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A time-dependent perturbation calculation for a four-level system is presented. A resonantly enhanced Kerr
nonlinearity is produced with a combination of long, short, and delayed laser pulses in the presence of
electromagnetically induced transparency. We show the enhanced Kerr nonlinearity and vanishingly small
linear susceptibility due to the induced transparency, both are favorable for cross-phase modulation. In addi-
tion, we show that possible constructive and destructive interference between different excitation pathways
could also lead to enhancement and suppression of the Kerr nonlinearity.
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[. INTRODUCTION source laser field. In Sec. Ill we calculate the EIT-enhanced
Kerr coefficient. In Sec. IV a discussion of the features and
The optical Kerr effect has been one of the most extenlimiting cases is given, and in Sec. V we present a summary.
sively studied phenomenon in the field of nonlinear optics
because of its applications ranging from frequency conver- Il. THE MODEL AND SOLUTIONS
sions[1] to quantum nondemolition measuremef$ Re- OF EQUATIONS OF MOTION
cently, Schmidt and co-workef8] have proposed a nonlin-

ear scheme based on electromagnetically induceﬂi 1(a). Th e | med to first interact with tw
transparency(EIT) [4] to enhance the magnitude of the . 9. 4a). The system IS assumed fo first interac ) Wo
intense long pulse laser fields. A coupling laser §) is

cross-phase modulation. Their analysis, which is based on a

) . o uned onto thel«<|2) transition. A weak probe lasemy ;)
Eteady—séz_at? Zoluu:;n W'trt]. th? wave—mlxllcngKprocessl_exclq?edlts tuned to the line center of tH8)«|2) transition. Due to
as predicted a dramalic Increase of Kerr noniinearties,, ¢+ 1hat the contributions to the index from the members

making the ElT-assisted scheme a very attractive candidatg o jnguced Autler-Townes doublet cancel each other out,
for cross-phase modulation. Here, we present a timeg,q probe laser suffers no absorption.

dependent perturbation treatment on EIT-enhanced Kerr non- | ot ys assume that both lasers are unfocused. have a

linearity in the nonsteady-state regin@g., short-pulse ex- transform-limited bandwidth, and have a pulse length of
citation). Four features of the present work distinguish itselftypica”y ~10 ns. We now introduce a weak short-pulse laser
from the previous steady-state treatmét}:The non-steady- (), propagating colinearly with the two long-pulse lasers,
state theory permits the study of the dynamics of the systemo couple the stated) and |3), which has a dipole-allowed
thereby providing an important extension to the strongtransition back to the ground state. We point out that since
pulsed excitation regime(2) The delayed-pulse sequence the wave-mixing process can be highly efficient, one must
eliminates the fast oscillation normally encountered whertreat the wave-mixing field and the source field on an equal
strong lasers are tuned on resonance, and therefore permitasis. Therefore, in addition to four equations of motion for
the acquisition of a reliable adiabatic solution to the prob-probability amplitudes of atomic wave function, there are
lem (3) The allowed transition back to the ground statetwo Maxwell equations for the field amplitudes that must be
introduces rich dynamics, such as mixing-wave generatiosolved simultaneously. This is, at first glance, a formidable
and quantum interference due to different excitation pathtask. However, by carefully examining various terms we can
ways. We note that the inclusion of the generated field, undesimplify the calculation greatly. The first key point is that
suitable conditions, could lead to the enhancement or sughere are two very different time scales: the long-pulsge (
pression of the Kerr nonlinearity, an effect that may have~10ns) scale associated with the EIT process and the short-
important consequences in other nonlinear processes such psglse scale £s~10 ps) associated with the source laser for
spectral line narrowing (4) Selective injection of the source |1)<|3) coupling[5]. The second key point is the use of a
pulse at the optimized atomic coherence enhances the noneunterintuitive pulse sequence. The former allows one to
linearity, and allows a clean analytical solution. To the besfreeze most of atomic parameters while calculating the non-
of our knowledge, the time-dependent ElT-assisted Kerr eflinear response of the system to the short pulse, whereas the
fect with a wave-mixing channel open has never been treateldtter ensures a robust adiabatic transfer leading to well-
before. Our paper is organized in the following way: in Sec.behaved atomic parameters that can be frozen out during the
Il we present the model and solve both the atomic equatiocalculation of the nonlinear response of the system to the
of motion and Maxwell equations for the mixing wave and short-pulse excitation.

The four-level system under investigation is depicted in
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FIG. 1. (a) ElT-assisted four-level system, ;, o, wg, and
wy are probe, coupling, source, and mixing fieldéb) Non-EIT-
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y . QlZ . Ql3
b]_:l sz‘l‘l Tbg, (Zb)
; . QZO . QZl 1_‘2
b2=l7bo+l7bl—?b2, (20
. Q Q r
by=i %’boﬂ 731b1+i P 73 by.  (20)

As usual();;=Dj;E/# is the Rabi frequency for the relevant
transition, and we have introduced,= w, ;— w,,=0, &5

=W 2~ W= 0, and 53: W 37 W31= W\~ W30- We firSt
solve Eqs(2a—(2¢) by neglecting(3;,{) 3. This is because
the source laser and the mixing fields are generally weak in
comparison with the lasers used for creating EIT process,
therefore they will be treated as perturbation. Based on this
consideration, we have the zeroth-order equations of motion

; . QOZ
by =i - by, (33
0 O
b{®=i by, (3b)
PR ) Q
by =i b +i b (39

where we have neglectdd, for the zeroth order due to the
on resonance excitation. It is known that for a counterintui-
tive pulse sequencg.e., laserw, , is applied first and laser
w1 1s applied at a delayed timé¢he solutions to Eqe3a)—

(3¢) can be obtained accurately to give the elements of den-
sity matrix as[6,7]

assisted four-level system. Notations for various fields are that of

(@. (c) Conventional three-level system for cross-phase modula-

tion.

Let us assume the wave function of the form

3
|\If>=n§0 an (e ton|n). (1)

A set of equations of motion for the system depicted in Fig.

1(a) can be obtained as

¥ . QOZ . QO3
b02|7b2+| Tbg, (29

p(o)_ |(212|2 (4a)
0 1210 12!
00 Qg+ [y
Q)
(O_ _ _ “"02"21 (4b)
P10 [Q 15+ 1Q
Q52
o__ |90 (40)
P11 [ Q1o *+[ Q0"
P50, p2=0, p8=0, 0

where|Q|?=]Q 1,2+ Q2. The fact thatp!9~0 andp!)

~0 implies that these laser pulses propagate with no distor-
tion at a velocity nearly equal to the speed of light in
vacuum, as expected for the EIT process. Of course, with the
definition of k= 2|Dj|*(w;— w;)/Ac, the criteria

K02C

o210 12 <L 5

| Q0] *+ [ 1] ©®
K12C

| ©6)

[ Qoo *+]Q 15

023807-2



ELECTROMAGNETICALLY-INDUCED-TRANSPARENCY. .. PHYSICAL REVIEW A 64 023807

should be fulfilled in order to avoid significant group veloc- IM

w . ind *
ity mismatches between both long and short pulses. 7 FigM =ikoPy (w)by e kmz
To find the next-order correction we takg=b{>+b{" '
and obtain the following equations of motion for the ampli- |K03(Mp(°)+SéAkZp(1%))
tudes that are in the first order 6f3;, (3: T 2(w-065-iT42) (10a
. Q Q
(1) 2702 (1) 4 5 2703, (0) S ~ .
by =1 =~by 1 5=b57, (73 i LSk B ()b e ke
b&l):| Q_lzb(zl) Q]_Sb(o) (7b) B iKlS(Me*iAkZ (0)+Sp(0)) 10b
2 T 2(w-0,—iT42) (100
: . QZO . QZl FZ iti i —k.—
b(21>:| —bgl)+| _b(ll) b(l) (70) Under the condition of phase matchingk=kg—ky +k; 1
2 -k »=0, Egs. (109 and (10b) can be solved directly to
yield solutions for the generated wave and attenuated source
bO_i %b(o)‘F Q3 b(°)+ PR I's b (7g feld: Assuming a Gaussian pulse profile for the source field
s 270 3t 28 at the entrance of the cell, we obtain from E¢&03 and

10b
Since the pulse width of both the source laser and the mixing(l )
wave are much weaker and shorter than that of the probe and M(z,0)= Moefwzfémfiwzlcfiwtd(l_eiK(w)z)’ (113
coupling laserdi.e., 7s<<7 ) we expect that the values of
Poos P10, andpq; will remain nearly constant throughout the

(0)
short pulse. This allows us to fix the time at, for instarice, — §(z,e)=S,e~« 784~ iwc—iotg| 1 4 K13p(1§) gK(z|
=ty (wherety is the delayed short-pulse injection tijfer K03P00
all zeroth-order solutions during the evaluation of the source (11b
and mixing fields.
We Fourier transform Ec(7d) and obtain where
_  M(z,0)b0(tg) + S(z,0)e 2 BO(ty) VKosmspiy)
B0 10) = w20 _(to) + S(z 1 (ta) Mo=— —— P10 ) (0.0 (123
2(w—85—iI3/2) KoaPoQ T K1ap1]
(8
and
where
\/—Kos sPoo
. e dt § So=— e - 041(0,0). (12b)
b (w)= f,x Ebfg‘”(t)e ot koDt KD N

In Egs.(11) and(12), we have also introduced

v dt .
Moo= | tsdve Ko+ r1ap')
K@) = o6y iT52) (13

+o dt
S(w)= f —— Qg (t)e et The frequency dependence k() implies that pulse dis-

w \/_ tortions have occurred, and both the generated wave and the
source filed are not pure Gaussian. Howevee'\f*)? oscil-
lates fast, its contribution to the inverse Fourier transform
integral would be small. In this limit, Eq$11) and(12) will

respectively. The Maxwell equations for the mixing wave
and the source field take the form

005 1 Qs _ lead to a mixing wave and source field traveling with the
=iKkggpaee 'KM? speed of light in vacuum with undistorted pulse profile
gz ¢ equals to that of the source field at the entrance of the cell.

This is the “matched pulse” limif4].

i 0+ 1RO (1) a—ikyz
Hkodb3 (D)bg™ (e ™%, (93) Using Egs.(8), (11), and(12), we now solve

Mz 1903 Cikez (0) 4\ (0)* /4 a—ikez Q Q
T o =Kz K=k (Db (e ke bV =i —2pM+i —2p (143
2 2
(9b)
Taking a fixed timet =t4 for b{®(t) andb{®)(t), carrying out b =i Q_lzb<21>+i Q_13b<0), (14b)

Fourier transform on the both sides of E§), we obtain
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I,

: Q Q
bgV=i — b +i bt~ b (140

A simple perturbation analysis indicates that obg'/)(t) is
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In deriving this result, we have takdd,q(ty) andQ,4(tq) as

constants while evaluating first-order corrections to the
atomic wave function. This is justified because these quanti-
ties vary slowly in comparison with the short-pulse source

needed for the calculation of Kerr nonlinearity. Taking thelaser.

Fourier transform on both sides of Eq$4a—(14¢), solving

An important feature is immediately noticed from Eq.

for B(zl)(w)' and then tak|ng the inverse Fourier transform,(16). That iS, the inclusion of the WaVe'miXing field could

we obtain

p5e =bSP ()b (tg)

+o dw ot +o dw’
=f —e"“f —a(w,0")B(w,0'),

—oo \/ﬁ —o 21T
(195
where we have defined
~ Qotg M* (") +Q5i(tg) S* (")
“ (40?— Q% =20l ) '
PR M (0’ + )+ piY (tg)S(w’ +w) 6

2(0' +w—05—1T3/2)

PNY(wp=w 1) =NDgapsy

T7aKk5a000 | PI91% N|Dggl2[Dayl?

lead to the cancellation or enhancement @ when
QaoM* (@)= *Qp,S* (w) andior piRIM () =+ p{PS(w)

are satisfied. The situation leading to cancellation should be
avoided for cross-phase modulation, but it may have appli-
cations in other Kerr-related nonlinear processes, such as
spectral line narrowing and elimination.

Ill. ELECTROMAGNETICALLY-INDUCED-
TRANSPARENCY-ENHANCED
KERR NONLINEARITY

To evaluate Kerr nonlinearity, we calculate the polariza-
tion for the probe frequency as follows. Using Eqsl),
(12), (15), and(16), we calculate the polarization responsible
for the probe absorption

|Egl’E{ E*Le

(ko + k1)’ h®
0)
poo 221(tq)
m* Y __ S* ’ m /+ —3 ,+
(e [ ( ()= "o i S (@) |[m(e’ + o) ~s(e’+w)]
—e'? : - .
o 27 w27 2(w' — 83— i'3/2) (4w’ —|Q|?—i2T,)
=3x®(wy1)|Eg*Ef e, (an
where we have introduced two dimensionless quantities for a Gaussian source laser pulse
m(z,w):e’“’z‘fél“*iwz’(?*imd(l_ eiK(w)Z), (183
2.2, ; Klsp(ﬁ) i
S(Z,w)=e_“’ Tdd—iwzic—iwty 1+ o) eIK(w)Z ) (18b)
K03P00
Let = w7g and we immediately obtain
0)
Poo €221
, m*(n’)——S*(n’)) , ,
Xow _ (= dy g 1+ dy o1 Q20 m(n'+n)—s(n'+7) 19
X0 = \2m o 2m (7' + 7= 8375—Targ/2)  (4n°—[Q[*75-127 279"
|
where Equation(19) is the main result of the present study, which is
3 (0) P02 N|D 52| D12 very different from that obtained with a steady-state theory.
X63>:7T7-5p°° Pio 20 731 (200 In particular, it allows the possibility of enhancing and can-

ﬁ3

‘:13
0 0

celing the Kerr nonlinearity via constructive or destructive
interference. We also notice important features of the EIT-
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assisted four-level system. We see that the denominator ithe cases where EIT process can be created at fairly low laser
Eq. (19 contains the Rabi frequency of the coupling laserintensity.

|Q 4, rather than a one-photon detuning for a non-EIT-

assisted four-level systeififig. 1(b)]. The latter usually is IV. DISCUSSIONS

much larger than(2,| in order to avoid significant absorp-  Now we are ready to see some simple cases. First, we
tion to the probe laser. Therefore, the ElT-assisted four-leveheglect the wave-mixing field by choosing the angular mo-
system will have significant enhancement to the Kerr nonlinmentum of the level3) such that the coupling to the ground
earity with negligible one-photon absorption, particularly in state is defeated. Taking(#)=0, from Eq.(19) we have

®wp)  pyQar [+= dy aintins = dny' s*(n') s(n'+1) 21
xéf T o 0050) e 2m o 27 (A7P—|Q[2rE—i270 y7e) (7' +n— 8375~ iT372)"

We see that if the source field is a plane wave of frequewncy different from the steady-state treatment since the latter can-
(therefore one can apply the steady-state treatméinén  not provide any dynamic information of the system.

s(w) = 8(w), and Eq.(19) reduces to that of Ref3], For a Gaussian source field, Eq$8) and (19) lead to
(3)( ) 1 1
oC ~
X85+ iT3/2) Q%85+ T/2) X¥owy) _ f 7 ginix ().
for |0>|Qgd and |Q>T,. (22 X6 27

For the short-pulse operation, however, even at the nonde-
pleted pump regime, Eq19) will yield a result that is very where

@ ' —0'212— ' 92— 9?4 (0)
X(n)= dy e ’ 7]7] 27] 5 elK(n'+mé (Pooﬂzl )
—w 27 2(n'+ n— 0375~ 1T'374/2) (47 - 10| S VA/ 1 PYS) P01920
0 0
[ g4 P02 Pooﬂzl K13p(0))e_iK(nr)§ 14 13P(1§))
P01 on KosPoo) K03Poo)

In deriving these results, we have used dimensionless quaand the power of the source laser to a level that no significant
tities ¢=z/crg, {=(t—ty—2z/c)/ 7s. population will be put in stat¢s).

Let us first examine the “matched pulse” reginid]. Next, we examine the large detuning regime, i.e., the re-
From Eqgs.(189 and (18h) we see that iK(w)z>1 aftera  gime whered;7s>1. This is the regime where it is known to
characteristic propagation distance, the terms involvinggive high conversion efficiency for the mixing wa{@]. In
e'K("z will oscillate very fast and contribute negligibly, on this regime,K(w)z is small yet the frequency dependence
the average, to the integral. If we neglect these terms, thegan be removed since most of the contribution to the integral
both of the generated and the source fields are given as by the Gaussian envelope occurs wHepi=|wrg<4. In

this limit, we have

7]2 . Z/C+td
m(7)=s(n)=exp— iz

s

KoaPGy + K101y ]

K(w)z=

This is to say that both the mixing wave and the source field

travel with the speed of light in vacuum, without any pulse _ "03(3Tsl7oo)Jr K1CTEPYY i
shape distortion due to dispersion, and therefore will have an - 2(837stil'37/2)  c7g
identical “matched pulse” shape. This immediately leads to

a conclusion of zero Kerr nonlinearity. This is because those =Koé

two fields interfere destructively as they propagate in the
medium. Of course, one should keep both the concentratioand
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FIG. 2. (a) A plot of the dimensionless quantity R&7)} as a
function of the transform parameter for different atomic coher-
encesi(@) ppo~0.8, p10~0.4; (D) poy=0.5, p10~0.5; (€) ppo~0.2,
p10~0.4. (b) A plot of the dimensionless quantity {X(7)} as a
function of the transform parameter for different atomic coher-
encesi(a) po~0.8, p19=0.4; (b) pgg=0.5, p1¢~0.5; (C) pg~0.2,
p10~0.4.

1 1 (1+ n'—iF375/2)
(7' — 8375—11'3742) 03Ts 03Ts
therefore
2
Coe 778 T3 7
X(n)= 2 7 2 - —l5s+ ),
(4n°—[Q|*r5—i29I ;79) 283 2037g
where
Com 1 Poo Q21 1| ko
0= 2537'5 p(O)Q €
01220
1 PE)%)QH Klap(lci) KlSP(lol)
B eyl PRCIE
01 2220 K03Poo K03Poo

Although the above expression is given in the Fourier-
transform domain, the behavior of this Kerr nonlinearity in
the time domain can be deduced easily. In Fig. 2 we have

plotted both the real and imaginary partsXf») as a func-
tion of the Fourier transform parametey for different

atomic coherence. It can be seen that the large enhancement
does not occur at the maximum atomic coherence. In Fig. 3

we plot the real and imaginary parts¥{») as a function of

7y for different pump-probe intensities. It is clear that the

PHYSICAL REVIEW /64 023807
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FIG. 3. (a) A plot of the dimensionless gquantities fX¢7)} and
Im{X(7)} as a function of the transform parametgr Parameter
Used: pOO%O'S! 921%500 MHZ, 920%10 MHZ, FZ%].OO MHZ,
I';~100MHz. (b) A plot of the dimensionless quantities
Re{X(7)} and Im{X(7)} as a function of the transform parametgr
Parameter used:pge=0.8, Q,;~50MHz, Q,;~1MHz, T,
~10 MHz, I'3~10 MHz.

enhancement is achieved with relative lower pump and probe
intensities, as expected from E@2).

Before ending the discussion here, let us look one ex-
ample where we takery,=50ns andrs=1ns therefore,
75/ 7. =1/50< 1. (Note that with this choice of pulse lengths,
we expect the leading term of the result to be identical to that
of steady-state treatment-or a modest transition, a com-
bined Rabi frequencyQ|=10cm ! would be sufficient to
make| Q| 7¢=300>(27)~10. However, when;?/8>4 the
contribution from the Gaussian envelope to the integral is
negligible. This permits a Taylor expansion of the denomi-
nator in the expression &f( z), thereby allowing an analyti-
cal result of Eq.(10) to be obtained. We therefore have

2
1 Coe 718 T, ”
X(n)= (

- |Q|27'§ 47]2—i277I‘275
T ara
S

Coein2/8 47]2_i27]F275
Q%A IR
I n
X|1—i—+
=155, 25375)

=e 772/8(A0+A177+ Ay n®+Azn®),
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where precisely the condition that maximizes the amplitude of the
generated field. Therefore, for a phase-matched operation we
A Co (1—i&) have
P 26y 00 00
1 |[pooflar ) K Poo 21)
Co=— || —o=———1|eCé+| 1+ —5—~—] |,
A= — Co ! —i 21275 ( 1—i &) ° 937s (PE)%)QZO Pgi)on
Y|P 2657s  |Q)?72 255) |’
whereK g~ — ko3p9/(55+iT'3/2). In general, there is a sec-
Co 4 ) 267 1 ond enhancement factor due to the exponential term in Eq.
A=~ m m(l_' 2_53) —l WT% ' (11a. Thg optimum output for _the generated wave will be
the combination of the conventional phase matching and the
Co 1 4 constructive interference achieved with the exponential term
Az= in Eqg. (113.

- 2 2 2 2
Q75 28575 [ 75 The ElT-assisted enhancement can be seen from the ex-
pression ofC, and X( 7). It is easily seen that for the EIT-

Now the inverse Fourier transform can rri na: .
ow the inverse Fourier transform can be carried out ana; oo four-level system we have [R&(w )]

lytically, yieldin
ytically. yielding %1025, and InxEN(wL)]=5/|Q282%. As has been
Y3 (1) to dy pointed out before[3], compared with the conventional
Tu=f ——e'7X(7) three-levelA-schemgFig. 1(c)] for cross-phase modulation
Xo —=N2m where the Kerr nonlinearity and two-photon limited absorp-
o208 1-422 tion are given by
~ Ao +iAV2L+A
° ! ? 2 (3) |QZO|2|QS|2
Rq:XS-Ieve(le)]“T
_ g(—3+4§2>] 2
FiA————~
V2 and

_ 92
=€ 2 (BO+Blg+ BZZZ+B3§3)1 (3) |QZO|2
|m[X3-|eve(wL1)]°<T,
2

where

1 A 3A a_Iarge phase shift per unit abs_orptio_n length can be achieyed
Boz—(AoJr _3> Bl:i(Al_ _3> with the EIT scheme at a low intensity level. We emphasize
V2 2 2 that the improvement is due to the significant difference be-
tween the large one-photon detuning in the case of a conven-
B,=—v2A,, B;=i2A;. tional three-levelA scheme and the one-photon coupling
Rabi frequency(),,| in the ElT-assisted case, and the corre-
As can be seen, the dominate term is the first term in thgponding difference in the absorption coefficients. In the
expression oB, which is identical to that obtained with a E|T-assisted scheme negligible probe laser absorption is en-
steady-state treatment, as expected. The remaining terms afgred whereas in the conventional three-levedcheme, the
the corrections obtained with the time-dependent perturbaabsorption of the probe laser always poses a significant limi-
tion treatment. The main point of this approximate, howevertation.
is that the Kerr coefficient, under the condition given, can be
expressed as a product of a Gaussian of width of the short
pulse and a time-dependent polynomial.

Finally, let us examine the phase matching for the gener- In summary, we have presented a time-dependent pertur-
ated wave and the ElT-assisted enhancement to the Kerr nobation treatment on ElT-enhanced Kerr nonlinearity where
linearity. Indeed, the conventional phase matching for wavehe wave-mixing field is also taken into consideration. The
mixing is ensured in the present treatment. To see this, winclusion of the mixing field opens possibilities for the sup-
start with the indices for the source and wave mixing fieldspression and enhancement of the Kerr nonlinearity under

V. SUMMARY

ie., suitable conditions, therefore adding rich dynamics to the
) ) system. Furthermore, we have shown that the EIT-enhanced
N1 2mNp 13| Dy and ne—1— 27Npod Dog scheme is superior in comparison to the conventional three-
S 53t M 53t ' level scheme for cross-phase modulation. The time-

dependent treatment allows one to examine the dynamic re-
For parallel laser beams we have, for the conservation ofponse of the system to the source laser, particularly the
momentum and energky =k ;—k_>,tks and wy=w, ;  suppression and enhancement of Kerr effect due to the inter-
—w_ >+ ws. By combining these relations, one immediately nally generated field. The latter may find applications in pro-
obtains kozppo= k13011- From Eq.(129 we see that this is cesses such as coherent control.
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