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Electron capture and excitation in low-energy collisions of He2¿

with metastable 21S and 23S He
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Electron capture and excitation process in collisions of doubly charged ions of He21 with neutral He in
either a metastable1S or 3S state are investigated using a theoretical model based on the adiabatic represen-
tation of the collision complex. Bothab initio and model potential calculations are used to treat the adiabatic
states of the He2

21 molecular ion. A fully quantum mechanical treatment of the dynamics is adopted. Cross
sections are calculated for energies ranging from 1022 to 400 eV/amu. The singlet and triplet metastable states
exhibit very pronounced differences in the low eV energy range. Whereas, electron capture and excitation
occur simultaneously in collisions with 21S metastable He, electron capture is dominant in collisions with 23S
metastable He.
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I. INTRODUCTION

Electron capture by multiply charged ions from neut
atoms can lead to the selective population of specific exc
states, which may be used as a diagnostic in both labora
and astrophysical plasmas. This is of special importanc
ECR plasma sources, where there is a continuous injectio
neutral gas interacting with the multicharged ions of the pl
mas. An interesting case is the conversion of He21 to He1

by charge exchange in collisions of He21 with He. For He in
the ground state, there is general agreement~both theoretical
@1–8# and experimental@9#! that the single electron captur
cross section is very small for energies less than 10 k
amu. At low energies, the most favorable reaction involv
ground state He is double electron capture, which of cou
leads to no net change in the ionic abundances. On the o
hand, it is expected that He21 can easily capture an electro
from metastable He, leading to the production of two sin
charged He1 ions. Calculations by Fritsch@7# suggest that
the cross section for single electron capture from He in
metastable (21S) state attains a value of the order of 10214

cm2 at an energy of 4 keV/amu. But there seems to h
been little work on such processes at lower energies.

The aim of the present work is to investigate electr
capture involving collisions of He21 with metastable He in
either the 23S or 2 1S state. An adiabatic representation
the molecular ion provides the simplest way to study su
reactions at low collision energies~less than a few keV/amu!.
From the network of avoided crossings of the adiabatic
tential energy curves, it is clear that the most likely avoid
crossings are those leading to capture in excitedn53 Ryd-
berg states of He1:

He~1s2s!1S1He21→He1~1s!2S1He1~n53,l !, ~1!

He~1s2s!3S1He21→He1~1s!2S1He1~n53,l !. ~2!

Of course, detailed calculations are required to ascer
which crossings are the most effective for electron captu
1050-2947/2001/64~2!/022707~9!/$20.00 64 0227
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Because of the proximity of the excitation channels cor
lated to the (1s2p) configuration of He, it is also necessa
to take into account the possibility of the following excit
tion processes:

He~1s2s!1S1He21→He~1s,2p!1P1He21, ~3!

He~1s2s!3S1He21→He~1s,2p!3P1He21. ~4!

II. METHOD

The first stage of the calculations is to determine the ad
batic energies and nonadiabatic couplings of the molec
ion. Bothab initio and model potential methods are used

In view of the fact that the electron capture and excitat
processes~1!–~4! involve only singly excited states of th
He2

21 molecular ion, the core 1s orbital of He plays a
purely passive role. We may then expect a model poten
method to provide a satisfactory description of both the el
tron capture and excitation processes. It may be remar
that in this model no account is taken ofg,u symmetry.
Since there is no significant overlap between the 1s orbitals
centered on different nuclei for internuclear distances gre
than about 2a0 and since the processes~1!–~4! are governed
by internuclear distances greater than about 5a0, the lack of
g,u symmetry in the model potential method should not
troduce any serious error.

In any case, the assumption of the model potential met
can be tested byab initio calculations. As we shall see, th
g,u states are degenerate for all internuclear distance
interest.

A. Model potential method

The first step is to construct a model potential to descr
the electron interaction with the helium core. Since me
stable He has an open shell configuration, two different s
of parameters are used, one for the triplet and the other
©2001 The American Physical Society07-1
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TABLE I. Model potential parameters.

Symmetry a1 b1 a2 b2 a3 b3 a4 b4

Singlet 2.1929 3.426 220.42 7.4538 8.9981 2.849 22.117 2.216
Triplet 5.175 5.3732 1.6788 2.1266
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the singlet manifold. Following the method proposed by V
liron @10# and Valironet al. @11#, we have used model poten
tials expressed in the form

V~r !52
1

r
2

1

r (
i

Gi~ai ,r !exp~2bir !, ~5!

where theGi expressions are defined by

G1~a1 ,r !511a1r , ~6!

G2~a2 ,r !5a2r , ~7!

G3~a3 ,r !5a3r 2, ~8!

G4~a4 ,r !5a4r 3. ~9!

The ai and bi parameters are listed in Table I, and t
eigenvalues of the corresponding model atomic Hamilton
are compared with the experimental energy values of
neutral helium atom in Table II. The precision of the com
puted energy levels is adequate for the particular applicat
of this work.

The He2
21 molecular ion is treated as a single active ele

tron system. Taking the He1 core atA and the He21 nucleus
at B, the model Hamiltonian may be written as

Hmodel5T1VHe1~r A!2
2

r B
1Ucore , ~10!

whereT is the electronic kinetic energy, andr A and r B are,
respectively, the electron position with respect to t
He1(1s) core and the He21 nucleus. The He21-core inter-
action is designated in expression~10! by Ucore . Since the

TABLE II. Comparison of calculated and experimental ener
levels in a.u.~omitting the He1 core energy! of the singlet and
triplet series of helium.

Symmetry nl Model potential Moore@12#

Singlet 1s2 20.8989 20.9033
1s2s 20.1462 20.1459
1s2p 20.1239 20.1238
1s3s 20.0614 20.0613
1s3p 20.0559 20.0551
1s3d 20.0552 20.0556

Triplet 1s2s 20.1749 20.1752
1s2p 20.1331 20.1332
1s3s 20.0687 20.0687
1s3p 20.0581 20.0581
1s3d 20.0556 20.0556
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core polarization is relatively unimportant for the char
transfer process, it is sufficient to considerUcore as the
nuclear Coulomb repulsion.

Ucore5
2

R
. ~11!

The spectrum of the model Hamiltonian~10! is deter-
mined by a standard variational method using a set of m
noelectronic Slater orbitals. We present in Figs. 1 and 2
corresponding potential energy curves.

In the singlet manifold, we observe two major avoid
crossings, both of which have a direct influence on the ex
tation and charge transfer processes: one around 11.45a0, the
other around 18.38a0. Identification of the channels affecte
by these crossings requires a calculation of the nonadiab
radial coupling matrix. By this means, we are able to ident
the 11.45a0 avoided crossing~energy separation 0.58 eV!
with the interaction of theS4 andS5 channels and the othe
around 18.38a0 ~energy separation 0.85 eV! with the inter-
action of theS1 andS4 channels. The inner 11.45a0 avoided
crossing leads to excitation of the He(1s2p)1P state, while
the outer 18.38a0 avoided crossing leads to charge transfer
He1 in the excited channeln53 state. We can deduce usin
a simple Landeau-Zener model that excitation is likely
dominate over charge transfer process at low energies. F

FIG. 1. Model potential method: He/He21 singlet adiabatic po-
tential energies~omitting the He1 core potential! as a function of
internuclear distance.S1 , He1(1s)1He1(n53); S2 , He1(1s)
1He1(n53); S3 , He1(1s)1He1(n53); S4 , He(1s2s)1S
1He21; S5 , He(1s2p)1P1He21.
7-2
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ELECTRON CAPTURE AND EXCITATION IN LOW- . . . PHYSICAL REVIEW A 64 022707
Fig. 1 we can easily see that other long range crossings
all diabatic. A set of avoided crossings is also observed
short internuclear distances around 5a0. These have only a
secondary influence on excitation and charge transfer.

In the triplet manifold, the principal feature is the pre
ence of an isolated avoided crossing atRx519.93a0 ~energy
separation 0.26 eV! involving theS1 andS4 channels. The
S2 channel is subject to two avoided crossings: an ou
unimportant diabatic one atRx522.5a0 and a more impor-
tant inner one atRx510.83a0 ~energy separation 0.18 eV!.
From the calculated energy separations at the crossings
the nonadiabatic coupling matrix, it can easily be dedu
that both the 19.9ao and the 10.8a0 avoided crossings lead t
charge transfer processes. Contrary to the singlet manifo
is observed that there are no avoided crossings leadin
excitation in the triplet manifold.

B. Identification of the molecular states at the dissociation
limit

It may be remarked that all three adiabatic statesS1 , S2,
andS3 lead to electron capture in the He1(n53) state. It is
obvious from Figs. 1 and 2 that their interactions with t
initial and excitation channels differ markedly from ea
other. Their asymptotic behavior can easily be obtained
considering the perturbation of a He1(n53) atom by the
long range interaction due to the He1(1s) ion.

The perturbation is diagonal in the representation of
parabolic quantum numbersn1 , n2, and m. The principal
quantum numbern is deduced from the relation@13#

n5n11n21umu11. ~12!

FIG. 2. Model potential method: He/He21 triplet adiabatic po-
tential energies~omitting the He1 core potential! as a function of
internuclear distance.S1 , He1(1s)1He1(n53); S2 , He1(1s)
1He1(n53); S3 , He1(1s)1He1(n53); S4 , He(1s2s)3S
1He21.
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The S1 ,S2 ,S3 states can therefore be labeled byn,n1 ,n2,
andm and their asymptotic energies vary withR according to

E~n,n1 ,n2!52
2

n2
2

3

2R2
n~n12n2!. ~13!

For n53, a comparison of the energy values according
formula ~13! with the adiabatic energies allows us to identi
the S j ( j 51,2,3) molecular states with the atomic states,
the dissociation limit, as follows:

S15um50,n150,n252&, ~14!

S25um50,n151,n251&, ~15!

S35um50,n152,n250&. ~16!

C. Ab initio method

To test the accuracy of the model potential calculatio
described in Sec. II A, we have calculated the adiabatic
ergies of the molecular ion by a standard configuration in
action method using the total Hamiltonian

Htotal5h11h21
1

r 12
1

4

R
, ~17!

wherehi ( i 51,2) is the single electron Hamiltonian define
by

hi5Ti2
2

r Ai

2
2

r Bi

. ~18!

Ti denotes the kinetic energy of the electroni , r Ai
, and r Bi

being, respectively, its radial distance with respect to cen
A andB.

The spectrum of the total Hamiltonian is determined
conventional variational techniques using a basis set
Slater-type orbitals expressed in prolate spheroidal coo
nates (l i ,m i ,f i) where

l i5
r Ai1r Bi

R
, m i5

r Ai2r Bi

R
, ~19!

and f i is the azimuthal coordinate. Thec(1,2) basis func-
tions are expressed in the form of an antisymmetrized pr
uct of monoelectronic Slater orbitals as

ca,b~1,2!5$ f a~1! f b~2!6 f b~1! f a~2!%x~1,2!, ~20!

where f b( i )5 f b(l i ,m i)e
imbf i (b5a,b and i 51,2) is a

function that generally is not separable inl i andm i , mb is
the projection (6L) of the electronic angular momentum o
the internuclear axis, andx(1,2) is the singlet or triplet spin
function.

In practice, we have used, respectively, 155 and 53 b
function for the singlet and triplet manifolds, with the param
eters as given in Table III.

In determining the Hamiltonian matrix elements, the ma
difficulty concerns the evaluation of the bielectronic integ
7-3
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^ca,b(1,2)u1/r 12ucc,d(1,2)&. The method used in the prese
work is based on the work of Henrietet al. @14#, details of
which can be found in the Appendix. We just mention he
that for a given set of (l i ,m i ,f i) coordinates integrals ove
the variablesf1 and f2 can be carried out analytically in
terms of elliptic integrals. Then the integrals involving th
(l i ,m i) coordinates are computed using a Gauss-Lagu
quadrature.

The computed adiabatic energies confirm that, for
range of internuclear distances given in Figs. 3 and 4,
adiabatic energies of theg,u states are essentially degene
ate. It is therefore legitimate to assume that the 1s orbital is
simply a spectator in the collision processes and that we n
not take account of exchange processes involving thes
electron.

By and large, theab initio and model potential calcula
tions are in excellent agreement for both the positions

TABLE III. Slater-type-orbital basis.

n l m a

1 0 0 2.00
1 0 0 1.34
2 0 0 1.00
2 1 0 1.00
2 1 0 0.54
2 1 61 1.00
2 1 61 2.20
2 1 61 0.54
3 0 0 0.67
3 1 61 0.67
3 2 61 0.67

FIG. 3. Ab initio method: He/He21 singlet adiabatic potentia
energies. S1 , He1(1s)1He1(n53); S2 , He1(1s)1He1(n
53); S3 , He1(1s)1He1(n53); S4 , He(1s2s)1S1He21; S5 ,
He(1s2p)1P1He21.
02270
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energy separations of the avoided crossings~Table IV!. The
largest apparent difference concerns the location of the l
distance singlet avoided crossing. It is seen from Table V t
the error of theab initio calculation for the dissociation limi
is about 0.25% in the singlet case and 0.05% in the trip
case. This is sufficient to explain the differences between
ab initio and model potential determinations of the cross
radii. Since the model potential parameters are chosen
give the correct dissociation limit it is probable that th
model potential results are more precise than theab initio
results for both the position and energy separation of
avoided crossings. In any case, even without any adjustm
of the dissociation limit, both theab initio and model poten-
tial calculations will yield very similar results for the colli
sion process.

III. NONADIABATIC COUPLING

In view of the excellent agreement of the model poten
adiabatic energies with theab initio calculations, we have
chosen to calculate the nonadiabatic matrix elements u
model potential wave functions. This choice was not dicta
only by the desire to simplify the calculations. The ma

FIG. 4. Ab initio method: He/He21 triplet adiabatic potential
energies. S1 , He1(1s)1He1(n53); S2 , He1(1s)1He1(n
53); S3 , He1(1s)1He1(n53); S4 , He(1s2s)3S1He21.

TABLE IV. Comparison of ab initio and model potential
avoided crossing parameters.

Model potential Ab initio

Symmetry Crossing Rx (a0) Dx ~eV! Rx (a0) Dx ~eV!

Singlet S1-S4 18.38 0.85 18.17 0.89
S4-S5 11.45 0.58 11.55 0.57

Triplet S1-S4 19.93 0.26 19.77 0.27
S2-S4 10.83 0.18 10.84 0.16
7-4
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ELECTRON CAPTURE AND EXCITATION IN LOW- . . . PHYSICAL REVIEW A 64 022707
reason is that reactions~1!–~3! are governed by very long
range avoided crossings@crossing radii in the range
(10– 20)a0#. Past experience with such calculations indica
that, under such conditions, model potential techniques h
the advantage, in that they guarantee the numerical accu
of the matrix elements~within the physical limitations of the
method!. Another reason was the need to modify the ad
batic basis to take account of the lack of Galilean invaria
of standard scattering equations. One way is to introd
appropriate reaction coordinates@15# such that all nonadia
batic coupling terms vanish in the asymptotic limit. This pr
cedure has given satisfactory results and we have been
to use the program developed by Gargaudet al. @16# without
any major modification. Of course, other procedures e
@17,18#, but for the energy range of interest in this wor
such methods should yield very similar results.

In practice, the radial coupling elements have been de
mined using the finite difference technique. Translation
fects have been taken into account using reaction coordin
@19#. In Figs. 5 and 6, we present the radial coupling mat
elements susceptible to inducing transitions between dif
ent molecular states and whose different peaks correspon
the avoided crossings cited above. The elements that are
illustrated here either have a weak magnitude or manifes
short internuclear distance highly peaked elements whos
fluence will be negligible for the dynamics.

FIG. 5. He/He21 radial coupling matrix elements for single
manifold. A125^S1u]/]RuS2&, A145^S1u]/]RuS4&, A45

5^S4u]/]RuS5&.

TABLE V. Asymptotic separated-atom ionization potentials
a.u.

Asymptotic atomic states
Model

potential Moore@12# Ab initio

He(1s2s)1S1He21 0.1462 0.1459 0.1409
He(1s2s)3S1He21 0.1749 0.1752 0.1742
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For the singlet case, it should be remarked that theA14
radial coupling element matrix responsible for the electro
capture is smaller than theA45 element that leads to excita
tion of the He(1s2p)1P state. We therefore conclude th
excitation accompanies capture for the singlet manifold.

From our calculations, it is seen that electron capture p
cipally populates the Stark stateS1(n150,n252) of He1.
Of course rotational~Coriolis! coupling will lead to a mixing
of this state withS andP states. But this will not affect the
total electron capture cross section to then53 state. Rota-
tional coupling need only be introduced if information on t
population of the sub-m levels is required.

IV. RESULTS

The electron capture and excitation cross sections h
been calculated by a quantum mechanical coupled state
gram as described by Gargaudet al. @16#. Account has been
taken of all theS states involved in the crossing network.

Results are presented, respectively, for the singlet
triplet systems in TablesVI and VII. A graphical presentati
of the results is given in Figs. 7 and 8.

The most striking aspect of the results concerns the v
different behavior of the singlet and triplet systems. The o
set of electron capture by He21 from He(21S) occurs at
about 30 eV/amu and the cross section rises uniformly w
increasing energy, attaining a value of about 5310215 cm2 at
400 eV/amu. Above 400 eV/amu, the cross section begin
level off. So we have reason to expect that our calculati
are consistent with those of Fritsch@7# at energies above 4
keV/amu. The onset of electron capture by He21 from
He(23S) occurs at much lower energies~about 1 eV/amu!
and the cross section rises to a maximum of abou
310214 cm2 at a collision energy of 350 eV/amu.

One other notable feature concerns the excitation ch

FIG. 6. He/He21 radial coupling matrix elements for triple
manifold. A125^S1u]/]RuS2&, A145^S1u]/]RuS4&, A24

5^S2u]/]RuS4&.
7-5
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TABLE VI. Cross sections in units of 10216 cm2 for electron capture and excitation in collisions of He21

with He(21S). The quantitiess1 , s2, ands3 refer to electron capture into the individual Stark states~see
text! of He1(n53), s total designates the electron capture cross section summed over all of the Stark
andsexcitation designates the cross section for excitation of the 21P state of He.

Elab ~eV/amu! s1 s2 s3 s total sexcitation

06.80 4.74031023 1.20031022 1.74031023 1.85031022 02.258
13.60 4.72031022 8.96031022 1.53031022 1.52031021 11.938
27.20 1.81031021 1.89031021 2.92031022 3.99031021 25.618
54.40 2.070 1.107 1.66031021 3.382 46.179
108.80 5.856 1.238 3.13031021 7.407 48.708
163.20 14.466 2.370 1.69031021 16.994 53.933
204.00 16.854 1.915 2.31031021 19.101 51.966
272.00 25.843 2.205 5.39031021 28.651 61.798
408.00 43.371 4.516 1.159 49.213 68.539
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nels. The cross section for excitation of He(1s,2p)1P in the
singlet system is much larger than the electron capture c
section, ranging from 5310215 cm2 at 60 eV/amu to a maxi-
mum of nearly 8310215 cm2 at 350 eV/amu. The domi
nance of the excitation channel is also found in the calcu
tions of Fritsch. On the other hand, excitation
He(1s,2p)3P in the triplet system is negligible.

The dominant electron capture channel for both the s
glet and triplet systems is the StarkS state (n150,n252).
The cross section for electron capture to the StarkS state
(n150,n251) is an order of magnitude smaller than t
cross section for the dominant channel. Electron captur
the StarkS state (n152,n250) is negligible.

It would be of great interest to have some experimen
measurements on this relatively simple system involving c
lisions of He21 with metastable He. The electron capture a
02270
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excitation mechanisms are highly selective in the ene
range below 1 keV/amu.
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APPENDIX

For a two-electron system, theca,b(1,2) basis functions
used in variational calculations to solve the total Schro¨dinger
equation are taken to be antisymmetrized:
TABLE VII. Cross sections in units of 10216 cm2 for electron capture in collisions of He21 with
He(23S). The quantitiess1 , s2 ands3 refer to electron capture into the individual Stark states~see text! of
He1n53, s total designates the electron capture cross section summed over all of the Stark states.

Elab(eV/amu) s1 s2 s3 s total

1.3631022 1.19031024 2.97031022 7.700310212 2.98031022

6.8031022 5.99031025 1.92031022 3.440310212 1.92031022

6.8031021 9.90031022 7.18031022 2.13031029 1.71031021

1.36 8.62031021 3.792 1.03031028 4.635
2.72 4.223 15.082 2.86031028 19.304
4.08 8.498 21.094 3.96031028 29.593
5.44 14.241 25.891 5.13031028 40.132
6.80 19.523 30.618 5.67031028 50.001
13.60 43.259 34.832 6.54031028 78.287
27.20 79.038 34.072 6.14031028 113.111
40.80 101.583 39.072 5.36031028 140.655
54.40 115.730 34.832 4.64031028 150.001
108.80 144.102 30.160 2.94031028 174.439
163.20 160.112 26.824 2.21031027 186.798
204.00 161.517 26.545 1.79031028 188.203
272.00 167.135 29.635 1.37031028 196.629
408.00 165.393 22.921 9.01031029 188.315
7-6
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ELECTRON CAPTURE AND EXCITATION IN LOW- . . . PHYSICAL REVIEW A 64 022707
ca,b~1,2!5
1

A2
@ga~1!gb~2!6ga~2!gb~1!#x~1,2!,

~A1!

wherex(1,2) is the total singlet or triplet spin function andg

FIG. 7. Cross sections in units of 10216 cm2 for electron capture
and excitation in collisions of He21 with He(21S). The quantities
s1 , s2, ands3 refer to electron capture into the individual Sta
states~see text! of He1(n53), s total designates the electron cap
ture cross section summed over all of the Stark states,
sexcitation designates the cross section for excitation of the (21P)
state of He.

FIG. 8. Cross sections in units of 10216 cm2 for electron capture
in collisions of He21 with He(23S). The quantitiess1 , s2, ands3

refer to electron capture into the individual Stark states~see text! of
He1(n53) ands total designates the electron capture cross sec
summed over all of the Stark states.
02270
the monoelectronic spatial orbital, which may be expres
in prolate spheroidal coordinates (l,m,f), in the form

ga~ j !5N@~l j
221!~12m j

2!# uma/2ul j
pam j

qa

3expF2
aR

2
~l j1eam j !Gexp~ imaf j !

5 f a~ j !exp~ imaf j !, ~A2!

whereN designates a normalization coefficient, (pa ,qa) is
an entire set,a is a positive variational parameter,ea561
depending on the limit of dissociation of the functionga( j ),
and ma is the projection (6L) of the electronic angular
momentum on the internuclear axis.

We show in this Appendix how to calculate the integr
analytically over thef1 andf2 coordinates involved in the
bielectronic matrix element calculations,

I 5K ca,b~1,2!U 1

urW12rW2u Ucc,d~1,2!L , ~A3!

whereurW12rW2u can be expressed in prolate spheroidal co
dinates as

urW12rW2u5AA2BA12k2 sin2@~f22f1!/2# ~A4!

with

A5
R2

4
@~l11m1!21~l21m2!222~l1m111!~l2m211!#,

~A5!

B5
R2

2
A~l1

221!~12m1
2!A~l2

221!~12m2
2!, ~A6!

and

k25k2~l1 ,m1 ,l2 ,m2!5
2B

B2A
. ~A7!

The bielectronic integralI in Eq. ~A3! can be written as a
sum or a difference (I 5I co6I ex) of two termsI co and I ex
called, respectively, the Coulomb and exchange integ
given by

I co5E E f a~1! f b~2! f c~1! f d~2!

AA2B

3
ei (mc2ma)f1ei (md2mb)f2

A12k2 sin2@~f22f1!/2#
dt1dt2 ~A8!

and

d

n

7-7



D. RABLI, M. GARGAUD, AND R. McCARROLL PHYSICAL REVIEW A64 022707
I ex5E E f a~1! f b~2! f c~2! f d~1!

AA2B

3
ei (md2ma)f1ei (mc2mb)f2

A12k2 sin2@~f22f1!/2#
dt1dt2 . ~A9!

Heredt1 anddt2 are the volume elements.
For a given molecular symmetry, we haveL5uma1mbu

5umc1mdu. The above integralsI co and I ex can be ex-
pressed as follows:

I co5E E f a~1! f b~2! f c~1! f d~2!

AA2B

3
eim(f22f1)

A12k2 sin2@~f22f1!/2#
dt1dt2 , ~A10!

I ex5E E f a~1! f b~2! f d~1! f c~2!

AA2B

3
eim8(f22f1)

A12k2 sin2@~f22f1!/2#
dt1dt2 , ~A11!

with

m5ma2mc5md2mb , ~A12!

m85mc2mb5ma2md . ~A13!

Following Herrietet al. @14#, it is practical to make the
change of variables

$f1 ,f2%→$f12f2 ,f2%, ~A14!

df1df25df1duf12f2u5df1df8, ~f85uf12f2u!,

~A15!

which allows us to expressI co as

I co5
R6

64E dl1E dl2E ~l1
22m1

2! f a~1! f c~1!dm1

3E ~l2
22m2

2! f b~2! f d~2!

AA2B
dm2Jm~k!, ~A16!
z,

02270
whereJm(k)5Ja,b,c,d(k) is the integral defined by

Jm~k!5E
0

2p

df2E
0

2p eimf8

A12k2 sin2~f8/2!
df8

52pE
0

2p eimf8

A12k2 sin2~f8/2!
df8. ~A17!

For symmetry reasons, the imaginary part in Eq.~A17! van-
ishes and the above expression can be reduced to

Jm~k!52pE
0

2p cos~mf8!

A12k2 sin2~f8/2!
df8

58pE
0

p/2 cos~2mf8!

A12k2 sin2~f8!
df8. ~A18!

For a given value of the set (l1 ,m1 ,l2 ,m2), we fix the
value ofk according to the rule~A7!, and the integral~A18!
can be expressed in terms of the elliptic integralsF and E
defined by

F~k!5E
0

p/2 dx

A12k2 sin2 x
, ~A19!

E~k!5E
0

p/2
A12k2 sin2 xdx. ~A20!

In practice we have calculated theS (L50) molecular
states of the He2

21 system. We have takenma5mb50 and
ma52mb51, which yield to two possible values ofumu
equal to 0 and 2, involvingJ0(k) and J2(k) expressions
given by @20#

J0~k!5F~k!, ~A21!

J2~k!52F~k!12F 1

k2
E~k!2

12k2

k2
F~k!G . ~A22!
-
, J.
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