
PHYSICAL REVIEW A, VOLUME 64, 024304
Quantum phase gate with a selective interaction
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We present a proposal for implementing quantum phase gates using selective interactions. We analyze
selectivity and the possibility to implement these gates in two particular systems, namely, trapped ions and
cavity QED.
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Quantum computers would perform certain tasks, such
factoring a number and searching a data in an array, fa
than a classical computer@1,2#. The core of quantum com
puting are the quantum logic gates. In fact, it is known t
any quantum computation can be reduced to a sequenc
universal two-qubit logic gates and one-qubit local ope
tions @3#. Since the original formulation of quantum comp
tation, a number of experimental systems have been
posed as candidates for the practical implementation of th
quantum gates. We may mention trapped ions@4#, cavity
QED @5,6#, liquid-state nuclear magnetic resonance~NMR!
@7#, quantum dots@8#, optical lattices@9#, among others.
These systems have shown to be good enough not only
testing quantum logic gates but also for some basic quan
operations with a few qubits. For example, the realization
quantum logic gates in trapped ions@10#, cavity QED
@11,12#, and NMR@13# have already been possible. The a
of the mentioned experiments was essentially the prac
realization in a bipartite system of two equivalent kinds
universal two-qubit logic gates: a quantum controlledNOT

~CNOT! gate and a quantum phase gate~QPG! @14#. The
CNOT gate and the QPG differ from each other only by loc
operations~single qubit rotations!. In a given bipartite sys-
tem, consisting of the so-called control and target qubits
CNOT operation changes the target-qubit state only if
control-qubit state is in a specific state. Explicitly, aCNOT

operation acting on the initial arbitrary state

uC&5au↓,↓&1bu↑,↓&1gu↓,↑&1du↑,↑& ~1!

produces

uC8&5au↓,↓&1bu↑,↑&1gu↓,↑&1du↑,↓&, ~2!

where the first label in the kets refers to the control qubit a
the second one refers to the target qubit. On the other h
a QPG acting on the same initial state produces

uC9&52au↓,↓&1bu↑,↓&1gu↓,↑&1du↑,↑&. ~3!
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It can be easily seen that a QPG can act as aCNOT gate if we
rotate the target bit before and after operating the gate
cording to the following steps:~i! A single qubit rotation in
the target qubit

u↓&→u2&5u↓&2u↑&/A2,
~4!

u↑&→u1&5u↓&1u↑&/A2,

also known as Hadamard gate.~ii ! A QPG; and~iii ! another
Hadamard rotation in the target qubit. Because of their f
damental interest, in quantum-logic tests as well as in
search of scalable quantum computing, it is always usefu
find ways of implementingCNOT and QPG gates in the labo
ratory. This fact motivated a number of proposals for rea
ing such gates in different quantum systems. The main pr
lem these systems face, when scalability is the goal
decoherence. For the quantum computing schemes to wo
is essential to keep coherence of the qubits themselves
among them. However, when the dimension of the sys
and the number of operations increase, decoherence ef
can become more and more important. Therefore, simpl
ing the operations on the qubits@15# as well as making faste
logic gates@16# are the main purpose of many of the
works.

In this paper, we will be concerned with turning the com
putational process simpler: we propose the use of a selec
interaction that would realize a quantum phase gate wit
single pulse, i.e., without changing experimental parame
during the process. We will discuss our method in a trapp
ions system and in the domain of CQED.

First, we will consider an array ofN ions of massm in a
Paul trap. The ions will be treated as two-level systems t
interact with each other through a coulombian force, so t
collective vibrational modes can be conveniently introduc
@17#. The manipulation of both electronic states and vib
tional collective modes can be done by means of laser be
tuned to appropriate frequencies.

Our task is then to produce an interaction that perfor
the transformation described in Eq.~3!. This interaction must
act effectively on two chosen ions (j andk) in the array, ion
j being the control qubit and ionk the target qubit. To
achieve this, we address ionj with a Raman laser pair@18#

described by the electric fieldEW I5EW oIe
i (qz2v It) and ion k

s,
ail
©2001 The American Physical Society04-1



e
e

a
is

h

h

th
m
co
he
.m

la

t
e

th

nd
i

ce
p-
th

g

ed

an
tor
r
rm
-
wn

ex-
-
of
-
and
ngs
elf-
q.

l
d in

-

of

par-
ew
ub-
ve

ace

nic
way

BRIEF REPORTS PHYSICAL REVIEW A 64 024304
with another Raman laser pair described by the electric fi
EW II5EW oIIe

i (qz2v II t) ~see Fig. 1!. The Raman systems hav
different effective frequencies,v I and v II , that are qua-
siresonant to an electronic transition associated with the
gular frequencyvo . The Hamiltonian corresponding to th
situation is

Ĥ5Ĥo1Ĥ int , ~5!

with

Ĥo5\vo~Ŝ1 j Ŝ2 j1Ŝ1kŜ2k!1\nâ†â1(
n

\nnb̂n
†b̂n

~6!

and

Ĥ int5\Vˆ~Ŝ1 j1Ŝ2 j !$exp@ i ~qẑj2v It !#1exp@2 i ~qẑj

2v It !#%1~Ŝ1k1Ŝ2k!$exp@ i ~qẑk2v IIt !#

1exp@2 i ~qẑk2v IIt !#%‰. ~7!

Here, Ŝ1 i5u↑ i&^↓ i u, Ŝ2 i5u↓ i&^↑ i u, and the stateu↑ i& (u↓ i&)
corresponds to thei th ion in the excited~fundamental! state.
â† (â) is the creation~annihilation! operator associated wit
the harmonic oscillation with frequencyn of the c.m. mode.
b̂n

† (b̂n) is the creation~annihilation! operator associated wit
the harmonic oscillation with frequencynn of the other col-
lective modes. All frequenciesnn are bigger thann @17#. ẑj

andẑk are the operators corresponding to the positions of
ions j andk, respectively, and can be rewritten as linear co
binations of the operators corresponding to the collective
ordinates.Ĥo is the free Hamiltonian that corresponds to t
internal energy of the two ions plus the energy of the c
mode and of the other collective modes.Ĥ int is the interac-
tion Hamiltonian describing the position-dependent dipo
interaction of ionsj andk with the two Raman beams.

We choose the frequenciesv I andv II to be quasiresonan
to the first upper c.m. sideband and to the carrier, resp
tively. Specifically,v I5vo1n2d andv II5vo1d, whered
is the detuning of each Raman beam with respect to
mentioned resonant vibronic transitions, such thatv I1v II
52vo1n. Similarly to what was done in@19,20#, the Hamil-
tonian in Eq.~7! can be expanded in terms of creation a
anihilation operators of the normal modes and rewritten
the interaction picture. Then, following the standard pro
dure described in@21#, we can make the rotating-wave a
proximation~RWA! and discard the terms that oscillate wi

FIG. 1. Two Raman beams of frequenciesv I andv II interacting
dispersively with ionsj andk, respectively.
02430
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higher frequencies in the dispersive limitV!d!n. We do
not claim the Lamb-Dicke regime. In this way, the followin
effective time-independent Hamiltonian

He f f5\VoĜo
2H ihŜ1 j Ŝ1ke

2if@ â†F̂o2F̂oâ†#F̂1

1
1

2
Ŝ1 j Ŝ2 j@h2â†F̂1

2â#2
1

2
Ŝ2 j Ŝ1 j@h2F̂1ââ†F̂1#

2
1

2
Ŝ1kŜ2k@ F̂o

2#1
1

2
Ŝ2kŜ1k@ F̂o

2#1H.c.J ~8!

can be derived as was done in@19,20#. Here,Vo5V2/d and
h5qA\/2Nmn is the Lamb-Dicke parameter associat
with the c.m. motion. The functions

F̂k5(
n

f k~n!un&^nu, ~9!

with

f k~n!5e2h2/2
n!

~n1k!!
Ln

k~h2!, ~10!

whereLn
k(h2) are the generalized Laguerre polynomials, c

always be written in terms of the c.m. mode number opera
n̂. Ĝo is a similar nonlinear function involving the numbe
operators related to all other normal modes. The exact fo
of function Ĝo is irrelevant in our case, since we will sup
pose in this paper that all collective modes are cooled do
to the ground state and that only the c.m. mode will be
cited. In this caseĜo contributes to the effective Rabi fre
quency with only a constant numerical factor of the order
one. The first term ofHe f f and its Hermitian conjugate de
scribe the common excitation of both electronic states
the c.m. mode, similar to a nonlinear anti-Jaynes-Cummi
interaction. The other terms are motional-dependent s
energy terms. The main difference of the Hamiltonian of E
~8!, when compared to the one described in Ref.@20#, is that
now the subspace$u↓↑&,u↑↓&% remains untouched, a natura
consequence of the ionic individual addressing demande
the present scheme.

Selectivity arises from then̂ dependence of the self
energy corrections in Eq.~8!. The stark shift of the electronic
states of the ions depends explicitly on the number
phonons of the c.m. mode throughF̂0

2. We can adjust the
laser-beam frequencies to compensate this shift for one
ticular subspace transition tuning it to resonance. The n
frequencies depend strongly on the selected vibronic s
space we want to excite. This will yield another selecti
interaction, different from the one discussed in@20#, that
only performs resonant transitions inside the closed subsp
$u↓↓&un&,u↑↑&un11&% without producing transitions inside
the subspace$u↓↑&,u↑↓&%. For the sake of simplicity, we only
label the c.m. mode excitations, since the other vibro
states are cooled down to the vacuum state and in this
are not affected by the interaction Hamiltonian.
4-2
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BRIEF REPORTS PHYSICAL REVIEW A 64 024304
We are now ready to show how a QPG can be imp
mented using the interaction described in the Hamiltonian
Eq. ~8!. We study the effect of the associated evolution o
eratorÛ over some relevant states of the Hilbert space

Ûu↓↓,0&5cos~Ve f ft !u↓↓,0&1sin~Ve f ft !u↑↑,1&,

Uu↑↓,0&5u↑↓,0&,
~11!

Uu↓↑,0&5u↓↑,0&,

Ûu↑↑,0&5u↑↑,0&,

with Ve f f5 ihVogo
2(0) f 1(0)@ f o(0)2 f o(1)#. The QPG is

implemented by letting this evolution operator act during
time interval equivalent to a 2p pulse over the initial state

uF&5@au↓↓&1bu↓↑&1gu↑↓&1du↑↑&] u0&, ~12!

obtaining

uF9&5@2au↓↓&1bu↓↑&1gu↑↓&1du↑↑&] u0&, ~13!

as desired. TheCNOT gate could also be implemented b
means of additional local operations following the reci
given at the beginning of this work.

The main feature of this method is that we were able
implement a universal quantum logic gate with a single c
lective Rabi flip. The interaction needs to be turned on j
once with fixed parameters. In fact, although two ions m
be adressed individually at the same time, one needs just
laser-beam split in two separated pairs. These facts ma
considered as advantages when comparing our propos
other ones requiring several consecutive and differently
justed interactions@4,15,16#. Although we are dealing with a
dispersive interaction, instead of a resonant one, which
sults in a slower process, we are less exposed to errors
ing from the sequential switching of lasers. It is also wo
noticing that the experimental tools to implement many
these schemes, including the one proposed here, are ava
An experiment by Sackettet al. produced four ions in a lin-
ear array, cooled down to their collective ground state@22#,
and individual ionic addressing has been achieved by Na¨gerl
et al. @23#.

In the domain of CQED, we can find another possibil
of making use of a selective interaction for implementing
QPG. CQED has already been recognized as a system w
quantum logical operations can be implemented@11,12#.
There are a number of proposals where logical gates
performed either in the electronic states of the atoms cr
ing the cavity or in a combined atom-field system@5#. We
will be dealing here with a system where logical operatio
are performed in quantized modes of the cavity field. T
two qubits are encoded in two nondegenerated modes o
electromagnetic field inside a high-Q cavity that can have
either one or zero photons. In this case, atoms will serve o
as catalizers of the logical operation. Modes of the elec
magnetic field in a cavity have been proposed as a poss
environment where quantum logical operations can be d
@6#. Nevertheless, the setup we will discuss here is differ
02430
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in some fundamental aspects. While in@6# each qubit corre-
sponds to one mode inside a different cavity, in our sche
there are two nondegenerated modes inside a single ca
Our scheme presents an additional advantage, it is not
essary to make the atom cross the cavity more than once
will show that, again, a QPG can be implemented with o
a single interaction pulse of a three-level atom crossing
cavity.

The experimental setup considered is easily identified
the one corresponding to a nondegenerated two-photon
cromaser@24#. The cavity is crossed by a three-level ato
that interacts with the cavity field during a time interv
much smaller than the atomic and field decay time. Here
effective Hamiltonian corresponding to a two-photon tran
tion can be derived in the limit where transitions from t
lower level ug& and upper levelue& to an intermediate leve
u i & are not resonant, the detuning being such thatD5v1

2(Ee2Ei)/\@(Vei
2 1V ig

2 )/D ~see Fig. 2!. In this formula,
Ee andEi are the energies of the levelsue& and u i &, respec-
tively, andVei (V ig) is the Rabi frequency corresponding
the transitionue&→u i & (u i &→ug&). All these calculations are
found in @24#.

Explicitly, the effective two-photon interaction Hamil
tonian reads, not writting the self-energy terms,

Ĥ int5\V~ ue&^guâ1â21H.c.!, ~14!

where V5VeiV ig /D is the effective Rabi frequency
Vei ,V ig taken as real. Supposing that each cavity mode
either one or zero photons and that the decoupled atom
the ground state, the most general initial pure state for
combined atom-field system is

uc&5@au0,0&1bu1,0&1gu0,1&1du1,1&] ug&. ~15!

It is clear that states in the subspace$u0,1&,u1,0&%ug& and the
ground stateu0,0&ug& will not evolve under the interaction
described in Eq.~14!. Only u1,1&ug& will suffer Rabi oscilla-
tions with the effective frequencyV

u1,1&ug&→cos~Vt !u1,1&ug&1sin~Vt !u0,0&ue&. ~16!

By selecting the atom velocity, in such a way that the int
action time corresponds to ap pulse, the final state

uc9&5@au0,0&1bu1,0&1gu0,1&2du1,1&] ug& ~17!

FIG. 2. Three-level atom interacting dispersively with two ca
ity modes of different frequenciesv1 andv2.
4-3
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BRIEF REPORTS PHYSICAL REVIEW A 64 024304
is produced after the atom leaves the cavity. This co
sponds to the action of a QPG on the state of Eq.~15!. This
result shows an alternative way of implementing univer
quantum gates in the modes of the electromagnetic field
high-Q cavity with a rather known scheme.

Both schemes presented here show an interesting fea
about quantum gates. Although they are proposed as l
gates for the electronic levels of the trapped ions and
electomagnetic modes of a cavity, they can be thought of
well, as three-qubit quantum gates where the auxiliary C
vibronic mode and the atomic electronic states, respectiv
are now the target qubits. In this sense, these schemes
form a Deutsch gate~controlled-controlled rotation! @25#
where the two qubits of the ionic electronic levels and of
electromagnetic modes of the cavity plays the role of
control qubits. This is a characteristic of logic gates imp
mented by quantum systems where, since the operation
unitary, the process can be regarded as two-way logic ga
S.

A
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.

M
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d
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To summarize, we have shown that a selective interac
can be useful for implementing quantum logic schemes
trapped ions and in the domain of CQED. Specifically,
made a proposal for implementing a QPG with a single pu
of a selective interaction in these two systems. In both ca
we find that our scheme reduces significantly the numbe
steps required for the gate operation, which may be attrac
when thinking of scalable quantum-logical processes.
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