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Ionization of atomic hydrogen by antiproton impact: A direct solution of the time-dependent
Schrödinger equation
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We present a theoretical study on the ionization of a H atom by antiproton impact in a wide energy range
~from 0.1 to 1000 keV!. Taking a semiclassical approximation, in which the relative motion of the antiproton
with respect to the atomic nucleus is described by classical mechanics, the time evolution of the electron
motion is described by quantum mechanics. The time evolution of the electronic wave function is propagated
by the split-operator method with a generalized pseudospectral method in the energy representation. Particular
attention is paid to the numerical accuracy and numerical convergence. The maximum numerical uncertainty is
estimated to be less than 3% at the lower-energy side by comparison of the ionization cross sections calculated
with three schemes. The trajectory effect is also studied by comparison with the ionization cross sections
calculated with a straight-line trajectory and a curved trajectory. The calculated ionization cross sections of H
atoms by antiproton impact are compared with other calculations. Our calculated results are in good agreement
with the experimental measurement.
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I. INTRODUCTION

The ionization of a hydrogen atom by antiproton (p̄) im-
pact is one of the simplest and most fundamental proce
in atom-ion collision physics. Different from H1 proton
collisions, the charge-transfer channel is totally eliminated

H 1 p̄ collisions, which makes the theoretical investigati
easier. There are many theoretical works@1–15# on this
simple subject. In the high-energy region, most of the cal
lations agree with the experimental results@16#. The discrep-
ancies among the theoretical calculations appear in
medium- to lower-energy region (E,100 keV!. The existing
experimental data@16# are smaller than most of the calcul
tions in the energy region from 30 to 100 keV. Meanwhi
the experimental error bar is so large in this energy reg
that the experimental data cannot be used to judge w
calculation is more reliable. Furthermore, experimental
search using slow antiprotons was prepared under the pr
of ASACUSA @17# at the Antiproton Decelerator in CERN
This group will measure the atomic collision process us
keV antiproton beams. The experimental data for the ion
tion process of a H atom by low-energyp̄ impact will be
available in the near future. Apart from the experimental
velopment, the trajectory effect in the lower collision ener
region is not well studied in the impact-parameter meth
All these factors call for a further theoretical study.

The ionization of a H atom by antiproton impact in th
high-energy region can be studied by the Born approxim
tion @1#, which only depends on the target stationary wa
function. In the intermediate-energy region, the Born a
proximation should be modified by using the distorted-wa
~DW! method @5#, which includes the deformation of th
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target stationary wave function by the projectile. Both me

ods cannot be used to study the ionization process in H1 p̄
collisions over a wide energy range. Especially in the low
energy region, the Born and DW methods are no lon
valid. The ionization of H atoms by an antiproton was c
culated by the classical trajectory Monte Carlo~CTMC!
method@3,4,7#. The CTMC method treats the problem in th
same way as the experimental measurement does within
limit of purely classical mechanics. The CTMC method ga
plausibly good results in spite of its weak point. The valid
of the CTMC method for the atomic scattering problem h
never been proven since the H atom is a quantum sys
There are also several semiclassical methods to study
ionization of H atom by antiproton impact. In the semicla
sical method, the electronic motion is described by quant
mechanics, and the relative motion between the proton
antiproton is described by classical mechanics. Such
method can also be called an impact parameter method.
cently, there were many close-coupling~CC! calculations
@6,8,11–13# based on the impact parameter method. W
advances in computational technology, recently there w
several studies@7,10,14,15# that directly solved the time-
dependent Schro¨dinger equation~TDSE! for the electronic
motion. In TDSE calculations, although the physical pictu
is very intuitive, the numerical accuracy and numerical co
vergence are a large challenge, especially in the low
energy region~below 1 keV!.

In our previous papers@18,19#, we studied the excitation
and charge-transfer processes of proton impact on H at
and He1 ions by directly solving the time-dependent Schr¨-
dinger equation with the split-operator method and a gen
alized pseudospectral method in the energy representa
based on the impact-parameter method. Our results ar
good agreement with experiments. Since our method can
scribe the charge-transfer and impact excitation well, we w
©2001 The American Physical Society11-1
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study the ionization process in the H1 p̄ collisions in a wide
energy region~from 0.1 to 1000 keV! by this method. Since
the formation of protoniums becomes significant@3,20,21#
only at a collision energy lower than the ionization ener
~13.6 eV! of H atoms, we will not consider the formation o
protoniums in the energy region we study in the present
per. In the calculations, the highly excited states (n.10) are
not well described. The numerical uncertainty due to
highly excited states is estimated to be less than 3% on
lower-energy side. The estimation is based on the ioniza
cross sections calculated with three schemes, which can
the upper limit and roughly the lower limit of the ionizatio
cross sections. Note that we cannot directly study the for
tion of protoniums with our present method. The formati
for the protoniums should be studied in a fully quantu
mechanical way. In the following, we will give a brief intro
duction of our theoretical method in Sec. II, present the
tails about the calculation and convergence check in Sec
and present our results and discussion in Sec. IV.

II. THEORETICAL METHOD

The ionization of a H atom by antiproton impact can
studied by solving the following time-dependent Schro¨dinger
equation with a classic trajectory for the nucleus motio
~atomic units with\5m5e51 are used throughout unles
explicitly stated otherwise!,

i
]

]t
c~r ,t !5H~ t !c~r ,t !, ~1!

with

H52
¹2

2
2

1

r
1

1

uR2r u
, ~2!

mR̈52¹V~R!, ~3!

V~R!52
1

R
1E c* ~r ,t !c~r ,t !

uR2r u
dr . ~4!

Here we assume thatp̄ approaches the target H atom, whic
rests at the origin, along thez direction with a velocityv, and
the impact parameterb is along thex direction. We also
assume that the relative motion of the incidentp̄ with respect
to the target hydrogen atom follows a classical traject
from Eq. ~3! ~CT! or a simple straight line trajectory@R
5(b,0,z01vt)# ~ST!. Equation ~1! can be solved by the
second-order split-operator method, with a generalized p
dospectral grid in the energy representation@18,19,22#, as

c~ t1Dt !5e2 iH 0Dt/2e2 iṼ(t)Dte2 iH 0Dt/2c~ t !, ~5!

where

c~ t !5(
l ,m

(
k

Clm
k ~ t !f l

k~r !Ylm~V̂ !, ~6!
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H052
¹2

2
2

1

r
, ~7!

Ṽ~ t !5
1

uR2r u
. ~8!

To propagate the wave function in Eq.~5!, we use spherica
coordinates, and the radial part is discretized by the gene
ized pseudospectral grid method@23#. The first step is to map
the semi-infinite domain@0,̀ # or @0,r max# into the finite
domain @21,1# using a nonlinear mappingr 5r (x), fol-
lowed by the Legendre pseudospectral discretization. A s
able algebraic mapping for atomic structure calculations
provided by the form

r 5r ~x!5L
11x

12x1a
, ~9!

where L and a523L/r max are mapping parameters. Th
introduction of nonlinear mapping usually leads to either
asymmetric or a generalized eigenvalue problem. Such
desirable features may be removed by the use of a sym
trization procedure@23#. Thus, by defining

f l~r !5Ar 8~x!x l„r ~x!…, ~10!

one finds the transformed Hamiltonian possesses the foll
ing symmetrized form:

Ĥ l
o~x!52

1

2

1

r 8~x!

d2

dx2

1

r 8~x!
1Vl„r ~x!…, ~11!

whereVl5@ l ( l 11)/2r 2#2(1/r ), leading Eq.~11! to a sym-
metric eigenvalue problem. In the Legendre pseudospec
method, the collocation points$xi% are the roots of the poly-
nomialsPN118 (x), whereN is the total number of grid points
used in the discretization. In such a discretized scheme,
Hamiltonian Ĥ l

o(x) @Eq. ~11!#, can be represented by th
matrix form

@Hl
o# i j 5~D2! i j 1Vl~xi !d i j , ~12!

with

~D2! i j 5
1

r 8~x!

~N11!~N12!

6~12xi
2!

1

r 8~x!
, i 5 j . ~13!

~D2! i j 5
1

r 8~x!

1

~xi2xj !
2

1

r 8~x!
, iÞ j . ~14!

The eigenvalues and eigenfunctions ofĤ l
o will be denoted by

$«k( l )% and $xki( l )%, respectively. The propagation of th
wave function can be performed in Eq.~5!.

The advantages of the numerical method are that~1! we
use a nonequal space grid with a denser grid in the phys
important region~interaction region!, and a wider grid in the
outer region to save the computer time; and~2! we propagate
the time-dependent wave function in an energy represe
1-2
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tion which is more effective and accurate than that in
kinetic representation@24,25#. A detailed numerical proce
dure can be found in Refs.@18,19,22#. With this impact pa-
rameter method, we can propagate the wave function f
t50→T, with an impact parameterb along thex direction
and a projectile velocityv along thez direction, starting from
z0. The initial wave function is located in the target grou
state. When the projectile passes through the target or is
from the target, we can obtain the excitation or ionizati
probabilities as

P~T,b!5 z^c~T!uc f& z2, ~15!

where c f is the time-independent~excited or continuum
states! wave function centered at the target H atom. The c
responding cross sections can be obtained as

s52pE P~T,b!b db. ~16!

Our grid structure is centered at the target atom and
some sense, it forms a ‘‘complete’’ basis set for the tar
atom, which is similar to one center close-coupling orbit
@12,13#. Different from the close-coupling method, we do n
need to evaluate the interaction matrix, which can sav
considerable computer time.

III. NUMERICAL CALCULATION AND
CONVERGENCE CHECK

Based on the split-operator method with the tim
dependent generalized pseudospectral in the energy repr
tation @18,19,22#, we solved the time-dependent Schro¨dinger
equation to study H1 p̄ collisions. The impact ionization
cross sections were calculated in a wide energy range~from
0.1 to 1000 keV!. All the calculations were performed in a
PC Linux cluster with a Pentium III 400 MHz CPU. Th
parameters used in the calculations arer max5200 a.u., 15
partial waves, and 2000–6000 time steps. The radial pa
discretized into 150nonuniformpseudospectral grid points
At t50, the projectilep̄ starts fromz05220 a.u. with the
impact parameterb along thex direction. The initial elec-
tronic wave function is located at the target H 1s state in the
origin of the coordinates. The time-dependent wave funct
is propagated by Eq.~1! with a projectile trajectory from Eq
~3!, or a straight-line trajectory fromz0 to zT550 a.u. The
ionization cross sections are calculated with 20 impact
rameters, which range from 0→14.0 a.u. The trajectory ef
fect can be studied by comparison of the cross sections
culated with CT and ST. Before we present our calcula
ionization cross sections, we will first discuss the numeri
accuracy and numerical convergence in the present calc
tions.

There have been many time-dependent Schro¨dinger equa-
tion studies of this simple collision system, but no two c
culations are in good agreement within 10% over the wh
energy region, especially on the lower-energy side~below 1
keV!. In the present method, since we propagate the ti
dependent wave function in the energy representation,
02271
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will first check the eigenenergies of H atoms in the pse
dospectral grid. The calculated eigenenergies from Eq.~11!
are very accurate for the lower excited states, as listed
Table I. Note that to show our numerical accuracy,
present the exact eigenenergies as well as the differe
between the calculated eigenenergies and the exact ones
calculated eigenenergies for the lower excited states (n,7)
almost reach machine precision, and the numerical error
creases as the principal quantum numbern increases, as
shown in Table I. For a givenn, the numerical error de-
creases for the higher partial waves due to oscillating le
Overall, this pseudospectral grid can well describe the eig
wave-function of H atoms. With the pseudospectral grid,
perform a convergence check for a lower energy (E50.1
keV! collision, which is the most difficult case in the prese
calculations, with different calculation parameters. To che
the numerical convergence against the number of pa
waves, we performed calculations with 10, 15, and 20 par
waves. The numerical results are already converged at
partial waves. In a similar way, we also checked the conv
gence against the number of grid points. Three calculati
were performed with 100, 150, and 200 radial grid poin
Less than 2% error appear between points 100 and 150.
two results of 150 and 200 radial grid points agree with ea
other within less than 1% . All the final data presented in t
work are calculated with 15 partial waves and 150 radial g
points. We also checked the convergence against the num
of time steps by calculating the ionization probabilities w
2000, 4000, and 6000 time steps, as shown in Fig. 1. Two
calculations are presented in Fig. 1. One is a curved tra
tory from Eq. ~3!, and the other is a straight-line trajecto
calculation. The differences between the two calculatio
represent the trajectory effect. Since the antiproton and p
ton attract each other, the CT calculated ionization probab
ties are larger than the ST calculated results. The calcul
ionization probabilities with 2000 time steps are larger th
the converged one~with 6000 time steps!. In the time-
dependent calculation, to avoid the electron wave-packe
flection when the electron reaches the boundary@26#, we add
a filter starting fromr w5150 a.u. The filter functionW(r )
used in the present calculation is

W~r !5H 1.0, r<r w

cos1/4S r 2r w

r max2r w

p

2 D , r .r w .
~17!

After each time step, we multiply the wave function by th
filter W(r ). This filter ~or absorber! may induce an artificial

TABLE I. Eigenenergies~a.u.! of H atoms calculated by the
pseudospectral method.

Exact DEl 50 DEl 51 DEl 53 DEl 55

n51 25.0000E-01 25.7E-15
n53 25.5556E-02 4.3E-16 2.8E-16
n55 22.0000E-02 -2.4E-16 5.5E-16 0.0E-00
n57 21.0204E-02 6.6E-11 5.4E-11 1.8E-11 1.7E-1
n59 26.1728E-03 1.6E-05 1.4E-05 8.4E-06 2.8E-0
1-3
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TONG, WATANAE, KATO, AND OHTANI PHYSICAL REVIEW A 64 022711
absorption. To check the validity of the filter, we see th
ionization probabilities with a greater level of absorpti
~6000 time steps! do not increase as compared with tho
with a lower level of absorption~2000 time steps!. This in-
fers that the filter does not influence the final calculation

In principle, we need to abstract the ionization probab
ties when the antiproton is infinitely far from the target
atom. In practice, we abstract this ionization probabil
when the two particles separate from each other at s
distance. Figure 2 shows dynamic ionization probabilit
with different impact energies. Clearly, we see that the i
ization probabilities saturate at 10 a.u. for the high-imp
energy (E.1 keV!. The ionization probability shows a rapi
increase from25.0 to 10 a.u., followed by a slow increas
for the low impact energy~0.1 keV!. Thus, we should be
careful to take a sufficiently long time until the probabili
become completely stable. This time delay can be un
stood as a post-collision interaction, as indicated by P
@12#; i.e., due to the slow antiproton motion (v;0.06 a.u.!,

FIG. 1. The ionization probabilities calculated with 2000~dotted
curve!, 4000 ~dashed curve!, and 6000~solid curve! time steps in

H1 p̄ collisions at 0.1-keV collision energy. ST stands for t
straight-line trajectory calculation, and CT stands for the curv
trajectory calculation.

FIG. 2. The dynamic ionization probabilities in H1 p̄ collisions
at several impact energies with the impact parameterb51.0. The
calculations are based on a curved trajectory.
02271
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an ejected electron is pushed out by the projectile even w
the projectile is leaving the target H atom. After all the
convergence checks, we will present our calculations.

IV. RESULTS AND DISCUSSION

Figure 3 shows ionization probabilities as functions
impact parameterb with different incident energies. Table I
lists the impact parameter valuebmax, corresponding to the
maxima ofbP(b), and impact parameter valueb1/2, corre-
sponding to the large position at whichbP(b) is half of the
peak value. When the incident energy is less than 25 keV
a laboratory frame~corresponding to a relative velocityv
51.0 a.u.!, bmax is given by the radius of the hydrogen 1s
orbital. If the incident energy is above 25 keV,bmax is deter-
mined by the dynamic relationship between colliding p
ticles. The relation between the most possible energy gai
an ejected electron andbmax can be predicted by Massey
criterion @27#:

v5v/bmax. ~18!

In the cases of impact energies 100 and 1000 keV, the m
possible energy gains~ionization potential plus ejected elec
tron’s energy! are 1.6 and 4.2 a.u. If we replacebmax with
b1/2 in Eq. ~18!, we can estimate the broadening of th
ejected electron energy spectra, which are about 0.69
1.78 a.u. for 100 and 1000 keV. This means that the ejec
electron energy spectrum moves to a higher energy, an
broadened for high-impact energy collisions.

d

FIG. 3. The ionization probabilities in H1 p̄ collisions as a func-
tion of impact parameterb at several impact energies.

TABLE II. Impact energy dependence ofbmax, b1/2, and the
mean excitation energyv obtained from Massey’s criterion.

E ~KeV! v ~a.u.! bmax b1/2 v ~in a.u.!

0.1 0.0632 ; 1 1.6
1 0.2 ; 1 1.8
10 0.632 ; 1.1 2.4
100 2 1.2 2.8 1.6
1000 20 1.4 3.3 4.2
1-4
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Normally, we calculate the ionization probability by su
tracting all the bound-state probabilities from one, as

Pion~T,b!512(
i

z^c~T!uc i& z2, ~19!

where $c i% are all the bound states for the target H ato
This is because, in our calculations, the highly excited sta
(n.10) are not well described, as shown in Table I.
estimate the numerical uncertainty due to the highly exc
states, we present the ionization cross section in the foll
ing three schemes.S1: we subtract all states with negativ
energies.S2: we subtract all the states with a calculat
negative eigenenergy in agreement with the exact one wi
5% error.S3: we subtract all states with a principal quantu
numbern<10. The calculated ionization cross section w
the three schemes are shown in Fig. 4. Since, in our ca
lations, all the states with a principal quantum numbern
<10 are described accurately, theS3 curve gives the uppe
limit of the ionization cross section. Roughly speaking, t
S1 curve gives the lower limit of the ionization cross se
tions. The differences between theS1 andS3 curves repre-
sent the numerical uncertainty. TheS2 curve is between the
two limits. Since theS1 andS3 curves are in good agree
ment with each other for high-energy calculations (E.40
keV!, we can ignore the uncertainty due to the calculat
scheme. In the lower-energy region, the differences betw
the S1 andS2 calculations are less than 3%. Therefore,
conclude that the numerical uncertainty of the ionizat
cross section is less than 3% .

Finally, we will present our calculated ionization cro
sections based on theS1 scheme with the CT trajector
~solid curves! and the ST trajectory~dashed curves! in Fig. 5.
We present a comparison with other calculatio
@8,10,12,15,11# in Fig. 5~a!, and a comparison with the ex
perimental data@16# in Fig. 5~b!. Above 1 keV, the discrep
ancy of the cross sections between the CT and ST calc
tions is less than 4%, but at 0.1 keV the discrepan
increases up to 20%. The CT cross section is larger than
ST cross section due to the proton-antiproton Coulombic

FIG. 4. The ionization cross sections of a H atom by antiproton
impact calculated with three schemesS1, S2, andS3. The defini-
tion of the three schemes is discussed in the text.
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traction. Here we clearly show that the trajectory effect pla
an important role in the lower-energy collision. The simp
straight-line trajectory calculation cannot give the right r
sults within a 10% error in the lower-energy region.

The results of Ref.@10# are always larger than our resul
by 10%, except at 2 and 500 keV. The results of Ref.@8# are
also larger than our results in the energy region from 10
150 keV, but smaller than our result when the impact ene
is below 10 keV or above 150 keV. The results of Ref.@15#
are always larger than our results by 10% except at 0.1 k
at which the two agree with each other. Two other rec
calculations@12,11# are closer to our calculations. Among th
CC methods, Hallet al. @8# expanded the electronic wav
function in terms of a finite Hilbert space set, Igarashiet al.
@11# expanded the wave function by the Strumian basis
~associated Largurre basis set!, and Pons@12# used the
spherical Bessel functions to describe the continuum fu
tion. As for the direct solution methods, Wellset al. @10#
used a numerical solution in three-dimensional Cartesian
ordinate grids, and the ionization cross section was estim
using Eq.~19! with n54.

Our calculated results are in good agreement with the
perimental measurement@16# as shown in Fig. 5~b! over the
whole experimental energy range. We hope new experim
tal data in the lower-energy region will be available soon

To summarize, we have presented a theoretical stud
the ionization process in H1 p̄ collisions by solving the

FIG. 5. Calculated ionization cross sections of H atom by a
proton impact in a wide energy range with a curved trajectory~solid
curve! and a straight line trajectory~dashed curve!. ~a! Comparison
with other calculations.~b! Comparison with the experiment.
1-5
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time-dependent Schro¨dinger equation with the split-operato
method and the generalized pseudospectral method in
energy representation. Particular attention was paid to
numerical accuracy and the numerical convergence. Our
culated results are confirmed to be accurate and stable,
consistent with various checks within a 3% discrepancy. T
results are in reasonable agreement with the experime
t.
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data. Since our time-dependent pseudospectral method
be used to describe very highly excited states as wel
ground states@28#, a combination of our time-dependen
method with the time-dependent fully quantum-mechani
method used in the electron-impact ionization calculat
studies@29# can be used to study the formation of proton
ums.
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