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Measurement of the degree of polarization entanglement through position interference
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We produce polarization entangled states with variable degree of entanglement for twin photons. Entangle-
ment in polarization is coupled to entanglement in position that produces transverse coincidence interference
fringes. We show both theoretically and experimentally that we can use the position interference pattern to
measure the polarization degree of entanglement. The coupling between polarization and transverse degrees of
freedom are demonstrated to be useful in the manipulation of the entanglement of the twin photons.
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I. INTRODUCTION

Entanglement is the central property behind the exp
ments performed with twin photons produced in the param
ric downconversion process@1#. A large number of exciting
applications of fundamental properties of light such as qu
tum nonlocality, quantum interference and many others,
of them closely related to entanglement, have already b
performed in such systems. More recently, entangled pho
pairs have also proven to be an adequate environmen
study quantum information theory. The nonlocal correlatio
between the signal and idler photons allow the implemen
tion of fundamental quantum-mechanical experiments, s
as teleportation@2# and quantum erasers@3#, as well as more
practical applications like quantum cryptographic devic
@4#.

Entangled states of twin photons involving the correlat
between many different degrees of freedom can be ea
generated and detected. Particularly, polarization entan
ment has been extensively utilized, not only because i
easily produced and controlled@5,6#, but also because it is
defined in a two-dimensional Hilbert space similar to sp
1/2 systems. These systems are suitable for implemen
quantum computation and communication@7# schemes, and
Einstein-Podolsky-Rosen~EPR! experiments@5,8#. However,
polarization is not the only degree of freedom that c
present entanglement in this system. Energy and momen
@9#, for instance, can also present nonlocal correlations to
explored.

In this paper, we present an experiment and a theore
approach describing the coupling between two different
grees of freedom of the detected pairs: polarization
transverse momentum. Two sources of photon pairs, i.e.,
nonlinear crystals pumped by the same laser beam,
placed collinearly in two different positions in space. Ma
quantum numbers are associated with the twin photons e
ted in each one of the crystals but we will be interest
particularly, in their polarization and their position of cr
ation. Each crystal generates pairs with defined polariza
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depending on their relative orientation with respect to
pump-laser polarization. Furthermore, the twin-phot
beams have distinct transverse components of momen
However, the proper alignment of these beams combi
them to make the origin of creation of each detected p
indistinguishable to position measurements. Therefore,
will call it position entanglement@10#, as we shall see below

The position entanglement generated by such a sys
leads to quantum interference that can be observed thro
coincidence patterns@10#. Since the origin of each pair an
their polarization are intrinsically correlated, we have u
lized position interference for monitoring the degree of p
larization entanglement. Even though this degree of
tanglement can be measured by other means, like quan
state tomography@6#, the experiment we present stresses
coupling between entanglement in two different degrees
freedom. It will also be shown that, as in a quantum era
experiment, the coupling between these systems can be
trolled, leading to the increase or decrease of fringe visibil
We believe that the control of the coupling between differe
degrees of freedom of entangled photons is useful in
manipulation of the entanglement for applications like qua
tum information and for the understanding of fundamen
processes like the decoherence of quantum superpos
states, for example.

II. POLARIZATION AND POSITION ENTANGLEMENT

A sketch of the experimental setup is shown in Fig.
Two nonlinear crystals produce twin-photon pairs. All ph

FIG. 1. Outline of the experiment. 1 and 2 are nonlinear cr
tals, PA is the polarization analyzer, andD1 andD2 are the signal
and idler detectors, respectively.
©2001 The American Physical Society04-1
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tons have the same wavelength but their polarizations
pend on the orientation of the optical axes of the crys
relatively to the pump beam polarization direction.

When both crystals produce photon pairs with the sa
polarization, we have quantum interference between two
ferent but indistinguishable origins of the two-photon wa
field; either crystal 1 or crystal 2. For this superposition to
effective, signal and idler beams, generated in each cry
must be adequately aligned, i.e., there must be good sp
mode matching between them. Due to the long cohere
length of the pump laser, the origin of the photons arriving
the coincidence detectors, whether it is the first or the sec
crystal, cannot be determined in principle. In this case,
system presents position entanglement. It is, then, possib
measure position interference in a double-slit type exp
ment. Each crystal plays the role of one slit, emitting a p
ton pair instead of a single photon as in usual Youn
fringes experiments. If we move one~or both! of the detec-
tors in the plane perpendicular to signal or idler beams,
get Young’s fringes in the coincidence counting rate. T
details of this particular experiment are described elsewh
@10#.

For the purpose of this paper, it is enough to conside
monomode theory. In this case, the most general state o
photons produced by the two crystals is

uCf1 ,f2
&5au2f1

,0f2
&1eiwbu0f1

,2f2
&, ~1!

whereu2f1
,0f2

& (u0f1
,2f2

&) describes the state of two pho

tons produced by crystal 1~2! with polarizationf1 (f2) and
zero photons produced by crystal 2~1!. w is a phase tha
depends on the optical path difference from crystal 1 a
crystal 2 to the detectors,

w5k~Dx12Dx2!1w0 , ~2!

whereDx1,(2) is the distance from crystal 1~2! to the detec-
tor 1 plus the distance from crystal 1~2! to the detector 2. k
is the wave number of all fields, andw0 is a constant phase
w also depends on some other factors~that do not vary in our
experiment! as the phase accumulated by the pump betw
crystals, all contained in the constant phasew0. At the peak
of the interference pattern,w50 ~if a andb have the same
phase!. uau2 (ubu2) gives the probability of finding a pai
created in crystal 1 (2) and it depends on the projection
the pump beam polarization onto its optical axis direction

This is a rich system presenting interchangeable polar
tion and position entanglements. Depending on the orie
tion of the crystals and the polarization of the pump las
many different states can be derived from Eq.~1!. For ex-
ample, if f15f25f, both crystals produce pairs with th
same polarization and with the same probability so that s
~1! is reduced to the usual Young’s experiment@11# state

uC&5
u2,0&1eiwu0,2&

A2
. ~3!

We dropped the polarization index because, in this case,
degree of freedom factorizes. It is impossible to determ
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from which crystal each detected pair came, and state~3! can
be viewed as a Bell state for position. In ideal condition
i.e., perfect mode matching, this state presents interfere
leading to coincidence interference patterns with visibil
equal to one. Visibility is defined by

m5
CM2Cm

CM1Cm
, ~4!

whereCM is the maximum andCm is the minimum of the
coincidence interference curve.

Another interesting situation is found when the cryst
produce pairs at orthogonal polarizationsf15H and f2
5V, and the pump laser is oriented midway from them,up

5(H1V)/A2~or up545°). In this case, the photons a
tagged with an origin identifier and Young’s interferen
fringes have zero visibility. On the other hand, it is no
impossible to determine the polarization of the detected p
ton pair and state~1! reduces to the familiar polarization Be
state:

uCH,V&5
u2H,0V&1eiwu0H,2V&

A2
. ~5!

Different orientations of the pump laser lead to nonma
mally entangled states@6# described by

uCH,V&5au2H,0V&1eiwbu0H,2V&. ~6!

Most generally, this system presents position and po
ization entanglement, as it is described by state~1!. The vis-
ibility of the interference fringes is given bym
52uauubu cos(f22f1) and depends on both the polariz
tions and the probability to generate pairs in each crys
Notice that, for state~3!, f15f2 and a5b, so thatm51.
This state is maximally entangled in position and it has
polarization entanglement. On the other hand, for state~5!,
f12f25p/2 andm50, i.e., whena5b we have maximal
polarization and no position entanglement. Rotation of
relative orientation of the crystals changes the entanglem
of the detected pairs from position to polarization, which c
be observed by measuring the position interference.

Another controlling variable for the polarization degree
entanglement is the orientation of the pump beam polar
tion (up). Its influence can be observed by placing a pol
ization analyzer in front of each detector. If we set the cr
tals at orthogonal polarizations and orient the analyzers
45° with respect to them, we regain a position interferen
because it is no longer possible to determine the origin
each detected pair, although we know their polarization
sure. In this case we produce position entangled states
variable degree of entanglement

uC&5au2,0&1eiwbu0,2&, ~7!

much in the same way as their equivalent in polarizat
described by state~6!. Therefore this setup is able to chang
polarization entanglement into positions. The visibility
then, given solely bym52uauubu and it will be zero when
the polarization of the pump is equal to the orientation of o
4-2
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MEASUREMENT OF THE DEGREE OF POLARIZATION . . . PHYSICAL REVIEW A64 023804
of the crystals, i.e., eithera or b will be equal to zero, in
which case only one crystal is pumped and we know
origin of each pair for sure. Visibility will be one when bot
crystals generate pairs with the same probability,up5(H
1V)/A2, a5b51/A2.

III. EXPERIMENTAL RESULTS

A cw He–Cd laser operating at 442 nm is utilized
pump two lithium iodate crystals as shown in Fig. 1. T
crystals are 1cm long and cut for collinear degenerate ty
downconversion. In our experimental scheme, they are ti
so that converted beams with the same wavelength em
from the crystals at about 3° from the pump beam directi
Signal beams produced in crystal 1 and crystal 2 are dire
to detector 1, and idler beams from crystal 1 and crystal 2
directed to detector 2. Crystal 2 is placed about 1 cm fr
crystal 1. The pairs of photons are detected with avalan
photodiode counting modules, which are placed about 1
from crystal 2. The detection scheme also includes a thin
of about 0.5 mm width, a 10-nm bandwidth interference
ter, centered at 884 nm, and a 25-mm focal length lens be
each one of the detectors. Signal and idler beams p
through polarizing beam splitters with their axis oriented
45° from vertical and horizontal polarizations, before rea
ing the detector entrance slit. Detectors are mounted
translation stages that allows scanning the transverse p
of the incoming beams.

In a first set of measurements, the optical axes of b
crystals were vertically oriented. The tilt angle for each cr
tal is adjusted for obtaining simultaneous coincidence de
tion counts due to twin photons originated in both cryst
for the same position of the signal~det1! and idler~det2! de-
tectors. In this case, as both crystals generate downconv
beams with the same polarization, their origin is indist
guishable and they present position entanglement, as alr
explained. It is worth noting that the individual signal
idler photons originated at different crystals are distingui
able, but the detection of the signal~idler! on one side,
through a small aperture, makes the idler~signal! on the
other side indistinguishable@12#. As a result we have quan
tum interference. This leads to interference fringes that
be measured by displacing one~or both! detector in the hori-
zontal direction. In Fig. 2 we present a typical interferen
pattern obtained with position entangled states directly g
erated by crystals producing twin photons with the same
larization. The fringes were obtained by the displacemen
the signal beam detector across the horizontal direction.
would have obtained a similar pattern if we had displaced
idler detector. A pattern with doubled frequency would
obtained, displacing signal and idler detectors simu
neously.

In a second set of measurements, we turn one of the c
tals around the pump beam direction of propagation in or
to obtain the state described in Eq.~6!. This is the configu-
ration for obtaining polarization entangled photons with va
able degree of entanglement introduced by Kwiatet al. @6#
Now, signal and idler photons pass through a 45° polar
tion analyzer before detection. The pair of photons genera
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in crystal 1 can be distinguished from the pair generated
crystal 2 because one of them has vertical polarization
the other has horizontal polarization. However, as they cr
the 45° polarization analyzers, they become indistingui
able again. Therefore, if a maximally entangled photon p
is produced when the pump beam is polarized at 45°, in
ference fringes in the transverse detection plane must als
detected with a visibility nearly equal to one. On the oth
hand, if disentangled photon pairs are produced, they will
lead to coincidence interference fringes in the transverse
tection plane.

We have carried out these measurements. The coincid
interference pattern for a nonentangled state is shown in
3 and the pattern for maximal entanglement is shown in F
4. The lower visibility we obtained, when only one cryst

FIG. 2. Quantum interference for twin beams with the sa
polarization. Dots are experimental data. The error bars are n
gible. The solid line is a fitting to the usual double-slit patte
function giving the visibility.

FIG. 3. Quantum interference for twin beams with different p
larizations. Low visibility and low degree of polarization entangl
ment. Dots are experimental data. The error bars are negligible.
solid line is a fitting to the usual double-slit pattern function givin
the visibility.
4-3
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M. FRANÇA SANTOS et al. PHYSICAL REVIEW A 64 023804
was actually pumped, wasm50.14 and the higher visibility,
when both crystals were equally pumped, wasm50.82. In
Fig. 5 we present the evolution of the visibility of the inte
ference fringes as a function of the pump beam polariza
angleup .

IV. DISCUSSION

We showed that two parametric downconversion crys
aligned in such a way that the generated twin-photon be
have good mode matching, produce entangled states bo
polarization and position, as in state~1!. Although position is
defined in the continuum, in our case only the macrosco
position of creation of each pair is relevant. Therefore,

FIG. 4. Quantum interference for twin beams with different p
larizations. High visibility and high degree of polarization entang
ment. Dots are experimental data. The error bars are negligible.
solid line is a fitting to the usual double-slit pattern function givi
the visibility.

FIG. 5. Evolution of the visibility of the interference fringe
when the pump beam polarization and the degree of entangleme
changed. Dots represent the visibilities obtained from experime
data through nonlinear fitting. The solid line is a fitting to the fun
tion described in Eq.~11!.
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system is defined in a 434 Hilbert space featuring two pos
sible polarizations and origins for each pair. However,
emerging polarization is defined by the orientation of ea
nonlinear crystal. As a result, each pair presents a per
correlation between both degrees of freedom, polarizat
and position~origin!, reducing the effective Hilbert space t
the usual 232. Depending on the relative orientation b
tween the crystals, this state space can be solely the p
ization Hilbert space, as in Eq.~5!, when both crystals are
oriented at orthogonal polarizations, or a double-slit kind
state, as in Eq.~3!, when both crystals are oriented at th
same direction. In each case, the measurement of the rele
degree of freedom will reveal perfect quantum superpositi
On the other hand, any measure of the complementary
will present no interference at all.

In our experiment, we have taken advantage of the c
pling between position and polarization to switch from o
kind of entanglement to another, at our convenience.
have observed that the interference due to the position
tanglement is easy to measure. The resulting interferom
is quite stable because the beams propagate together a
all the time and the phase of the pattern can be easily va
by displacing the detectors. Thus, for example, once we h
produced polarization entangled photons we could m
them entangled in position by the passage through 45° a
lyzers. Moreover, the measurement of the position inter
ence visibility has given us the degree of polarization e
tanglement of the photon pair just after the crystals. T
opposite could also have been done, for example, by pre
ing position entangled photons and placing half-wave pla
in the beams produced in crystal 1, but not in those produ
in crystal 2. Although more complicated from the experime
tal point of view, this is another possibility of such a syste

The visibility of the interference fringes is limited b
technical details. For example, the detector entrance slit h
finite size and the fringes are smoothed, reducing the visi
ity. The finite length of the crystals and their separation
duces the quality of the spatial mode matching and con
quently the visibility. Anyway, the degree of entanglement
polarization can be obtained from those visibilities. In o
experiment, the maximal visibility observed wasm50.83 for
the position interference directly andm50.82 for the polar-
ization entangled state converted to the position entang
state. The fact that they are about the same, shows the
fidelity in the conversion of polarization to position entang
ment.

The lower visibility should be zero ideally. In our exper
ment it wasm50.14. In this case, another technical det
has been responsible for the nonextinction of the visibil
The polarization state of the pump beam is not exactly line
but slightly elliptical. Even if the eccentricity of the ellipsi
is very small, the influence in the visibility is considerab
for small visibilities. For high visibilities however, the ellip
tical polarization has no influence. The fitting of the cur
for the evolution of the visibilities as a function of the pum
beam polarization~Fig. 5! has taken this problem into ac
count. An elliptical polarization can be represented by
following state:

-
-
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ue&5@e1 cosu2 i e2 sinu#uV&1@e1 sinu1 i e2 cosu#uH&,
~8!

whereu5up is the angle between the vertical direction a
the main axis of the ellipsis. Pumping photons in the abo
state, Eq.~8!, lead to the following state for the downcon
verted photons, in replacement of Eq.~7!:

uC&5@e1 cosu2 i e2 sinu#u2,0&1eiw@e1 sinu

1 i e2 cosu#u0,2&, ~9!

which gives rise to a coincidence interference pattern gi
by

C}e1
21e2

21~e1
22e2

2!sin~2u!cosw22e1e2 sinw. ~10!

Notice that, for example, whene250, we recover the coin-
cidence profile obtained for linearly polarized pump
} e1

2@11sin(2u)cosw#. The effective visibility, which has
been used to fit the experimental results, is given by

me f f~u!5mmaxF v1
2

v2~u!
1v2~u!GcosH arctanF v1

v2~u!G J ,

~11!

where v154e1
2(12e1

2) and v2(u)5(2e1
221)sin2(u2u0).

mmax is the higher visibility obtained experimentally. Settin
it as a free parameter we have foundmmax50.77 from our
data.u0 is a constant, which was also set as a free param
and found to be nearly equal top. e2, which is zero for a
perfectly linearly polarized pump, was found to be 0.08. T
shows that even small elliptical components in the pump
laser are enough to keep a residual visibility of the interf
ence pattern.

It is easy to understand qualitatively the role of the ell
tical polarization on the visibility of the interference pattern
The higher visibility occurs when the polarization of th
pump has projections onto the vertical and horizontal dir
tions with the same magnitude. This is achieved with a lin
polarization at 45°. This could also be accomplished wit
circularly polarized beam. Thus, as an elliptical state can
viewed as superposition of a linear plus a circularly polariz
s

r,

d

d
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state, we see that both components lead to the desired m
mal entanglement. The lower visibility is obtained when on
one crystal is being pumped. This limit is reached only fo
very pure linear polarization state. Any circularly polarize
state component would lead to a visibility higher than ze

There are other means of measuring the degree of po
ization entanglement of photon pairs. One of the most
phisticated~but also experimentally simple! is the quantum
state tomography@6#. It can also be measured by the visib
ity of the fringes obtained when one of the polarization an
lyzers is rotated and the other is kept fixed in 45°, like in
Bell’s inequality violation experiment. In every case it
possible to relate the degree of entanglement to a measu
parameter. In our approach we stress the coupling betw
the two kinds of entanglement and their complementar
We make use of this complementarity to measure one de
of freedom and extract information about the other. The c
pling between different degrees of freedom of the tw
photon field leads to the possibility of manipulation of th
entanglement in a controlled way, but it may also lead to
leaking of the information about the state and conseque
the loss of the properties inherent to the quantum superp
tion state. That is why we believe the understanding of th
kinds of coupling are important.

V. CONCLUSION

In conclusion, we have presented a scheme capabl
producing polarization and position entangled states
twin-photon pairs. We have shown experimentally how ea
kind of entangled state can be generated from the same
of crystals and how we can turn polarization entangled sta
into position entangled states. We have utilized this appro
to measure the degree of polarization entanglement for tw
photon pairs through position interference.
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