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High-efficiency nondistortion quantum interrogation of atoms in quantum superpositions
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We consider the nondistortion quantum interrogation of an atom prepared in a quantum superposition. By
manipulating the polarization of the probe photon and making connections to interaction-free measurements of
opaque objects, we show that nondistortion interrogation of an atom in a quantum superposition can be done
with efficiency approaching unity. However, if any component of the atom’s superposition is completely
transparent to the probe wave function, a nondistortion interrogation of the atom is impossible.
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1Interaction-free measurements~IFM’s! were first consid-
ered by Elitzur and Vaidman to illustrate the peculiar non
cality of quantum mechanics@1#. It was shown that it is
possible to infer the presence of an absorbing object~in their
original argument an ultrasensitive ‘‘optical bomb’’! in a
Mach-Zehnder interferometer without the probe photon
ing absorbed by the object. This works because the absor
object blocks any photon passing it and changes the inte
ence of the photon wave function. Since the original p
posal of an IFM, there have been many theoretical and
perimental studies on this issue. It was shown t
interaction-free measurements can in principle be done w
unit efficiency in an asymptotic sense, for both opaque@2,3#
and semitransparent objects@5,6#.

As emphasized by Vaidman@7#, IFM’s are not necessarily
initial-state preserving measurements. Due to the nonvan
ing interaction Hamiltonian, in general IFM’s can chang
very significantly, the quantum state of the object being
served. However, in most cases we wish to do the IFM w
out changing the internal state of the observed object, wh
we may call a ‘‘nondistortion quantum interrogation’’~NQI!
@8#. In most previous treatments, it was claimed th
interaction-free measurements can be done for a quan
mechanical object as well as for the optical bomb discus
in the original proposal@1#. For a two-level atom in its
ground state interacting with a resonant photon, this is
tainly true since the absorption of the photon destroys
initial state of the atom completely. However, the claim th
the IFM can be done equally well for a quantum mechan
object as for an optical bomb is not fully justified unless t
quantum superposition of the quantum object is taken
account. After all, the possibility of being in distinct stat
simultaneously is what distinguishes quantum from class
@9#. As discussed in a recent paper by Po¨tting et al. @10#, the
IFM and NQI of an atom in quantum superposition are m
subtle than those of a classical object, since the atom is
ject to measurement dependent decoherence. Though in
eral NQI schemes can be designed for an atom in a quan
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superposition@8,10#, the previous schemes based on a sim
Mach-Zehnder interferometer setup yield very low succ
probabilities.

In this work we show that nondistortion interrogation
an atom in quantum superposition can be done with e
ciency approaching unity, by using the model of@10# and
making connections to IFM’s of opaque objects. Howeve
necessary condition for such an NQI is that the possibility
interaction exists between the probe and every componen
the superposition. It is then easily proved that an NQI of
atom in a quantum superposition is impossible if any co
ponent of the superposition is completely transparent to
probe.

As in Fig. 1, the model we consider is a multilevel ato
prepared in a superposition of the two degenerate metas
statesum1& and um2&. Starting from um1& and um2&, the
atom can absorb a1 or 2 ~circularly! polarized photon and
make a transition to the excited stateue& with unit efficiency.
It then decays irreversibly to the ground stateug& very rap-
idly. The whole process is

u6&um6&→uS6&ug&, ~1!

where u6& are the1 or 2 polarized incident photons an
uS6& are the corresponding scattered photons that we ass

FIG. 1. Level structure of the atom. The atom can make a tr
sition to the excited stateue& from um1& or um2& by absorbing a
circularly polarized photon. It then decays rapidly and irreversi
to the stable ground stateug&.
©2001 The American Physical Society01-1
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will not be reabsorbed by the atom and can be filtered aw
from the detectors. The state of the atom is in the supe
sition

ucatom&5aum1&1bum2&, ~2!

wherea andb are unknown nonvanishing amplitudes sat
fying uau21ubu251.

If we can use a photon that will be completely absorb
by the atom, then the problem is identical to that of
opaque object. However, no matter what the photon’s po
ization is (1 or 2 or a superposition of them!, it will only
be partially absorbed by the atom, due to the polarizat
selective interaction~1!. For instance, the direct interactio
between anx polarized photon 1/A2(u2&2u1&) and the
atom results in the state

1

A2
~au2&um1&2bu1&um2&)2

1

A2
~auS1&2buS2&)ug&.

~3!

If the probe photon is not actually scattered, the photon
atom end up in the entangled stateau2&um1&2bu1&um2&.
As shown in@10#, if we do not change the polarization of th
photon through the interrogation process, this partial abs
tion and entangling will change the state of the atom eve
no absorption happens, and result in a very low efficiency
the NQI of the atom.

At this point it might seem that an NQI of the atom
quantum superposition is similar to that of semitranspar
objects@6#, since no complete absorption could happen if
do not do anything on the polarization of the photon. This
not true though. Once the wave functions of the photon
atom are entangled, the atom becomes transparent to
photon and it will not interact with the photon again wh
the photon passes it a second time. On the other hand
can make a connection to NQI’s of both opaque and se
transparent objects if we let the photon pass the atom tw
with its polarization changed from the original value the s
ond time. For instance, if we use a1 polarized photon to
interact~directly! with the atom prepared in Eq.~2!, we end
up in the statebu1&um2&1auS1&ug& the first time. If no
absorption actually happens, the photon and atom are le
u1&um2&. We then change the polarization of the photon
2 and let it pass the atom a second time. This time
photon will be absorbed by the atom with certainty. In th
way the atom in superposition is effectively an opaque ob
to the photon. In the following, we show two ways of un
efficiency ~in an asymptotic sense! NQI of the atom in a
superposition, following this idea of polarization rotation.

In Fig. 2 we consider the folded Mach-Zehnder interf
ometer discussed in@2#. For the purpose of clarity it is drawn
in the form ofN Mach-Zehnder interferometers connected
series, therefore the atom is in every single interferome
~the dot!. Each interferometer consists of two beam splitt
~BM1 and BM2! and four reflecting mirrors~R1, R2, and R3,
R4!. R3 and R4 are used to redirect the photon to the a
after it passes the atom the first time. Suppose the probe
1 polarized photon incident from the lower left port to th
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first interferometer. The reflectivity of each beam splitter
R5cos2(p/2N) and the phase difference between the up
and lower paths is zero. In addition, the polarization of t
photon is rotated to the orthogonal one~from 1 to 2 or
from 2 to 1) when the photon travels between mirrors R
and R2, R3 and R4.~There are many ways to do this, fo
instance by using a half wave plate.! At BM2 the upper and
lower branches of the photon wave function are in the sa
polarization~even though the polarization is orthogonal
that of the incident photon!, so the interference betwee
them is maintained. In absence of the atom, afterN stages the
photon will exit with certainty from the upper port of the la
interferometer, with its polarization unchanged ifN is even,
or rotated to the orthogonal value ifN is odd.

Now we see that the interference of the photon wa
function is changed completely if the atom is in the interfe
ometers~assume it is in the upper half of the system!. Start-
ing from the incident point, let us trace the wave function
the system~photon plus atom! until the photon arrives a
beam splitter BM2:

u1& l~aum1&1bum2&)

→
BM1

~ tu1&u1 ir u1& l)~aum1&1bum2&)

→
atom

atuS1&ug&1btu1&uum2&1 ir u1& l

3~aum1&1bum2&)

→
R’s

atuS1&ug&2btu2&uum2&2 ir u2& l

3~aum1&1bum2&)

→
atom

t~auS1&2buS2&)ug&2 ir u2& l

3~aum1&1bum2&), ~4!

where l and u denote the lower and upper path and (t,r )
5„sin(p/2N),cos(p/2N)… are the amplitude transmission an
reflection coefficients of the beam splitters. We have
glected the phase advance of the photon wave function in
above, since it is the same for the upper and lower branc

FIG. 2. Nondistortion interrogation of the atom with a series
Mach-Zehnder interferometers. Between mirrors R1 and R2,
and R4, the polarization of the photon is rotated to the orthogo
value. In the absence of the atom, for properly chosen reflectivit
the beam splitters the photon will exit through the upper port of
last interferometer with certainty. When the atom is present,
photon going into the upper half of the interferometer is absor
after it passes the atom twice. In this case there is a finite proba
ity that the photon exits through the lower port of the last interf
ometer.
1-2
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~we assumed the photon wave function picks up a phase
of i each time it is reflected!. As expected, any photon tha
enters the upper half of the system is absorbed. On the o
hand the reflected photon wave function is in a direct prod
with the initial state of the atom. So this is equivalent to t
NQI of an opaque object, and afterN stages the probability
that the photon exits through the lower port~thus a success
ful NQI of the atom! is

PNQI5@cos2~p/2N!#N, ~5!

which in the limit of largeN goes to unity. As pointed out in
@10#, this way of unit-efficiency NQI can be viewed as
discrete form of the quantum Zeno effect@13#.

The Fabry-Perot interferometer can also be used to
NQI’s of the atom@4,6#. In Fig. 3, the incident photon is
linearly ~x! polarized.~The photon is assumed to be norma
incident but for clarity it is depicted as if the angle of inc
dence was nonzero.! In the Fabry-Perot interferometer, it
polarization changes in the following way: when it go
through the upper half of the Fabry-Perot interferometer,
polarization is changed to1. The polarization is rotated toy
when the photon goes though the lower half of the interf
ometer. When it is reflected back, its polarization is chan
to 2 and back tox. This can be done for instance by using
properly oriented half wave plate in the interferometer. So
the reflected and transmitted beams are inx andy polariza-
tion respectively. Assume the phase difference between a
cent reflected or transmitted beams is 4p ~so all reflected and
transmitted beams are in phase!. Suppose the possible loca
tion of the atom is in the middle of the interferometer~rep-
resented by the dashed line!. It is easily seen that when n
atom is in the interferometer, the interference of the reflec
and transmitted beams is such that the photon goes tho
the interferometer with certainty, for any values of the a
plitude reflection and transmission coefficients. In the pr
ence of the atom, in exactly the same way as described
fore, the photon wave function that goes into t
interferometer gets completely absorbed by the atom aft
passes the atom twice. The final state of the photon-a
system is

ir ux& r~aum1&1bum2&)1tt8buy& tum2&1uabs&, ~6!

whereux& r anduy& t are the reflected and transmitted photo
~in x and y polarization! and uabs& ~unnormalized! corre-

FIG. 3. Nondistortion interrogation of the atom with the Fabr
Perot interferometer. Polarization of the photon is rotated fromx to
1, y, 2 and back tox when the photon is reflected once in th
interferometer.
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sponds to the situation that the photon is absorbed.r is the
amplitude reflection coefficient when the photon goes i
the interferometer,t and t8 are the amplitude transmissio
coefficients when the photon goes into and out of the in
ferometer. When the photon is reflected, the superpositio
the atom is unperturbed and a successful NQI is realiz
The probability of a successful NQI isur u2, which goes to
unity whenur u→1.

In the above we showed that indeed high efficiency NQ
for atoms in quantum superpositions can be realized, thro
the connection to opaque objects. If we go beyond the mo
shown in Fig. 1 and consider other situations, for instanc
system similar to that of Fig. 1 but with nondegenerateum1&
and um2&, what is the restriction in the more general case
In the case of high efficiency IFM’s for opaque objec
Kwiat et al. pointed out that in order to reduce the probab
ity that an interaction occurs, it is crucial that thepossibility
of such an interaction exists@3#. In the following we prove
that the necessary condition for a successful NQI of an a
in a quantum superposition is that the possibility of intera
tion exists between the probe wave function and every co
ponent of the superposition.

We prove this by making use of a general formalism
Mitchson and Massar@6#, with the additional requiremen
that the initial state of the atom must be kept unchang
Suppose that the Hilbert space of the atom is anN(>2)
dimensional space spanned by the orthonormal base ve
$uCa, j&, j 51,2, . . . ,N%. The NQI starts with uCP

i &uCa
i &,

whereuCP
i & anduCa

i & are initial states of the probe and atom
respectively. The atom is prepared in the arbitrary and
known superposition state

uCa
i &5(

j 51

M

aj uCa, j&, ~7!

where aj8s are unknown nonvanishing coefficients and
<M<N. In the process of the interrogation, there are s
eral steps in which the probe and atom are arranged in s
a way that an interaction can potentially occur~the so-called
‘‘I steps’’ in @6#!. In between these steps, unitary operatio
are performed on the probe wave function. The NQI fails a
stops when an interaction between the probe and atom a
ally happens. If this is not the case, the state of the prob
measured at the end.~A protocol in which the probe is mea
sured before the end can be converted to this form@6,11#.!
First consider the case in which the atom is in the nonsup
posed stateuCa,l& ~all other components vanish!. If the atom
is not in the interferometer, no interaction between the p
ton and atom could occur, and the effect of the NQI befo
the final measurement is an overall unitary operation on
probe: uCP

i &uCa,l&→uCP,a,l
f &5UPuCP

i &uCa,l&5uCP
f &uCa,l&,

whereuCP
f &5UPuCP

i & andl 51,2, . . . ,N. In the presence of
the atom, the interaction could happen, but the state of
atom will not be affected if the interaction does not actua
happen~note this is only true foruCa,l&8s but not for a

superposition of them!. So the final state isuCP,a,l
f 8 &

5uCP,l
f 8 &uCa,l&1u interacted& instead (uCP,l

f 8 & andu interacted&
unnormalized!, where uCP,l

f 8 &ÞuCP
f & in general and
1-3
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u interacted& corresponds to the situation that an interact
happens. When the atom is in the superposition~7!, the final
state in the absence of the atom is

uCP,a
f &5uCP

f &uCa
i &5uCP

f &(
j 51

M

aj uCa, j&. ~8!

On the other hand, when the atom is present the final sta

uCP,a
f 8 &5(

j 51

M

aj uCP,a, j
f 8 &. ~9!

We can see that the necessary condition that a succe
NQI can be done is that there exists a projectorP

5uFP&^FPu ^ I a , which satisfiesPuCP,a
f &50 andPuCP,a

f 8 &
5DuFP&uCa

i &, where uFP&Þ0 is some state of the prob
orthogonal touCP

f &, I a is the unity operator for the atom, an
D is some nonzero number@12#. This is because a NQI re
quires that the probe can be measured in some final s
orthogonal touCP

f & ~which reveals the atom’s presence! with
the atom’s initial state unchanged. Now assume that som
the M components in Eq.~7!, say uCa,i&,i 51,2, . . . ,K(K
<M ) are completely transparent to the probe, either due
vanishing interaction Hamiltonian between them or the
sign of the protocol. Then through the interrogation proc
the wave function of the system evolves as follows:

uCP
i &(

j 51

M

aj uCa, j&→uCP,a
f 8 &

5uCP
f &(

j 51

K

aj uCa, j&1 (
j 5K11

M

aj uCP,a, j
f 8 &.

~10!

Suppose the projectorP for a successful NQI exists, the op

eration withP on uCP,a
f 8 & results in
.

.

nd
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PuCP,a
f 8 &5 (

j 5K11

M

aj PuCP,a, j
f 8 &

5 (
j 5K11

M

aj^FPuCP, j
f 8 &uFP&uCa, j&. ~11!

Obviously, an NQI in this case is impossible, since the rig
hand side of Eq.~11! does not contain anyuCa,l&,l
51,2, . . . ,K component. This is easy to understand, beca
the noninteraction between the probe anduCa,l&( l
51,2, . . . ,K) makes it impossible to change the evolution
that branch of the wave function (uCP

i &uCa,l&). When the
final state of the probe is measured using a projector
thogonal touCP

f &^CP
f u, all components that are complete

transparent to the probe drop out of the atomic wave fu
tion.

This result explains why an NQI of the atom in superp
sition is impossible if a1 or 2 photon is used as the prob
and nothing is done on its polarization@10#. On the other
hand, an NQI with linearly polarized probe photon is po
sible. ~Actually our high efficiency schemes work with
linearly polarized photon too if its polarization is manip
lated the same way we prescribed.! Also, an NQI for a sys-
tem similar to that in Fig. 1, but with nondegenerateum1&
andum2&, is impossible if one uses a single probe photon
resonance with one~but not both! of the two metastable
statesum1&, um2&.

In summary, we showed that a nondistortion interrogat
of an atom in a quantum superposition can be done w
efficiency approaching unity, by making the photon wa
function interact with all components of the superpositi
and turning the problem to that of an opaque object. On
other hand, if any component of the superposition is tra
parent to the probe wave function, such an NQI is imp
sible.
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