followed by
mp-nd virtual transitions, both steps being stron
E1-allowed transitions. In other words, the first-order Bo
approximation includes only the direct excitation from 1s to
nd, which is weak, while the CCC method and other mo
complete theories would include contributions from the tw
step virtual transitions described above.

III. COMPARISON TO EXPERIMENTS AND OTHER
THEORIES

A. Hydrogen and helium

Unscaled PWB cross sections are compared in Figs.
to BE-scaled PWB cross sections, and the excitation cr
sections from the CCC method for the 1s -2p, 3p excita-
tions of the hydrogen atom@12# and the 1s2-1s2p 1P and
1s3p 1P excitations of the helium atom@13#. Figures 3 and

s,

-

FIG. 1. Comparison of the 1s-2p excitation cross sections of H
Solid curve, plane-wave Born cross section withBE scaling;
dashed curve, unscaled plane-wave Born cross section; open ci
CCC cross section@12#.
3-3
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YONG-KI KIM PHYSICAL REVIEW A 64 032713
4 for the helium atom also contain the experimental d
from Westerveldet al. @14#, the data from Shemanskyet al.
@15#, the data for the 1s2p 1P excitation recommended b
Trajmaret al. @16#, and the data of Cartwrightet al. @17#.

The data of Cartwrightet al. for the 1s3p 1P excitation
~Fig. 4! is actually the sum of the 1s3s 1S, 1s3p 1P, and
1s3d 1D excitation cross sections, because the excited st
were too close to be separated by electron energy loss
the other hand, Westerveldet al. and Shemanskyet al. were
able to isolate the1P transition from the others because th
used emitted light to identify the excited states. The th
experiments used different methods for normalization
their experimental cross sections. Westerveldet al. @14# nor-
malized to the high-T values of the PWB cross section, Sh
mansky et al. @15# normalized to a dissociative excitatio
cross section of hydrogen, and Cartwrightet al. @17# normal-
ized to the elastic scattering of He at 90° and then integra
the angular distribution. Although Westerveldet al. cited a
combined error of about 6%, the actual error limits are like
to be much higher as in the other experiments, which qu
combined error limits of the order of 20%.

FIG. 2. Comparison of the 1s-3p excitation cross sections of H
See the caption of Fig. 1 for details.

FIG. 3. Comparison of the 1s2→1s2p 1P excitation cross sec
tions of He. Solid curve, BE-scaled plane-wave Born cross sect
dashed curve, unscaled plane-wave Born cross section; cir
CCC cross section@13#; squares, experimental data of Westerve
et al. @14#; upright triangles, data of Shemanskyet al. @15#; inverted
triangles, data of Cartwrightet al. @17#; diamonds, cross sectio
recommended by Trajmaret al. @16#.
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Except for the presence of resonances near the thresh
in the CCC cross sections, the performance of theBE-scaled
PWB cross sections is remarkable, particularly in view of t
simplicity of the scaling. The agreement of theBE-scaled
PWB cross sections with the CCC cross sections for He
not as good as for the hydrogen atom. However, the C
cross sections for He are not as accurate as those for H
cause of the approximate nature of the CCC wave functio
Although not included in the present paper, the agreem
between theBE-scaled PWB cross sections with the CC
cross sections and available experimental data for the 1s-4p
excitation of H and 1s2-1s4p 1P excitation of He is as good
as those shown in Figs. 1–4.

Independent of the choice of collision theory, the accura
of wave functions becomes an issue for multielectron ato
As is shown in Table I, the uncorrelated Dirac-Fock wa
functions used for He in the present work producef values of
0.2671 and 0.0730 for the 1s2p 1P and 1s3p 1P excita-
tions, respectively, to be compared to the accurate value
0.2762 and 0.0734@18#. To obtain cross sections of mode
accuracy, the uncorrelated wave functions used in Figs. 3
4 are sufficient.

B. Alkali metals

For alkali metals, theBE andf-scaled PWB cross section
for the resonance excitations,ns-np, are in excellent agree
ment with available experimental and ‘‘reliable’’ theoretic
cross sections. For alkali metals, uncorrelated Dirac-F
wave functions were used to calculate unscaled Born c
sections. More accuratef values used for thef scaling of
alkali metals are from the relativistic random-phase appro
mation results calculated by Johnsonet al. @19#. For Na, we
used thef value deduced from trapped atoms@20#.

The most reliable experimental excitation cross secti
for the resonance transitions of alkali metals are those fr
the optical emission of alkali atoms after excitation by ele
tron impact. From the wavelength of the emitted light, t
transition is positively identified. On the other hand, the o
tical emission data in general contain cascades from hig
levels. The correction for cascades requires the knowledg
excitation cross sections to all higher levels that feed into

n;
es,

FIG. 4. Comparison of the 1s2-1s3p 1P excitation cross sec-
tions of He. See the caption of Fig. 3 for details.
3-4
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SCALING OF PLANE-WAVE BORN CROSS SECTIONS . . . PHYSICAL REVIEW A 64 032713
excited level of interest and the transition probabilities b
tween the feeding levels and the excited level of interest
addition, the emission cross section as a function of the
cident energy is often measured relatively, and then the
solute scale is fixed by comparison to other cross sections
which absolute scale is known.

Almost three decades ago, Gallagher and co-workers u
the optical emission method to measure electron-impact
citation cross sections for the resonance transitions o
@21#, Na @22#, Mg @23#, K @24#, Ca@25#, Rb @24#, Sr @26#, Cs
@24#, Ba @27#, and Tl @28#. Their relative cross sections wer
normalized to the PWB cross sections at the value of higT
available then. When experimentalf values more accurat
than implied by the Born cross sections were available, G
lagher and co-workers replaced the theoreticalf-value in the
leading high-T term of the Born cross section, known as t
Bethe cross section, by the experimental one, but kept
rest of the atomic parameters in the Bethe cross section
changed. This is slightly different from thef scaling de-
scribed in Sec. II B. The latter scales the entire Born cr
section by the ratio of thef values, while the former scale
only part of the Born cross section.

In Figs. 5–9, the scaled PWB cross sections are comp
to experimental data for the resonance transitions of Li,
K, Rb, and Cs, respectively. Figure 5 also contains the C
cross section of Schweinzeret al. @29#, which is in excellent
agreement with the experiment by Leep and Gallagher@21#.
The scaled Born cross section shown in Fig. 5 used onlyBE
scaling to demonstrate that theBE-scaled cross section from
uncorrelated wave functions is adequate when the differe
between the uncorrelated and correlatedf values~Table I! is
small.

In Fig. 6, unscaled,BE-scaled, andf-scaled PWB cross
sections for the 3s-3p excitation of Na are compared to th
experimental data of Enemark and Gallagher@22#, the data of
Phelps and Lin@30#, and the CCC cross section of Bray@31#.
The f value from the uncorrelated Dirac-Fock wav
functions—actually sum of the excitations to the 3p1/2 and
3p3/2 levels—is 1.049 while the most accurate value
0.9620@20#. Hence thef scaling reduces theBE-scaled cross
section further by about 10%. Figure 6 includes the fi

FIG. 5. Comparison of the 2s-2p excitation cross sections of Li
Dashed curve, unscaledsPWB; solid curve, BE- and f-scaled
sPWB; triangles, experimental data for optical emission from Le
and Gallagher@21#; circles, CCC theory of Schweinzeret al. @29#.
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example of applying both theBE and f scalings to the PWB
excitation cross section from uncorrelated wave functio
The scaled cross section for K is compared in Fig. 7 to
experimental data of Chen and Gallagher@24#, those of
Phelpset al. @32#, and theoretical cross sections calculat
by Phelpset al. @32# using the close-coupling theory with 1
states. The largest source of experimental uncertainty in
emission cross sections measured by Gallagheret al. is in the
normalization of relative cross sections to the asympto
Born cross sections. The normalization uncertainty ran
from 3% to 6%, while the uncertainties associated with
relative cross sections are typically 1% or less. The dir
excitation cross section by definition is lower than the em
sion cross section, because the latter contains contribut
from cascades. If excitation cross sections and decay r
for all upper levels contributing to the cascade are know

FIG. 6. Comparison of the 3s-3p excitation cross sections o
Na. Filled circles: experimental data of Enemark and Gallag
@22#; triangles: data of Phelps and Lin@30#; solid curve: PWB cross
section from uncorrelated wave functions afterBE and f scaling;
short-dashed curve: unscaled PWB cross section; medium-da
curve: PWB cross section afterBE scaling; open circles: CCC cros
section@31#.

FIG. 7. Comparison of the 4s-4p excitation cross sections of K
Short-dashed curve: unscaledsPWB; medium-dashed curve
BE-scaledsPWB; solid curve:BE- and f-scaledsPWB; squares:
15-state close-coupling theory of Phelpset al. @32#; upright tri-
angles: experimental data for direct excitation by Phelpset al. @32#;
inverted triangles: data for optical emission from Phelpset al. @32#;
circles: data for optical emission from Chen and Gallagher@24#.
3-5
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YONG-KI KIM PHYSICAL REVIEW A 64 032713
then theory can reconstruct the emission cross section
can be compared to the experiment.

Conversely, cascades to the lowest resonance lines
often be estimated and subtracted from the emission c
section. The resulting direct excitation cross sections can
compared to theoretical excitation cross sections, includ
the present scaled PWB cross sections. The estimated
cade contribution for the 3s -3p transition of Na~Fig. 6!
near the cross section peak is approximately 10% accor
to Phelps and Lin@30#, while the cascade contribution for th
4s-4p transition of K~Fig. 7! near the peak is approximate
25% @32#.

A slight bulge in the experimental data atT52 – 3 eV in
Rb ~Fig. 8! and Cs~Fig. 9! is likely to have resulted from
cascades or constructive interference with nearby lev
These secondary effects are not included in the PWB
proximation.

FIG. 8. Comparison of the 5s-5p excitation cross sections o
Rb. Short-dashed curve, unscaledsPWB; medium-dashed curve
BE-scaledsPWB; solid curve,BE- and f-scaledsPWB; circles,
experimental data for optical emission from Chen and Gallag
@24#.

FIG. 9. Comparison of the 6s-6p excitation cross sections o
Cs. Dot-dashed curve, unscaledsPWB for the 6s-6p1/216p3/2 ex-
citations; short-dashed curve, unscaledsPWB for the 6s-6p3/2 exci-
tation; medium-dashed curve,BE- and f-scaled sPWB for the
6s-6p1/216p3/2 excitations; solid curve,BE- andf-scaledsPWB for
the 6s-6p3/2 excitation; triangles, experimental data for th
6s-6p1/216p3/2 excitations from Cheng and Gallagher@24#; circles,
data for the 6s-6p3/2 excitation from Cheng and Gallagher@24#.
ul-
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For Cs ~Fig. 9!, Chen and Gallagher@24# actually mea-
sured the 6s-6p3/2 transition, because the fine-structure sp
ting between the 6p1/2 and 6p3/2 levels is large. However
they published the sum of the excitations to the two levels
multiplying the measured cross section by 1.5. Since Dir
Fock wave functions were used in the present work, the B
excitation cross sections to the two 6p levels were calculated
separately, and are included in Fig. 9.

Comparisons to other theories, such as close coupling,
be found in earlier papers reporting experimental results
the resonance transitions of alkali metals, e.g., by Willia
et al. @33# and Vus̆ković et al. @34# for Li. These are electron-
energy-loss measurements which lead to direct excita
cross sections free of cascades. However, they measure
gular distributions at each incident energy, and usually h
larger uncertainties than optical emission results due to
extrapolation over forward and backward angles not cove
by experiment. Scaled Born cross sections for the alkali m
als are listed in Table II.

C. Alkaline-earth elements

The scaled Born cross sections are compared to other
perimental and theoretical data for the resonance transit
of Be, Mg, Ca, Sr, and Ba in Figs. 10–14, respectively. M

TABLE II. Scaled Born cross sections in Å2 for the resonance
transitions of alkali metals and Hg.T is the incident electron energ
in eV; sBE f is theBE- and f-scaled cross section@Eq. ~8!#.

sBE f

T Li Na K Rb Cs(6p3/2) Hg

2 14.61 28.52 29.47 24.89
3 33.18 24.01 48.34 49.60 38.86
4 39.01 31.36 56.50 58.17 44.88
5 41.51 35.02 60.20 62.11 47.54
6 42.49 36.91 61.68 63.71 48.52
8 42.37 38.12 61.50 63.62 48.11 1.20

10 41.11 37.77 59.61 61.69 46.44 2.03
15 36.91 34.92 53.34 55.23 41.30 3.12
20 33.01 31.74 47.59 49.29 36.71 3.57
25 29.76 28.92 42.83 44.37 32.95 3.74
30 27.08 26.52 38.93 40.33 29.90 3.78
40 22.98 22.75 32.99 34.18 25.28 3.69
50 20.01 19.95 28.70 29.75 21.97 3.52
60 17.75 17.79 25.47 26.40 19.48 3.33
80 14.56 14.70 20.89 21.66 15.96 2.98

100 12.40 12.59 17.79 18.46 13.59 2.69
150 9.14 9.36 13.14 13.64 10.03 2.16
200 7.30 7.51 10.51 10.91 8.02 1.82
300 5.28 5.46 7.61 7.91 5.81 1.39
400 4.17 4.33 6.02 6.26 4.60 1.14
500 3.46 3.61 5.01 5.21 3.82 0.967
600 2.97 3.11 4.30 4.48 3.29 0.844
800 2.33 2.45 3.38 3.52 2.58 0.678

1000 1.93 2.03 2.80 2.91 2.14 0.570
2000 1.06 1.12 1.55 1.61 1.18 0.328

r
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ticonfiguration Dirac-Fock wave functions—relativist
equivalents ofns21np21n8d2 for the ground state and
nsnp1npn8d for the 1P state, wheren8 is eithern21 or
n—were used to calculate unscaled PWB cross sections
these alkaline-earth elements.

Unlike the case of alkali metals, it was necessary to
the C and f scalings for the resonance excitations of heav
alkaline-earth elements Ca, Sr, and Ba, whileBE andf scal-
ings led to excellent agreement with experiments on Be
Mg. The values ofB, E, C, and f used in scaling the PWB
cross sections are listed in Table I.

For Be, uncorrelated Dirac-Fock wave functions~labeled
PWsc in Fig. 10! produce anf value of 1.864 compared to a
accurate value of 1.373@35#. The PWB excitation cross sec
tions for the 2s2– 2s2p 1P transition of Be is compared in
Fig. 10 to the cross section calculated by the CCC met
@36#. The correlated, multiconfiguration wave functions us

FIG. 10. Comparison of the 2s2-2s2p 1P excitation cross sec
tions of Be. Circles, CCC cross section@36#; short-dashed curve
unscaled plane-wave Born cross section from uncorrelated w
functions; medium-dashed curve, unscaled plane-wave Born c
section from multiconfiguration wave functions; long-dashed cur
BE-scaled plane-wave Born cross section from multiconfigurat
wave functions; solid curve,BE and f-scaled plane-wave Born
cross section from uncorrelated wave functions.

FIG. 11. Comparison of the 3s2-3s3p 1P excitation cross sec
tions of Mg. Short-dashed curve, unscaledsPWB; medium-dashed
curve, BE-scaled sPWB; solid curve, BE- and f -scaled sPWB;
circles, experimental data for optical emission from Leep and G
lagher@23#; circles: CCC theory@37#.
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for the PWB cross section—2s212p213d2 for the ground
state and 2s2p12p3d for the excited state, labeled a
PWmc in Fig. 10—lead to anf value of 1.341 compared to
the CCC value of 1.386. Figure 10 indicates thatBE-scaled
PWB cross sections calculated from wave functions of m
est accuracy with only a few extra configurations reprodu
the CCC cross section well.

Although Figs. 3–5 clearly demonstrate the utility of th
BE scaling applied to PWB cross sections calculated fr
wave functions of limited accuracy, note that the transitio
shown are all strong,E1-allowed transitions. Occasionally
unexpected cancellations in theE1 transition matrix
elements—often referred to as the Cooper minimum if
cancellation occurs in the continuum—result in very smaf
values. The 2s2-2s3p 1P excitation of neutral Be is such
case. Unlike the case of the 2s2p 1P excitation of Be, un-
correlated Dirac-Fock wave functions for the 2s3p 1P exci-
tation lead to anf value of 0.2131, while the correct value
0.0080@36# due to heavy cancellations in the transition m
trix element. In such cases, secondary effects, such as

ve
ss
,

n

l-

FIG. 12. Comparison of the 4s2-4s4p 1P excitation cross sec-
tions of Ca. Short-dashed curve, unscaledsPWB; solid curve,BE-
and f-scaledsPWB; medium-dashed curve,C- and f-scaledsPWB;
circles, experimental data for optical emission from Ehlers and G
lagher@25#.

FIG. 13. Comparison of the 5s2-5s5p 1P excitation cross sec-
tions of Sr. Short-dashed curve, unscaledsPWB; solid curve,BE-
and f-scaledsPWB; medium-dashed curve,C- and f-scaledsPWB;
circles, experimental data for optical emission from Chenet al.
@26#.
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two-step virtual excitations described earlier, dominate wh
the PWB approximation is incapable of representing s
effects.

The CCC cross sections for Mg@37# and Ba @38# are
included for comparison in Figs. 11 and 14, respectively.
Ba in Fig. 14, theoretical results based on the distorted-w
Born approximation and the first-order many-body theory
Clark et al. @39# are also included. Figure 14 clearly demo
strates the utility of the present work, even withoutC scal-
ing, compared to theories other than the CCC method. F
and Bray@38# reported that the cascade contribution near
peak of the Ba cross section is approximately 20%, simila
the estimate by Phelpset al. @32# for K.

For Be and Mg, theBE scaling was sufficient to conver
PWB cross sections into excellent agreement with availa
experimental data. However, as Figs. 12–14 demonstrate
C scaling improves the agreement between scaled Born c
sections and experiments for heavier alkaline-earth eleme
The values ofC required for Ca, Sr, and Ba are 4–5 e
higher thanB1E, as can be seen from Table I. The expe
mental data for Ca, Sr, and Ba near the thresholds are lo
than the scaled Born cross sections, while an opposite t
is seen in Rb and Cs. This may be an indication of destr
tive interference with nearby levels. Scaled Born cross s
tions for the alkaline-earth elements are listed in Table II

D. Mercury and thallium

Applications of theBE and thef scalings were successfu
in reproducing the experimental data on the resonance t
sition of Hg @40,41#, while C and f scalings produced a
slightly better agreement with experiment for the 6p1/2-6d3/2
excitation of Tl @28#. Note that the Tl excitation is ap-d
transition unlike the examples presented so far.

In Fig. 15 the present scaled PWB cross sections are c
pared to experimental data@40,41# for the resonance trans

FIG. 14. Comparison of the 6s2-6s6p 1P excitation cross sec
tions of Ba. Short-dashed curve, unscaledsPWB; solid curve,BE-
and f-scaledsPWB; medium-dashed curve,C- and f-scaledsPWB;
upright triangles, distorted-wave Born theory of Clarket al. @39#;
inverted triangles, first-order many-body theory of Clarket al. @39#;
open circles, CCC theory for optical emission; squares, CCC the
for direct excitation; filled circles, experimental data for optic
emission from Chen and Gallagher@27#.
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tion 6s2-6s6p 1P of Hg, as well as to the relativistic
distorted-wave Born cross section of Srivastavaet al. @42#.
Again, the present scaled Born cross section is in much
ter agreement with the experiments.

TABLE III. Scaled Born cross sections in Å2 for the resonance
transitions of alkaline-earth elements and Tl.T is the incident elec-
tron energy in eV;sBE f is theBE- and f-scaled cross section@Eq.
~8!#; sC f is theC- and f-scaled equation cross section@Eq. ~9!#.

sBE f sC f

T Be Mg Ca Sr Ba Tl

3 3.29 8.94 18.26
4 13.11 18.55 27.21
5 5.41 17.76 23.97 32.52 0.196
6 2.96 8.57 20.80 27.50 35.88 0.430
8 5.48 12.06 24.36 31.51 39.44 0.784

10 6.76 13.90 26.13 33.34 40.76 1.03
15 8.09 15.58 27.24 34.04 40.31 1.35
20 8.38 15.66 26.60 32.80 38.17 1.47
25 8.30 15.22 25.45 31.09 35.77 1.51
30 8.65 14.61 24.18 29.34 33.48 1.50
40 7.51 13.33 21.80 26.19 29.55 1.44
50 6.94 12.17 19.75 23.58 26.41 1.36
60 6.43 11.17 18.05 21.44 23.88 1.28
80 5.59 9.60 15.40 18.18 20.10 1.13

100 4.94 8.43 13.46 15.82 17.41 1.02
150 3.86 6.52 10.32 12.06 13.18 0.811
200 3.19 5.35 8.43 9.82 10.69 0.678
300 2.40 3.99 6.25 7.26 7.86 0.517
400 1.94 3.22 5.01 5.81 6.27 0.422
500 1.63 2.71 4.21 4.87 5.25 0.358
600 1.42 2.35 3.64 4.21 4.53 0.312
800 1.13 1.87 2.88 3.33 3.58 0.251

1000 0.946 1.56 2.40 2.77 2.97 0.211
2000 0.536 0.881 1.35 1.55 1.66 0.121

ry

FIG. 15. Comparison of the 6s2-6s6p 1P excitation cross sec-
tions of Hg. Short-dashed curve, unscaledsPWB; medium-dashed
curve, BE-scaled sPWB; solid curve, BE- and f-scaled sPWB;
squares, relativistic distorted-wave Born theory of Srivastavaet al.
@42#; upright triangles, experimental data for direct excitation fro
Peitzmann and Kessler@40#; inverted triangles, data for direct exc
tation from Panajatovic´ et al. @41#.
3-8
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In Fig. 16 the present scaled PWB cross sections for
6p1/2-6d3/2 excitation of Tl are compared to the experimen
result by Chen and Gallagher@28#. The scaled Born cros
section for Hg is listed in Table II, and the scaled Born cro
section for Tl in Table III.

In the same paper, Chen and Gallagher@28# also reported
cross sections for the 6p1/2-7s and 6p1/2-6d5/2 excitations of
Tl. According to the authors, the optical emission from t
7s level is strongly affected by cascades from higher leve
while the emission from the 6d3/2 level is not. Their excita-
tion cross section to the 7s level is about 20% higher tha
the scaled PWB cross sections atT520 eV, consistent with
an uncertainty of 6% from normalization and 16% from ca
cade estimated by the authors. However, their 6d5/2 excita-
tion cross section is almost double the scaled Born cr
sections at the peak, though there is clear similarity in
cross section shape typical of a dipole-forbidden excitati
The authors estimated their uncertainty for the 6d5/2 excita-
tion cross section to be616% from normalization and61%
from cascades.

IV. CONCLUSIONS

After comparing the similarities in shape and magnitu
of the resonance excitation cross sections of alkaline-e
elements, Chen and Gallagher@27# voiced their hope tha
‘‘these comparisons will help stimulate a search for a sim
universal improvement on the Born and Bethe approxim
tions for this intermediate-energy range.’’ The scalings
scribed in the present work come close to fulfilling the
wish, though belatedly. Indeed, all the cross sections for
alkali metals in Table II peak aroundT56 eV, although the
peak values form three groups, Li and Na on the low side
and Rb on the high side, and Cs in between. The Cs p
value is a surprise because it is the largest atom in the P
odic Table. The cross sections for the alkaline-earth elem
in Table III are less uniform, though they all peak betwe
T515 and 20 eV.

The results presented in this paper demonstrate the u
of the concept of adding a constant to the incident elect
energyT in the denominator of Eq.~1! as a simple way to

FIG. 16. Comparison of the 6p1/2-6d3/2 excitation cross section
of Tl. Short-dashed curve, unscaledsPWB; BE- andf-scaledsPWB;
medium-dashed curve,C- andf-scaledsPWB; circles, experimental
data for optical emission from Chen and Gallagher@28#.
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obtain reliable electron-impact cross sections for dipo
allowed excitations of neutral atoms. TheBE andC scalings
not only change the peak value, but also the cross-sec
shape at low incident energies. On the other hand, thef scal-
ing changes only the magnitude but not the shape. The
fectiveness of the simpleBE scaling is too universal to be a
accident, and it would be good if a rigorous theoretical ju
tification for these scalings can be found soon.

The C scaling cannot be used to predict unknown cro
sections at present, because there is no recipe to deter
the value ofC for such cases. However, theBE and f scal-
ings can be used to predict cross sections, because the v
of B and E are either available in the literature, or can
calculated from high-quality wave functions, which can al
be used to calculate the required PWB cross sections af
values. The examples of Ca, Sr, Ba, and Tl~Figs. 12–14, and
16! indicate that BE- andf-scaled cross sections may be
error by 20% or less at the peak, still much better than us
unscaled PWB cross sections, or other theories based o
first-order perturbation, as demonstrated in Fig. 14. From
examples presented here, theC scaling seems to be require
if the upper level of the resonance transition is not the fi
excited state. However, theC scaling was unnecessary fo
the 1s-3p excitation of H and the 1s2-1s3p 1P excitation
of He. Note that the values ofC are close to 1.5 times the
values ofB1E for Ca, Sr, Ba, and Tl~Table I!.

It is pointed out that theelasticscattering cross section o
an electron scattered by the Yukawa potential has a fo
similar to theC scaling @Eq. ~3!#, hinting at the possibility
that the constantC is related to the screening of the nucle
charge. Also, a ‘‘loose’’ inverse dependence ofC on the di-
pole polarizabilityad is demonstrated. These relations, ho
ever, do not constitute a proof or derivation ofBE and C
scalings. The true origin of the scalings still remains a m
tery.

The essence of theBE scaling and the Burgess scaling
adding a constant to theT in the denominator of Eq.~1!. This
T in conventional collision theory is introduced to normali
the flux of incident electrons, i.e., the number of incide
electrons passing through a unit area perpendicular to
incident electron path in unit time. Adding a constant toT
then can be interpreted as increasing the effective flux
incident electrons, or ‘‘focusing’’ of the incident electron
Indeed, the Burgess scaling is often called the focusing
rection in the binary encounter theory@6#.

The success of theBE and f scalings shown in this pape
should not diminish the value of more sophisticated meth
that produce highly accurate results@1–3#, though they re-
quire orders of magnitude more computational effort th
PWB cross sections. First of all, rigorous and reliable res
are needed to confirm that theBE scaling is reliable and safe
to use. Second, theBE scaling will not work well on angular
distributions because the scaling only changes theT depen-
dence of PWB cross sections. It is well known that PW
cross sections do not reproduce large angle scattering we
anyT, and theBE scaling will not change the shape of PW
angular distributions.

The scalings described here will facilitate the calculati
of integrated excitation cross sections for many neutral
3-9
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oms, particularly for atoms with open valence orbitals, wh
pose difficulties to more computer-intensive theories. Mo
over, thef scaling permits the use of simple wave functio
as long as accuratef values are available through oth
means, as was done for heavy atoms in this article.

The present scalings should also work, with minor adju
ments if needed, on ions using the Coulomb Born cross
tions as the starting point. Indeed, preliminary results for
excitations of singly-charged atomic ions indicate thatC in
Eq. ~3! should be of the order ofE withoutB. Work on scaled
Coulomb Born cross sections for atomic ions is in progre

Application of the presentBE and f scalings to the
ns2np-nsnp2 transitions in Al, Ga, and In leads to excelle
agreement between theory and experiments on the total
ization cross sections, which consist of almost equal con
:
-

.

r-
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a
c.
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,
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te
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butions from the direct ionization and the excitatio
autoionization of thens excited levels@43#.

Finally, applicability of the present scalings to molecul
excitation cross sections should be a worthwhile topic
study. In view of the success of the BEB model for molecu
ionization cross sections@7#, it is almost certain that scaling
similar to those presented here should be effective for dip
allowed molecular excitations.
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