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Heliumlike geonium atom
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We study the quantum dynamics of two interacting electrons confined in a Penning trap. We determine the
characteristic frequencies of this system and we propose a way to perform measurement on spin and cyclotron
degrees of freedom as well as a way of preparing the geonium atom in any spin state.
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[. INTRODUCTION niques. To the second order of approximation, the motion of
the heliumlike geonium atom can be decomposed into six

It is well known that a single electron stored in a Penningnoninteracting harmonic oscillators, each of them character-
trap (PT) [1] permits accurate measurements and provides &ed by its own frequency.
simple system to investigate the fundamental laws of nature We shall also show that the use of an additional field,
[2]. This system has been called a hydrogenlike geoniunknown as a “magnetic bottle[3], allows one to get quantum
atom since it resembles a hydrogen atom for which the bindinformation about the heliumlike geonium atom. Namely, we
ing for the electron was replaced by external trapping fieldshall relate the axial frequency shifts induced by the “mag-
[3]. Recently, the geonium system has been also studied fegtic bottle” field with the axial spin projection as well as
implement some interesting quantum optics situations, sucWith the cyclotron quantum numbers. We also show how to
as quantum nondemolition measureménisgeneration and use this measurement technique and a small driving oscilla-
characterization of nonclassical stafé3, and implementa- tory field to prepare our geonium atom in any desired spin
tion of quantum logic operatior|$]. state.

In a previous Work[6]’ we have shown how to use the This paper is Organized as follows: In Sec. Il we present
spin and motional degrees of freedom of the confined electhe model and we separate the Hamiltonian in the center-of-
tron in order to store and to manipulate two qubits through 4gnass(c.m, and the relative contributions. In Sec. Ill each of
controllednoT gate(the qubit being the basic unit of infor- these two parts is studied and their characteristic frequencies
mation in a quantum computé?]). It would be, however, are determined. Sec. IV presents a way of getting informa-
interesting to replace the qubit associated with the motiondlion from the system by using a “magnetic bottle” field.
degree of freedom by a qubit associated with a second spifrinally, Sec. V concludes.

There are two immediate advantages of real spin over pseu-
dospin: First, the qubit represented by a real spin 1/2 is al-
ways a well-defined qubit in the sense that the two-
dimensional Hilbert space is the entire space avalaible; thus We are considering a system of two electrons of nmss
there are no extra dimensions into which the qubit stateind chargee inside a Penning trap. The confinement in this
could “leak.” Second, since the spin motion in a PT decaystrap is realized by a uniform magnetic fiedalong the posi-
via magnetic dipole radiation, which is exceedingly small,tive z axis and a static quadrupole potential
we can guarantee the phase coherence of the qubits during
the computation time. The use of another spin as a qubit can 5 o o
be naturally achieved by introducing a second electron in the vy Y —2z 1)

. T . . . 0
trap. This system consisting of two electrons confined in a 492
PT is an analog of a helium atom; thus we namehedum-

like geonium atom whered characterizes the dimension of the trap afads the

In this work we will study the energy spectrum of the . . ; ;
heliumlike atom and we will )p/)ropose pc?sysibFI)e ways to mea_potennal applied o the trap electroded. By ignoring for

sure and to manipulate the quantum state of the system the moment the Coulomb repulsion between the two elec-
. P q - y " trons, we can write the Hamiltoniah") for each trapped
It is well known[3] that the problem of finding the energy _ ; .
: ) . . electron {(=1,2) as the counterpart of the classical one, with
spectrum of a single electron in a PT is analytically solvable s ) .
) . ) the addition of the spin term, that is
Its motion can be decomposed into three independent har-
monic oscillators: axial, cyclotron, and magnetron, each of
them characterized by a well-defined frequency of oscilla- h(0)—
tion. However, this analytical simplicity is destroyed when a T 2m,
second electron enters in the PT. Actually, the motion of two
trapped electons is a three-body probléire two electrons . , .
plus the confinement fiell§8] and, in general, cannot be vi/(r?)erelgjs E?)e electron'y factor_, ¢ the Spee?‘_ of light, a”‘?'
solved exactly. Thus, in order to determine the energy spec®"’=3B/\x"" the vector potential. The position and conju-

trum of the heliumlike atom we will use perturbative tech- gate momentum operators axé)=(x",y(® z() and @
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=(p{ wpl? p?), respectively. The spin operat&") is re-
lated to the Pauli matrices throug¥)=3%(c{’,o{),c{)).

To obtain the total Hamiltonian for the two trapped elec-
trons, we must sum the individual contributiof® with the
repulsive Coulomb energy, that is,

eZ

2
H=Zl h(l)+—|£(1)—>?(2)|' (3
We can write this Hamiltonian in a more convenient form by
introducing the c.m. coordinatesR=(X,Y,z)=3(x"
+X®), P=(Py,Py,Py)=(pP+$@), and the total mass
M=2m,, as well as the relative coordinate%(f,v,g)
=(xM=x?), p=(ps,p,.p)=3(p™M—p®) and the re-
duced masg = m¢/2. With these new variables E() trans-
forms into

H=H.,+H,+Hg, (4)
where

_ﬁ2 M 252, Y22 By 252
Hc_m.—m+§(wc—2wz)lﬂ +?ez~(I‘>< P)+ ?wZZ ,
5

~2 2

P K. > 222, W2z o o Moo, ©
=+ = — +—e,-(pXp)+ = + —.
H, 21“’ S(wc ZwZ)P Zez (P p) 2wz§ |r->|
(6)
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Let us now define the ladder operators

A \/—szz '\/—1 P 9
= N72% “"'NoiMa, 2 ©
M PX We
As= \ 2ﬁ(w+—w)[ V_(?_wI)Y}
_.|Py We
+1 V'F 7_(1);))(“, (10
obeying the commutation relatiof#; ,A}‘]z&ij, with (i,]

=+,—,2). Then, with the aid of these operators we may
reduce Eq(5) to the form

t 1
+ho | ALAL+

t 1
Hem=foz| AZAz+ E E

1
Ala_+ 2],

5 (11)

-

where the three harmonic oscillators appear& aial, +
cyclotron, and— magnetron. The negative energy of the lat-
ter denotes its unstable motion which, however, takes place
on a long time scale, its frequency being the smallest.

If we neglect the Coulomb repulsion between electrons in
the relative Hamiltoniar{6), we end up with a Hamiltonian
equivalent to Eq(11). It means that the motion of the re-
duced particle of masg would be the result of three har-

Here we introduced the cyclotron and axial frequencies demonic oscillators with frequencies equal to those of c.m.

fined by w.=|eB|/m, and by w,=[eV,/md*]*? respec-
tively:

Hs=wsS, . ()

We have used the notatiofi=(X,Y), p=(&,v), and we

have indicated bfez the unit vector along theaxis. The first
two terms in Eq(4) commute with each other; the last gives

oscillators. However, as we are going to show, the Coulomb
interaction will remove this degeneracy in the energy levels.

The presence of the Coulomb energy in the relative
Hamiltonian introduces a nonlinear coupling between the
three harmonic oscillators. In order to overcome the math-
ematical difficulty associated with the Coulomb interaction,
we develop the relative Hamiltonian in power series around
its stationary points,

the spin contribution and it is also called the Zeeman energy.

The spin precession angular frequency is defined«ly
=gleB|/2m,.

Ill. ORBITAL MOTION

Comparing the c.m. Hamiltoniaf®) with that of a single
electron in the PT3] we conclude immediately that the dy-
namics is the same in both cases. That is, the c.m. motion
the result of three independent harmonic oscillators: (wye
clotron and magnetroroscillating in thex-y plane with fre-
guenciesw- and the thirdaxial) oscillating along the-axis
with frequencyw,. The frequenciew .. are defined by

1

thE(wCi\/wg—ng). (8)

. ps=0, (12)

2
MWz

given by the ratio between the Coulomb and axial energy.
The development of HamiltoniaH, to the second order

yields
IS
52 Mo 222, Y2z~ 2
Hr:Ho‘I‘ﬂ“‘g(wc_Gwz)p +7eZ'(pxp)
3
+§Mw§§21 13

wherep, ¢, andp are the deviations of the relative positions

Let us stress that these frequencies coincide with those oland momenta with respect to the stationary poiti®. The
tained for a single trapped electron and they are well sepaeero-order approximation is given by the constant energy

rated in the energy scale, i.@, > w,>0_ .

Ho=3uw?z2. The second-order approximation of the series

023407-2



HELIUMLIKE GEONIUM ATOM

PHYSICAL REVIEW A 64 023407

expansion will be a good one if the amplitude of the axialvalues of the spin Hamiltonia7). For the same orbital

motion, £, is much smaller than the equilibrium distarce
between the electrons:

=V pw,<zg.

For a typical valuew,=6.64 MHz of the axial frequency in
a PT[3], the condition(14) is widely obeyed.

A simple comparison of Eq13) with Eg. (5) shows that
the relative motion exhibits new frequencies, ,o’ ,w,

(14

quantum numbers, the triplet states are equally spaced and
their splitting energy s ws.

Now, the electrons, being fermions, must satisfy the Pauli
principle. It is straightforward to show that the c.m. eigen-
functions are always symmetric under permutation of two
electrons, while the symmetry of the relative motion is de-
termined by means of1)""**! wheren, k, and! are the
quantum numbers of the cyclotron, axial, and magnetron
relative oscillators. Then, in order to satisfy the Pauli exclu-

sion principle we can conclude that a spin-singlet state must
haven+k+I even, while a spin-triplet state must hame
1 +k+I odd. Changing by 1 any of the quantum numbers
r_ 2 2 . .
w+—§(wc+ Voe—6wy)<w,, n,k,I makes the trapped electrons oscillate between the sin-
glet and triplet states. The use of additional standing waves
1 in the trap configuratiofi5] may induce jumps in these quan-

given by

(15

wi:g(wc— Vol-6w2)>w_, (16)  tum numbers.
, IV. INFORMATION MEASUREMENTS
w,= \/sz> . (17)

We recall that in the geonium system the measurements

Thus, the effect of Coulomb repulsion to the second order ofire performed by using the axial motion as a meter to inves-
approximation consists in removing the degeneracy in thégate the other degrees of freedom, due to the nonexistence
energy levels of the six oscillators by introducing new fre-of good detectors in the microwave rangd. In fact, the
quencies. It should be noticed that this same correcting factdgixial oscillating charge particle induces alternating image
of \/3 of the relative axial frequency was already noticed forcharges on the electrodes, which in turn cause an oscillating
two ions in a Paul trap9]. The anharmonic corrections to the current to flow through the external circuit where the mea-
relative motion only appear at the third order of approxima-surement is performed. The axial frequencigsand w, of
tion. the heliumlike geonium atom are in the radio-frequency

The ladder operators for the relative motion, denoted byange and can easily be measured through the external cir-
a.,al a,,al, are defined analogously to those of the c.m.cuit. Small frequency shiftsXw/w<10"%) have been rou-

motion, i.e., tinely observed3]. Then, using Eq(17) we obtainw./w,
~\3>1078, showing that the relative and c.m. axial mo-
o, 1 tions can be well resolved through an axial measurement and
a,= o7 {Hi\/ —=—Pp;- (18  therefore it will be also possible to manipulate the c.m. de-
2fipw, grees of freedom independently of the relative ones by ap-

plying, for instance, driving fields as described in Ré&fl.
We are going to show how to get some information about
the quantum states by measuring the axial frequency shift

et
at— f - ?_wi v
2h(w) —wl) L& induced by an additional “magnetic bottle” fiel8], given

P, (wc ) ] by
— | 5wl €. (19
M 2

Fi

. X2+y2\ . L
AB=B,||z?— 5 |e—2p|. (21)
They lead to the following form for the relative Hamiltonian:
1 1 The extra energAH associated with this field is
H =%l ala,+ §)+ﬁw’+ a1a++§)
e . - - ~
AH=— M. AAD L 52 AAR)
) 1 mec[@ 9 ]
—fho’ a,a,+§ , (20
e - - - -
_ 9 B,[SD. ABW+§2.AB@)], (22
meC

which is an analog of Eq11).

Summarizing, we can describe the motion of the two con- o
fined electrons as the result of six independent harmonic ogvhereAA) is the vector potential associated with the inho-
cillators: three associated with the ¢.m. motion, with frequenmogeneous field of Eq21):
cies w, ,o_,w, and the other three associated with the

relative motion, with frequencies’, ,o’ ,, . The spin Zee-
man energie§Es=M (hw)/2 (M=—1,0,+1) are the eigen-

AN”JBz(z“)Z—,3<i)2/4)éz><5(i>. (23
2
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We evaluate the contribution &fH to the energy levels by Comparing Eqs(25) and(26) we conclude that they con-
computing the matrix elements tain the same information about the quantum numider
Thus a measurement of any of the two axial frequency shifts
is equally good to determine the spin projection alongzhe
AE(N,K,L;n,k,I;M) axis.
. ) . ) } Theg factor of the electron equals 2 to within about 1 part
=(mn kBN KL ARINGK, Lin kM), in 10°. This and the above-mentioned fine resolution of the
(24 axial measurements guarantee the possiblity of distinguish-

ing the three values d¥l appearing in the Eq28) or in Eq.
wheren,k,l (N,K,L) are the quantum numbers of the cyclo- (299). PP g q28) a

tron, axial, and magnetron oscillators of the relat(wzem.) After measuring the axial spin projectio, the geonium
motion, andM = —1,0,1 is the quantum number associatedyom il be left in the spin statd, 1) if M =1 or in the state
with S,. The shifts of the axial eigenfrequencies induced by { —1) if M=—1. However, if the result of the measure-
the presence of the “magnetic bottle” are related t0 thesg,ont isM =0 the state can be either the sind@D) or the

matrix elements. The c.m. axial frequency shift triplet |1,0). In order to determine the symmetry of the spin
function we have to do further measurements.
_ Before explaining how to do these measurements, let us
Aw,=AQ,W ) LT
vz ‘ @9 study the effect of a small oscillatory magnetic driving field
can be obtained by taking the difference betweds(N,K
+1.L;n,k,I;M) andAE(N,K,L;n,k,I;M). Instead, the rela-

tive axial frequency shift B(t)=b[cos{wt)éx+sin(wt)éy] (31)

Aw,=A0Q,W (26)  lying in the xy plane on the spin state of the electrons. The

. . . . total spin motion of the heliumlike atom is governed by the
is obtained by taking the difference between Hamilt?)nian 9 y

AE(N,K,L;n,k+1];M) and AE(N,K,L;n,k,l;M). The
factor W appearing in Eqs25) and (26) is given by

eh 1. . .
/ Hs=—g5s— 50 [B+b(1)], (32
_ 1\ o’ 1 S
W= IMaNtnt e 2o Loz + 2 2 |, 2me 2
4 o 2] ', 2
(27 where
while
fiByw, S=s0=7(01+ 7))
= 2 2
AL, 2mw_B(w;—w_) (28
and is the total spin of the heliumlike atom. It is straighforward

to show that the result of switching on the driving fidi¢t)
on the spin state is the followinga) If the electrons are in
' hBow, (29) the initial singlet staté0,0), they will stay in it for any fur-
z 2mo’ B(o, — ') ' ther timet. (b) If the initial state of the electrons is one of the
three triplet statefl,—1),|1,0), or |1,1), then it will evolve
In Eq. (27), the ratiosw_/w, andw’ /o’ that multiplyL  to a superposition of the three. The transition probabilities
andl, respectively, are very small, and thus they can be igbetween these three states are a function of time and depend
nored. Essentially, the relevant measurable quantity is on the Rabi frequency),=|e|b/2mc as well as in the de-
tuning A w=w— wg. For instance, if the initial state |4,0),
' (30) the transition_ probabilitie®,;, Py _; to the state$l,1) and
|1,—1) are given by

W=

%M-l—N-H’H—l

0 2A 02+ 02+ 02cogtVOZ+Aw?)]sin } t Q2+ Aw?]?
(Q2+ Aw?)?

Po1i=Po-1= (33
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and the probability of keeping in the same stdt@) is V. CONCLUSIONS
In this work we have studied the dynamics of two elec-
[Aw2+Qgcos(t1/Q§+Aw2)]2 trons in a Penning trap which we have nameHdetiumlike

(34  geonium atom
We have shown that their motion can be reduced to six
harmonic oscillators, each of them characterized by its own
The maximum values for the transition probabilities are atfrequency. We have seen that the symmetry of the spatial
tained in resonances= ws). When the interaction time is Wave function depends on the sum of the three relative mo-
ti= /20 We getPy=0 andPy,=P,_;=%. Let us now 0N quantum numbers.

assume that the axial frequency shift measurement left the Furthermore, we have shown how to extract quantum in-
electrons with axial spin projectioM =0. Then we apply formation about the spin and the total cyclotron number of

the driving field during a time; = m/2Q).. If the system was the heliumlike geoniurr_i atom by_ u_sing_the “magnetic bottle”
initially in the singlet statd0,0), it will keep in this state. If field and a small oscillatory driving field. These measure-

the system was initially in the triplet stalte,0), then its state MeNt téchniques can also be used to prepare the electrons in
after a timet; will be a superposition of the stafé,1) with ~ any Spin state.

the statd1,—1). Finally, we make a second measurement of | € Possibility of manipulating the quantum state of elec-
the axial frequency shiftusing the “magnetic bottle” tech- trons can be used to store and process quantum information.

nique and, if we obtain agai =0, we know that the state In fact the present work suggests_the possibility to implement
is singlet; otherwise, the spin state is a triplet. quantum logic gates with the heliumlike geonium atom, us-

The technique that we have been describing can also HB9 @n extension of the arguments sketched in Fef.

used to prepare the heliumlike geonium atom in any of its
three triplet states, as well as in any hoped for superposition
of them. Any final spin state can be reached by swithcing on The author would like to thank Dr. S. Mancini and Pro-

the driving field during a convenient time intervahfter the  fessor Paolo Tombesi for comments and suggestions on the

” (Q%+A02)°
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